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1.  Introduction 

The  program  of  research  under  Contract  N00014-79-C-0419  has  been  directed 
to  acquiring  fundamental  understanding  in  an  accurate  quantitative  sense  of  the 
generation,  prop?.gation,  and  reception  of  electromagnetic  signals — both  continuous 
waves  and  pulses — in  and  near  the  sea.  floor.  Of  primary  interest  are  the  determi¬ 
nation  of  the  conductivity  (resistivity)  and  permittivity  since  these  are  related  to 
basic  mechanical-acoustical  properties.  Definitive  advances  have  been  made  on  (l) 
the  design  of  sources  (horizontal  and  vertical  antennas)  for  use  on  and  near  the  sea 
floor  ever  a  vide  range  of  frequencies;  (2)  the  derivation  of  simple  and  accurate  new 
formulas  for  the  complete  continuous-wave  electromagnetic  fields  both  in  the  sea 
and  in  the  oceanic  crust  when  this  is  isotropic  or  one  dimensionally  anisotropic,  and 
when  there  is  a  layer  of  sediment  with  arbitrary  thickness,  (3)  the  determination  of 
the  effect  of  irregularities  in  the  form  of  vertical  discontinuities  along  the  boundary 
surface;  (4)  the  direct  application  of  the  new  formulas  to  measurements  in  a  model 
tank  and  to  data  measured  on  the  sea  floor  as  reported  by  geophysicists;  and  (5) 
the  derivation  of  new  formulas  for  the  propagation  of  single  electromagnetic  pulses 
along  boundary  surfaces. 

2.  Basic  Principles  Underlying  the  Research  Program 

The  investigation  of  the  properties  of  electromagnetic  waves  propagating  in  the 
presence  of  the  sea  floor  has  been  three-pronged:  (1)  The  exact  integrals  for  the 
components  of  the  electromagnetic  field  have  been  evaluated  by  numerical  methods 
with  the  computer  in  their  general  form.  The  low-frequency  forms  used  by  geophysi¬ 
cists  in  which  we  is  assumed  to  be  email  compared  with  a  are  contained  as  a  special 
case.  This  allows  the  correct  inclusion  of  the  air-sea  boundary  whenever  this  is  also 
involved.  (2)  The  general  integrals  have  been  integrated  analytically  subject  to  sim¬ 
ple  conditions  that  are  fully  satisfied  in  virtually  all  practical  applications.  The  quite 
simple  integrated  expressions  have  been  compared  with  the  numerical  calculations 
and  with  experiment.  They  have  then  been  applied  to  reveal  the  basic  properties  of 
the  surface  waves,  their  depth  of  penetration,  and  their  independence  of  frequency 
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and  skin  depth.  (3)  A  systematic  series  of  measurements  has  been  carried  out  in  a 
model  tank  to  obtain  direct  information  on  the  generation,  propagation,  scattering 
and  detection  of  surface  waves.  Since  both  the  theory  and  the  measurements  deal 
with  the  general  formulas — not  restricted  by  the  usual  geophysical  lirr.itation  to 
very  low  frequencies — a  complete,  generally  significant,  and  quantitatively  accurate 
picture  has  been  obtained  of  the  properties  of  electromagnetic  waves  in  the  presence 
of  a  boundary. 

3.  Brief  Review  of  Completed  Researches 

A.  Building  the  Theoretical  and  Experimental  Foundations 
The  work  began  with  a  systematic  numerical  evaluation  of  the  general  integrals 
for  the  dominant  radial  component  of  the  electric  field  excited  by  a  horizontal 
electric  dipole  in  the  sea  close  to  the  sea  floor  for  a  wide  range  of  parameters  [l] . 
These  exhibited  in  graphical  form  the  important  characteristics  of  the  field  as  a 
function  of  distance,  frequency,  conductivity  and  permittivity. 

A  highly  significant  advance  was  contained  in  a  series  of  three  papers  [2]-[4] 
which  provided  new  simple  formulas  for  the  complete  electromagnetic  field  gener¬ 
ated  by  a  horizontal  electric  dipole  near  a  plane  boundary.  This  was  supplemented 
by  a  parallel  derivation  [5]  of  the  complete  field  of  a  vertical  electric  dipole  near  a 
plane  boundary.  It  was  shown  for  the  first  time  that  the  interaction  of  the  surface 
wave  with  the  direct  wave  generates  a  startling  interference  pattern  [2]. 

The  first  report  on  extensive  experimental  results  obtained  with  the  newly 
developed  apparatus  in  the  model  tank  is  in  [6],  This  describes  the  apparatus,  the 
newly  designed  traveling-wave  antennas,  measured  field  patterns,  and  a  comparison 
of  theoretical  and  measured  amplitudes  of  the  radial  electric  field.  Also  presented 
are  detailed  studies  of  the  effects  on  the  propagation  of  lateral  waves  of  variously 
shaped  and  sized  obstacles. 

Detailed  theoretical  and  experimental  investigations  of  the  reflection  of  lateral 
electromagnetic  waves  at  discontinuities  and  boundaries  along  the  surfaces  are  con¬ 
tained  in  [7]  and  [8].  These  show  that  reflections  are  surprisingly  small  when  the 
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obstacle  is  lower  than  about  a  sixth  of  a  wavelength.  A  study  of  the  significance  of 
atmospheric  noise  in  relation  to  lateral  electromagnetic  waves  is  in  [9] . 

B.  Practical  Applications  of  Lateral  Electromagnetic  Waves 

A  detailed  summary  of  the  properties  of  lateral  electromagnetic  waves  as  re¬ 
vealed  by  the  new,  explicit  and  general  formulas  is  contained  in  [iO]  together  with 
a  quantitative  representation  of  their  application  to  the  important  problem  of  com¬ 
munication  with  submerged  submarines  using  electrically  short  vertical  dipoles  in 
air  (Cutler,  ME  antenna)  and  a  directive  array  of  horizontal  insulated  traveling- 
wave  antennas  in  the  sea.  Optimum  frequencies  are  determined  as  a  function  of  the 
depth  of  the  submarine. 

A  second  important  application  of  lateral  electromagnetic  waves  generated  by 
a  horizontal  dipole  on  the  air-earth  or  air-sea  surface  is  the  detection  and  locating 
of  buried  or  submerged  objects  by  measuring  the  scattered  field  from  the  object 
when  it  is  excited  by  an  incident  lateral  wave.  A  complete  quantitative  analysis  of 
this  problem  is  contained  in  [11]  and  [12). 

A  study  of  major  significance  to  geophysicists  is  the  use  of  the  lateral  electro¬ 
magnetic  waves  excited  by  a  horizontal  antenna  on  the  sea  floor  to  determine  the 
electrical  properties  of  the  sea  floor.  The  new  analytical  foundations  for  the  solution 
of  this  probi.em  are  outlined  in  [13],  and  applied  directly  to  measurements  by  Young 
and  Cox  [14],  The  new  formulas  for  a  simple  sea-rock  model  suggested  that  the 
observed  field  might  well  be  due  to  an  anisotropic  upper  layer  and  not  to  8  layers  to 
a  depth  of  33  km  as  concluded  by  Young  and  Cox.  This  possibil’ty  required  a  rig¬ 
orous  analysis  of  the  lateral-wave  field  on  the  sea-oceanic  crust  boundary  when  the 
latter  is  one-dimensionally  anisotropic  in  conductivity.  It  was  found  [15]  that  the 
anisotropic  two-half-space  model  yields  a  better  fit  with  the  measured  fields  than 
the  best-fit,  8- layer  model.  It  also  provides  a  physically  meaningful  explanation  for 
the  significant  difference  between  the  behavior  as  functions  of  the  frequency  of  the 
radial  and  transverse  components  of  the  measured  electric  field. 

A  summary  paper  [16]  containing  a  complete  set  of  formulas  for  all  the  com- 
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ponents  of  the  electromagnetic  field  generated  by  horizontal  and  vertical  sources  on 
a  plane  boundary  between  electrically  different  half-spaces  has  been  published.  A 
review  of  applications  is  also  included.  A  more  detailed  study  of  theoretical  and 
experimental  aspects  of  measurements  on  the  sea  floor  is  in  [17]. 

C.  A  New  and  Complete  Understanding  of  the  Properties  of  Lateral  Waves 

The  new  integrated  formulas  for  the  electromagnetic  fields  generated  by  hori¬ 
zontal  and  vertical  dipoles  near  a  boundary  between  electrically  different  half-spaces 
apply  to  the  field.  in  the  ocean  and  along  the  boundary  with  air  or  the  oceanic  crust. 
In  order  to  really  understand  the  nature  of  the  surface  wave  that  travels  near  the 
boundary  in  the  air  or  oceanic  crust,  it  is  necessary  to  determine  the  complete  field 
in  the  air  and  the  oceanic  crust  at  significant  distances  from  the  boundary.  This 
analysis  is  carried  out  in  [IS]  for  the  horizontal  dipole.  By  tracing  the  path  of  the 
Poynting  vector,  a  description  is  obtained  for  the  path  of  the  lateral  wave  in  the  air 
when  the  source  is  near  the  ah -sea  or  air-earth  boundary  and  in  the  lithosphere 
when  the  dipole  is  near  the  sea  floor.  In  the  low-frequency  range  for  the  oceanic 
crust,  the  depth  of  penetration  turns  out  to  be  independent  of  the  frequency  and 
skin  depth  and  to  depend  primarily  on  the  distance  between  the  source  and  the  re¬ 
ceiver.  The  greater  the  distance,  the  deeper  the  penetration  into  the  oceanic  crust. 
Specifically,  the  maximum  depth  of  penetration  is  zm  —  pmy/oJJoa,  whore  a*  is  the 
conductivity  of  the  lithosphere,  crg  the  conductivity  of  the  sea,  and  pm  is  the  radial 
distance  between  the  horizontal-dipole  source  and  the  receiver.  This  indicates  that 
lateral  waves  are  uniquely  adapted  to  study  the  properties  of  the  shallow  oceanic 
crust.  It  is  also  shown  in  [18]  that  the  field  observed  at  any  given  radial  distance 
from  the  source  is  determined  largely  by  the  lateral  wave  that  travels  in  a  thin 
upper  layei  and  only  in  a  small  degree  by  possible  reflections  from  layers  at  arbi¬ 
trary  depths  below  the  surface.  This  is  of  great  importance  in  constructing  layered 
models  of  the  lithosphere.  Clearly,  the  major  contribution  to  the  field  by  the  lateral 
wave  cannot  be  omitted  and  the  entire  field  assumed  to  be  due  to  reflections  from 
the  layers. 
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The  analysis  of  the  electromagnetic  field  in  the  air  or  oceanic  crust  due  to 
a  vertical  electric  dipole  in  the  sea  is  carried  out  in  [19).  The  path  indicated  by 
the  Poynting  vector  is  somewhat  different  from  that  for  the  field  generated  by  the 
horizontal  dipole  with  a  greater — but  still  relatively  small — depth  of  penetration. 
Direct  application  of  this  basic  contribution  to  the  theory  of  lateral  waves  was  made 
in  terms  of  the  measured  data  of  Edwards  et  al.  [20).  The  comparison  [19]  clearly 
indicates  that  complete  consideration  of  the  lateral  wave  and  reflected  waves  from 
both  the  air  surface  and  a  rock  layer  below  the  sediment  on  the  sea  floor  lead  to 
highly  satisfactory  results. 

The  extension  of  the  new  approach  to  the  three-layer  problem  of  ocean,  sedi¬ 
ment,  rock  has  been  completed  both  theoretically  [21]  and  experimentally  [22]. 

D.  Sources  for  the  Generation  of  Lateral  Waves 

Lateral  electromagnetic  waves  cannot  be  generated  by  plane  waves  incident  on 
a  plane  boundary  between  electrically  different  half-spaces.  They  can  be  generated 
by  an  incident  spherical  wave.  The  best  sources  are  \ertical  dipoles  in  the  air  over 
the  sea  or  earth  (e.g.,  the  Cutler,  ME  antenna)  and  horizontal  antennas  in  the  sea 
near  the  air  surface  or  near  the  sea  floor.  Vertical  dipoles  in  the  sea  are  no*  as 
effective,  but  can  be  used.  The  extensive  study  of  the  properties  of  lateral  waves 
has  included  a  corresponding  study  of  the  design  of  source  antennas  ever  the  very 
wide  frequency  range  in  which  lateral  waves  have  useful  applications.  This  study 
is  summarized  in  [23]  and  [24].  Specifically  included  are  the  quite  different  designs 
for  antennas  on  the  sea  floor  at  /  —  1  kHz  and  at  very  low  frequencies  of  the  order 
of  i  Hz. 

E.  Lateral- Wave  Pulses:  A  Diagnostic  Tool  for  the  Future 

The  complete  continuous-wave  properties  of  lateral  electromagnetic  waves  have 
been  determined  analytically  in  a  new,  simple  and  practically  accessible  form.  These 
have  been  verified  both  numerically  [2],  [3],  and  experimentally  [10],  and  applied 
to  geophysically  significant  problems  [10]— [2 3],  [15],  [17]— [19].  Single  electromag¬ 
netic  pulses  have  very  different  properties  from  continuous  waves.  This  is  true  both 


of  direct-wave  pulses  and  lateral-wave  pulses.  The  electrical  characteristics  of  the 
medium  in  which  they  propagate  affect  the  amplitude,  width  and  shape  of  the  pulse 
and  determine  the  velocity  with  which  it  propagates.  It  follows  that  these  charac¬ 
teristics  can  be  deduced  from  the  observed  changes  in  the  pulse  as  it  progresses  and 
from  its  time  of  travel  from  source  to  observer.  A.  single  current  pulse  on  a  horizon¬ 
tal  dipole  in  the  sea  near  the  sea  floor  generates  a  lateral-wave  pulse  in  the  oceanic 
crust,  a  direct  pulse  in  the  sea.  There  is  also  a  pulse  with  a  spherical  wave  front  that 
travels  downward  into  the  oceanic  crust.  This  can  be  reflected  successively  from 
the  boundaries  of  layers  if  these  exist.  The  reflected  pulses  and  the  lateral-wave 
pulse  all  arrive  at  different  times  at  a  ^oint  of  observation  and  can  be  analyzed 
indHdually.  When  combined  with  continuous-wave  observations,  the  structure  cf 
the  crust  can  be  determined  in  an  ur  tmbiguous  manner.  A  very  narrow  pulse  may 
propagate  deep  into  the  lithosphere  because  it  does  not  involve  the  losses  associated 
with  the  relaxation  of  water. 

A  systematic  start  has  been  made  in  the  experimental  and  theoretical  study 
of  the  generation  and  propagation  of  lateral  electromagnetic  pulses  along  bound¬ 
aries  between  electrically  different  media.  A  terminated  insulated  antenna  has  been 
designed  and  tested  for  launching  a  lateral  electromagnetic-field  pulse.  The  prop¬ 
agation  of  such  a  pulse  along  an  air-water  boundary  has  been  studied  in  detail 
in  the  model  tank  with  various  concentrations  of  salt  in  the  water  to  adjust  its 
conductivity  over  a  wide  range.  With  low  conductivities,  reflected  pulses  from  the 
floor  of  the  tank  are  observed  and  readily  separated  from  the  lateral-wave  puise 
that  travels  in  the  air.  Theoretically  an  exact  solution  has  been  obtained  from  the 
general  integrals  for  the  field  generated  by  a  single  current  pulse  in  a  vertical  dipole 
on  the  boundary  between  two  dielectric  half-spaces.  This  field  is  described  in  [25]. 
It  consists  of  two  pulses  that  travel  with  different  velocities-  -the  lateral-wave  pulse 
along  the  boundary  in  air,  the  direct-field  pulse  in  the  dielectric.  A  complete  set 
of  approximate  formulas  for  the  field  generated  by  a  single  current  puise — delta- 
function  and  Gaussian. — in  both  vertical  and  horizontal  dipoles  has  been  obtained 
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by  Fourier  transforming  the  approximate  continuous-wave  formulas  [26].  A  theo¬ 
retical  and  experimental  study  of  the  field  generated  by  a  pulsed  vertical  monopole 
over  salt  water  is  in  [27].  These  studies  lay  the  foundation  for  theoretical  and  ex¬ 
perimental  studies  of  the  generation  and  propagation  of  pulses  along  two  media  like 
salt  water  over  the  sea  floor. 

4.  Conclusion 

The  extensive  research  completed  under  Contract  N00014-79-C-0419  has  pro¬ 
vided  geophysicists  with  new,  quantitatively  accurate,  and  practically  useful  knowl¬ 
edge  for  the  exploration  of  the  oceanic  crust  by  way  of  itr  electrical  properties.  The 
unusual  properties  of  lateral  electromagnetic  waves  and  their  relation  to  space  waves 
reflected  from  layers  in  the  lithosphere  provide  insights  and  tools  that  remain  i.o 
be  explored  and  applied.  With  the  completion  of  basic  research  on  the  continuous- 
wave  properties  of  eiectromagneiic  waves  near  and  along  boundaries  like  the  sea 
floor,  exciting  new  research  on  the  properties  and  applications  of  lateral-wave  and 
space-wave  electromagnetic  pulses  has  opened  new  and  challenging  possibilities  for 
geophysical  exploration  of  the  oceanic  crust. 
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5.  List  of  Equipment  Purchased  on  Contract  N00014-79-C-0419 

The  following  pieces  of  equipment  were  purchased  with  funds  provided  by  ONR 
Contract  N00014-79-C-0419  during  its  nine  years  of  activity.  In  accordance  with 
the  terms  of  Contract  N00014-79-C-0419,  title  to  these  items  of  equipment  is  vested 
in  Harvard  University. 


1  -  Wavetek  Model  184  5-MHz  Sweep  Generator  $784.53 

1  -  Digital  Video  Terminal  VT100  k,  Printer  Terminal  LA120  $3,500.09 

2  -  Data  Precision  Corp.  Digital  Voltmeters  $1,497.05 

1  -  Hewlett  Packard  Model  7225A  Graphic  Plotter  $2,208.50 

1  -  Epson  Model  MX-80  F/T  Printer  with  IEEE488  Interface  $655.00 

I  ~  Tektronix  Model  WP2110  Digitizer  with  Option  2  $51,186.19 

1  -  AvTech  Electrosystems  Model  AVL-2  Pulse  Generator  $1,718.00 

1  -  Hewlett  Packard  Model  8447F  RF  Amplifier  $1,875.00 
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Lateral-Wave  Propagation  of  Electromagnetic 
Waves  in  the  Lithosphere 
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and  BARBARA  H.  SANDLER 


Aftymicr-The  possibility  of  lateral-wave  propagation  of  electromag¬ 
netic  waves  between  horizontal  electric  dipoles  near  the  floor  of  the 
ocean  is  reviewed.  The  genera!  exact  integrals  for  the  radial  electric 
field,  which  is  the  most  useful  component  for  lateral-wave  transmis¬ 
sion,  are  evaluated  numerically  for  a  range  of  possible  conductivities 
of  the  lithospheric  rock.  Graphs  and  contour  diagrams  are  shown  and 
discussed  for  frequencies  from  10  Hz  to  1  GHz  and  radial  distances 
from  0.1  to  100  km.  Conditions  under  which  very  low  frequencies 
provide  the  greatest  range  are  defined,  and  also  conditions  under  which 
a  high-frequency  window  is  available  that  offers  by  far  the  greatest 
radial  range. 


1.  Introduction 

HE  possibility  of  a  waveguide-like  propagation  of  electro¬ 
magnetic  waves  in  the  earth's  hthosphere  has  been  studied 
extensively  [  1 )  -  [7)  in  terms  of  theoretical  models  that  are 
idealizations  of  the  earth's  crust,  as  represented  for  example, 
by  Levm  13],  and  shown  in  Fig  1  Such  idealizations  usually 
consist  of  (!)  a  planar  slab  of  a  dielectric  with  low  <.onuUvtiv- 
ity  to  represent  a  granitic  or  basaltic  lithosphere  (2) an  upper, 
more  highly  conducting  layer  to  correspond  to  the  overburden 
or  the  ocean,  and  (3)  a  lower,  also  highly  conducting  region  to 
represent  the  mantle.  Refinements  mciude  the  air  and  the  ion¬ 
osphere  above  the  overburden  and  ocean,  as  shown  in  Fig.  2, 
but  their  inclusion  usually  has  an  insignificant  effect. 

The  excitation  of  electromagnetic  waves  in  the  slab  of  dielec¬ 
tric  and  their  reception  at  distant  points  have  taken  several 
forms.  The  most  commonly  used  source  is  a  vertical  antenna 
in  i  borehole  that  extends  close  to  or  into  the  rock  layer 
Wait  [5]  states  that  if  the  vertical  antenna  docs  not  extend 
into  the  rock  or  very  close  to  it,  adequate  excitation  does  not 
occur.  He  suggests  ([5] ,  p.  923)  that  "every  effort  should  be 
made  to  locate  both  the  vertical  source  dipole  and  the  point 
of  observation  within  the  waveguide.  Otherwise,  some  other 
mechanism  of  excitauon  should  be  used,  such  as  a  horizontal 
electric  dipole.”  The  importance  of  this  suggestion  was  con¬ 
firmed  theoretically  by  Friernan  and  Kroll  [8]  who  studied 
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Fig  1.  Profile  of  earth’s  crust  according  to  S  B  Lesir. 
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Fig  2.  Model  used  by  Fneman  and  Kroll 

excitation  by  both  vertical  and  horizontal  electric  dipoles  on 
the  ocean  floor  using  the  model  shown  in  Fig  2  Their  con¬ 
clusion  is  that  “the  horizontal  electric  dipole  proves  to  be 
more  interesting,”  and  “permits  the  utilization  of  much 
larger  antennas  and  hence  more  efficient  antenna  design  ” 
They  suggest  that  “a  horizontal  electric  dipole  is  far  superior 
to  a  vertical  electric  dipole.” 

The  method  of  analysis  used  by  Fneman  and  Kroll  (8]  re¬ 
sembles  that  of  Wait  [5]  and  others  in  that  the  relevant  wave¬ 
guide  modes  are  determined.  Their  study  of  the  propagation 
characteristics  of  the  several  modes  indicates  that  for  hori¬ 
zontal  transmitting  and  receiving  antennas  on  the  ocean  floor, 
the  field  "should  be  very  similar  to  that  of  horizontal  dipole 
excitation  near  the  plane  boundary  of  tsvv  semi-infinite  con¬ 
ducting  media.”  It  is  well  known  from  the  work  of  Banos 
[9],  King  and  Sandler  [10],  and  others,  that  transmission 
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Fig.  3.  Schematic  diagram  of  a  ray  in  lateral-wave  transmission  and 
its  relation  to  the  mathematical  representation'  exp{-(a2p  +  ai(d  + 
z)!}exp{i[02p  +  0,(rf  +  z)]}. 


Fig.  4.  Two-half-sp^ce  model  for  lateral-wave  transmission. 
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along  an  air-sea  interface  is  primarily  by  so-called  lateral 
waves.  This  conclusion  is  confirmed  by  Bubenik  and  Fv.ser- 
Smith’s  [11]  analysis  of  the  field  of  a  vertical  magnetic  dipole 
located  in  sea  water  midway  between  the  air  abo\ e  and  the  sea 
floor  below.  Their  comparison  of  the  contributions  to  the 
total  field  by  direct  transmission  through  the  sea  as  if  tins 
were  unbounded  with  those  by  air-surface  and  sea-floor 
lateral-wave  modes  shows  that  for  a  dipole  near  the  air  sur¬ 
face,  the  air-surface  mode  dominates,  for  a  dipole  near  the 
sea  floor,  the  sea-floor  mode  dominates.  This  latter  is  illus¬ 
trated  schematically  in  Fig.  3  v/here  a  lateral  ray  is  traced. 
Since  a  vertical  magnetic  dipole  is  equivalent  to  four  hori¬ 
zontal  electric  dipoles  aranged  in  a  square,  its  field  is  a  super¬ 
position  of  the  fields  of  the  four  dipoles,  each  like  the  field  of 
a  single  horizontal  electric  dipole.  The  superimposed  fields  of 
the  very  closely  spaced  dipoles  suffer  from  <  large  reduction 
due  to  cancellation,  but  the  essential  nature  of  the  field  with 
respc;  to  its  modal  structure  is  not  changed.  Therefore,  when 
the  sea-floor  lateral-wave  mode  dominates  for  a  vertical  mag¬ 
netic  dipole,  it  also  does  for  a  horizontal  electric  dipole  at  the 
same  location. 

11.  Lateral-Wave  Propagation  Along 
the  Lithosphere-Ocean  Boundary 

Comprehensive  studies  of  subsurface  communication  be¬ 
tween  horizontal  electric  dipoles  m  a  dissipative  half-space 
(region  1)  near  its  boundary  with  air  (region  2)  [9],  [10], 
[12]  have  shown  that  the  only  generally  useful  component 
of  the  electric  field  for  lateral-wave  propagation  is  the  w-.dial 
one,  i.e.,  Exp.  It  may  be  assumed  that  this  is  also  tiue  when 
the  air  is  replaced  by  rock  with  conductivities  in  the  range 
from  4  X  10  8  to  4  X  10  3  Si/m.  Thus  a  quantitative  study 
of  lateral-wave  transmission  along  .he  ocean-lithosphere 
boundary,  shown  in  Fig.  4,  requirs  the  determination  of 
E ip  at  an  arbitrary  point  P(p,<!>,z)  in  the  sea  water.  The 
source  is  a  horizontal  electric  dipole  with  unit  moment  (/A/  = 

1 )  located  in  the  sea  .it  a  distance  d  above  Lhe  origin  of  co¬ 
ordinates  on  the  boundary  surface.  The  exact  expression  for 
£,p  is  given  explicitly  in  King  and  Smith  [13],  or  it  can  be 
obtained  from  the  general  formulas  given  by  Bafios  [9].  it 
is  assumed  that  px  -p2  =ho.  the  time  dependence  is  e‘,w'. 
When  z  =  d, 


(Xp)-(\2/2)[y0(Xp) 


-  ./2(Xp)])7i'1XrfX'i 


[~  7,  (*h:-kh,) 

X  [2(*i72 +*bi) 


•  [/0(Xp)  -  -/2(Xp) ] 


ft?  (7;  -  7i ) 
2  7 i (7:  +  7i  ) 


•  [y0(Xp)  +  y2(Xp)]Je,J7‘dX'r/xj  (1) 

where,  with  /  =  1,2, 

7,  =  (ft,J  -  XJ)'/J  (2) 

and  the  wavenumbers  are 

ft,  =  0, +  /<*,  =  (wJp0ef/  +/wpo0«.,)1,:.  (3) 

In  (3),  ef/  is  the  real  effects,  permittivity  and  oe/  is  the  real 
effective  conductivity  of  the  material  in  region  /. 

The  numerical  evaluation  of  Exp  from  (1)  has  been  carried 
out  by  King  and  Sandler  [10]  and  by  King  et  at.  [12]  when 
region  2  is  air  and  region  1  is  a  half-space  characterized  by 
conductivities  and  permittivities  in  wide  ranges.  The  com¬ 
plicated  dependence  of  EXp  on  the  frequency  and  radial  dis¬ 
tance  as  well  as  on  the  electrical  properties  of  the  material 
half  space  that  is  revealed  in  the  computed  graphs  in  [10] 
and  [12]  is  interpreted  there  with  the  help  of  a  set  of  simple 
approximate  formulas  due  to  Banos  [9].  Since  these  have 
been  derived  specifically  when  region  2  is  a  perfect  dielec¬ 
tric  (air)  with  a  real  wavenumber  k2  =  02,  a2  =  0,  it  is  note¬ 
worthy  that  they  are  quantitatively  fairly  good  approxima 
tions  even  when  region  2  is  an  imperfect  dielectric  (lithosphere 
of  rock)  that  has  the  properties  of  a  conductor  at  low  fre 
qi'encies.  The  following  is  a  general  form  of  the  approximate 
formulas: 


Exp  ~  A  cos  <p  f(p)exp{i[k2p  +  kx(z  +  d)}}  (4) 

where  /(p)  -  1/p3  for  the  near  field, /(p)  1/p  for  the  inter¬ 

mediate  field,  and  /(p)  *-  1/p2  for  the  asymptotic  or  far  field. 
The  amplitude  A  is  a  different  function  of  kx  and  k2  in  each 
of  these  ranges.  Formula  (4)  discloses  the  lateral-wave  nature 
of  the  field  in  the  exponential  term  which  can  be  written  in  the 
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Fig.  5.  Schematic  example  of  near,  intermediate,  and  asymptotic 

fields. 


form  exp{-[a2p +  (*i(z +  a')]}exp{i[02p  + '0,(z +</)]}.  A 
schematic  representation  of  the  down-over-up  path  of  a  ray 
and  its  relation  to  this  expression  is  shown  in  Fig.  3.  The 
radial  dependence  of  the  amplitude  |£,pj  is  seen  to  be  ap¬ 
proximated  by  /(p)exp{-[a2p  +  aj(z  +  cf)]}  which  consists 
of  three  principal  parts,  viz.,  the  exponential  dependence  on 
the  total  vertical  distance  z  +  d,  the  exponential  dependence 
on  the  radial  distance  p,  and  the  inverse  power  dependence  on 
the  radial  distance.  This  last  consists  of  three  segments  be¬ 
ginning  with  1/p3  at  low  frequencies  and  electrically  short 
radial  distances,  1/p  at  intermediate  frequencies  and  electrical 
distances,  and  1/p2  at  high  frequencies  and  large  electrical 
distances.  Graphs  of  20  log,0  (/(f>)//(l)]  are  shown  in  Fig.  5 
for  the  three  ranges.  These  have  the  forms  -60  logio  P,  -20 
log10P,  and  -40  log|0  P,  respectively,  for  /(p)=  1/p3.  1/p, 
and  1/p2. 

111.  Graphical  Representation  and 
Interpretation  or  £iP  in 
Lithospheric  Propagation 

The  numerical  evaluation  of  |£,p|  at  P(p,  <p,z)  from  (1)  for 
the  disposition  of  dipole  and  materials,  shown  in  Fig.  4,  has 
been  carried  out  when  region  1  is  sea  water  (eerl  =  80,  oel  =  4 
Si/m)  and  region  2  is  rock  (efr2  =  16,  ae7  -  4  X  !0'8  to 
4  X  10~3  Si/m).  For  convenience  in  the  graphical  represen¬ 
tation,  the  quantity  20  logio  |£iP|  is  used  as  the  dependent 
variable  with  the  reference  amplitude  |£,p[  =  l  V/m.  The 
actual  magnitude  |£lp|  in  volts  per  meter  due  to  a  dipole 
with  unit  moment  (IAl  =  1  A  m)  can  be  obtained  by  divid¬ 
ing  the  values  in  the  graph  by  20  and  evaluating  the  anti- 
logarithm.  In  the  computations  of  j£lp|,  the  dipole  and 
point  of  observation  are  initially  assumed  to  be  the  same, 
and  two  values,  z=<i  =  0.15  m  and  1.5  m,  are  investigated 
in  detail.  Subsequently,  the  results  are  extended  to  arbitrary 
and  different  values  of  z  and  d.  The  radial  distance  p  between 
the  dipole  and  the  point  of  observation  is  varied  from  0.1  to 
100  km  with  frequencies  in  the  range  from  10  to  109  Hz. 

Graphs  of  |£lp|  as  a  function  of  the  radial  distance  with 
<t>  =  0  and  the  frequency  ,»s  the  parameter  are  shown  in  Fig.  6 
for  ae7  =4X  10"8  Si/m  and  4X  10‘7  Si/m,  and  in  Fig.  7 
for  <7e2  =  4  X  10"6,  4  X  10‘5 , 4  X  10'4,and4X  10'3  Si/m. 
In  both  figures,  z  =  d  =  0.1 5  m.  The  general  validity  of  the  ap¬ 
proximate  form  (4)  is  readily  verified  from  these  graphs  and 
the  contributions  from  the  several  factors  identified.  Thus 
with  ot2  =  4  X  10  *  Si/m  in  the  upper  half  of  Fig.  6,  a2p  is 
sufficiently  small  over  the  entire  radial  range  to  make  e"0”7  ~ 
1 ,  so  that  the  entire  dependence  on  p  is  in/(p).  A  comparison 


Pig.  6.  Magnitude  of  Ep  in  sea  water  bounded  by  lithosphere; 
z  =  d  =  0.15  m. 


with  Fig.  5  shows  that  at  /=  10  and  100  Hz,  the  graphs  of 
have  the  near-field  form  C-  6C  log10  P,  where  C  is  a 
constant.  The  graph  for  /=  103  Hz  has  the  near-field  form 
C  -  60  logio  P  up  to  about  p  =  9  km,  then  it  changes  to  the 
intermediate-field  form  C  -  20  log10  p.  The  graph  for /  =  i04 
Hz  is  similar  but  the  change  from  the  near  field  to  the  inter 
mediate-field  form  occurs  near  p  =  1.2  km.  The  graphs  for 
f-  105  and  106  Hz  are  entirely  in  the  intermediate  field  range 
given  by  C  -  20  logl0  p.  The  graph  for  /  =  107  has  the  inter¬ 
mediate-field  form  occurs  near  p  =  1.2  km.  The  graphs  for 
changes  to  the  asymptotic-field  form  C  40  log, 0  p.  The 
graphs  for  /=  108  and  109  Hz  are  entirely  in  the  asymptotic 
field  range.  The  factor  C  (which  is  independent  of  p)  is  given 
by  C-  20  logio  1  exp  [-Qi +r/)J,  where  A  involves  k\  = 
Pi  +IQ,  and  k2  =  P2  +  ia2 .  With  z  +  d  =  0.30  m,  q,(z  +  d)  is 
sufficiently  small  when/<  107  Hz.  so  that  exp  [a,  (z  +  ii)]  - 
1 ,  and  the  actual  value  of  C  is  determined  by  A.  When /is  in¬ 
creased  above  107  Hz, a,  growsande  decreases  rapidly 

from  near  1 .  This  accounts  for  the  sharply  reduced  values  of 
|£,p|  in  the  graphs  for  /  =  10s  and  109  Hz.  Note  that  the 
largest  values  of  | £lp  |  occur  with  /=  1 07  Hz,  p  <  8  km ,  /= 
10s  Hz,  and  p  >  8  km. 

When  the  conductivity  of  the  lithosphere  is  oe2  =  4  X  10‘7 
Si/m,  the  graphs  in  the  lower  half  of  Fig.  6  apply.  These 
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Fig.  7.  Magnitude  of  £p  in  sea  water  bounded  by  lithosphere; 
2  =d  =  0.15  m. 


resemble  those  in  the  upper  half,  but  at  the  higher  frequencies 
and  the  larger  radial  distances  they  bend  downward.  This  is 
because  at  the  higher  conductivity  a,  is  larger,  and  at  the 
greater  values  of  p,  a2p  is  large  enough  to  make  e’0,,fl  no¬ 
ticeably  smaller  than  1.  This  effect  increases  as  ae2  is  raised 
in  steps  as  shown  in  the  four  diagrams  in  Fig.  7.  As  ael  is 
increased,  the  greatest  values  of  |EIp|  shift  from  f  =  101  and 
106  Hz  to  lower  frequencies,  so  that  with  acl=  4X  10"5  Si/m, 
the  |£lp|  at/<10  Hz  is  greater  than  at /=  107  Hz, p  >6  km, 
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Fig  8.  Contours  of  constant  |£p|  in  sea  water  bounded  by  lithosphere, 
2  =  d  =  0.15  m. 


Fig.  9.  Contours  of  constant  |£p|  in  sea  water  bounded  by  lithosphere, 
2  =  d  =  0.15  ni. 


with  oeJ  =  4  X  1CT4  Si/m,  |fTlp|  at  /<  104  Hz  is  greater  than 
at /=  107  Hz  when  p  >0.4  km. 

The  information  contained  in  Figs  6  and  7  is  shown  in  a  dif¬ 
ferent  manner  in  Figs.  8-10,  in  which  contours  of  constant 
|£lp|  are  drawn  as  functions  of  the  radial  distance  p  and  the 
frequency  /.  The  scale  for  the  frequency  is  arranged  to  increase 
from  right  to  left  so  that  the  wavelength  X(km)  =  3  X  10s // 
(Hz)  increases  from  left  to  right.  In  the  graphs  in  Fig  8  for 
ff, 2  =  4  X  10*®  and  4  X  10'7  Si/m,  the  short  ranges  p  for  a 
given  |£’lp|  at  the  low  frequencies  are  a  consequence  of  the 
rapid  1/p3  decrease  m  the  near-field  range,  the  sharp  reduction 
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Fig.  10.  Contours  of  constant  \Ep\  in  sea  water  bounded  by  lithosphere, 
z  =  d  =  0.15  m. 


in  radial  range  at  the  high  frequencies  on  the  left  are  due  to 

the  combined  effects  of  the  factors  in  e  Q,(‘*d)/p2.  The 
large  peak  in  radial  range  which  occurs  when  the  frequency 
is  between  /=  106  and  107  Hz  is  possible  because  the  expo¬ 
nential  terms  are  near  unity  and  the  intermediate  range  value 
f(p)  ~~  1  Ip  applies.  Note,  for  example,  that  the  value  |£,p|  = 
-175  dB  occurs  at  a  radial  distance  of  nearly  40  km  with  / near 
107  Hz  and  near  p  =  0.25  km  at/<  1G3  Hz.  As  the  conductiv¬ 
ity  of  the  lithosphere  is  increased,  the  effect  of  e  Q;P  makes  it¬ 
self  felt  beginning  at  the  higher  frequencies  and  larger  values 
of  p,  as  shown  in  Fig.  9(a)  for  oe2  =  4  X  10'6  Si/m  and  Fig. 
9(b)  for  o,2  =  4  X  10"5  Si/m.  The  sharp  maximum  between 
/=  106  and  107  Hz  continues  but  only  at  decreasing  radial 
distances.  Finally,  in  Fig.  10(a)  where  0,3  =4  X  10*4  Si/m, 
and  4  X  10‘3  Si/m  in  Fig.  10(b),  the  exponential  attenuation 
is  so  great  at  the  high  frequencies  that  the  maximum  in  the 
radial  range  near  /=  107  Hz  occurs  only  at  very  short  distances. 
Furthermore,  since  a2  increases  with  frequency,  the  largest 
values  of  |£lp|  occur  at  the  lowest  frequency. 

In  Figs.  11  and  12  are  shown  graphs  of  |£lp |  like  those  in 
Figs.  6  and  7  but  now  with  the  dipole  and  point  of  observa¬ 
tion  further  from  the  boundary  in  the  sea  water.  Specifically, 
z  =  d  =  1.5  m.  Contour  diagrams  like  those  in  Figs.  8-10  are 
shown  in  Figs.  13-15.  It  is  seen  that  when  ce2  <4X  10"5 
Si/m,  the  relative  maxima  in  the  radial  range  have  moved  from 
near  /=  107  Hz  when  z  =  d  =  0.15  m,  to  near  /=  10s  Hz 
when  2  —  d~  1.5  m,  and  that  they  are  substantially  smaller. 
For  example,  with  ae2  =  4  X  10"8  Si/m  the  maximum  range 
for  j£lp|  =  -225  dB  is  p  =  10  km  with  z  =d  =  1.5  m,  instead 
of  p  ~  500  km  with  z  =  d  -  0.15  m.  There  is  no  corresponding 
decrease  in  the  range  at  low  frequencies  since  there  the  expo¬ 
nential  attenuation  is  small.  Unless  both  the  transmitting 
and  receiving  antennas  are  very  close  to  the  ocean-lithosphere 
boundary  and  oe2  <4  X  10'6  Si/m,  the  greatest  radial  range 
for  any  given  value  of  |£jp|  occurs  at  very  low  frequencies. 


"  600|  2  S  \  2  i  to  2C  SO  :CC 

p  m  fcn 

Fig  11  Magnitude  of £p  in  sea  water  bounded  by  lithosphere. 
z  -  d  =  1  5  m 


Tig  II  Magnitude  of  Ep  in  sea  water  bounded  by  lithosphere, 
z  =  d  =  1.5  m. 


When  z  and  d  are  sufficiently  small  and  ae2  <4  X  !0~6  Si,m. 
the  greatest  radial  range  occurs  at  an  optimum  frequency. 
This  occurs  with  /=  10s  to  107  Hz  when  z-  d  is  m  the  range 
from  1.5  m  to  0.15  m. 

IV.  Generalization  to  Arbitrary  Locations  of 
the  Source  and  Receiver 

The  graphs  of  ]£lpj  shown  tn  the  several  figures  apply  to 
the  special  case  z  =  d  when  the  dipole  and  the  point  of  ob 
servation  arc  at  the  same  distance  ip.  the  sea  from  the  sea- 
lithosphere  boundary.  Approximate  values  of  [£lp[  at  dif- 
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(a)  (b) 

Fig.  13.  Contours  of  constant  |£“p|  in  sea  water  bounded  by  lithosphere 
z  =  d  =  1.5  m. 
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(a)  (b) 

Fig.  14.  Contours  cf  constant  |£pi  in  sea  water  bounded  by  lithosphere, 
z  =  d-  1.5  m. 

ferent  values  of  z  and  d  are  readily  obtained  from  the  known 
values  at  z  =  d  =  0.15  m  or  z  =  d  =  1 .5  m  if  use  is  made  of  the 
simple  formula  (4)  in  which  z  and  d  occur  only  in  the  ex¬ 
ponential  e'k'^z*  d\  Let  (£lp)i  be  the  known  value  at  z,  = 
d i  =0.15  m,  and  (£lp) 2  the  unknown  value  at  z2  when  the 
dipole  is  at  d2.  It  is  not  assumed  that  z->  =d2.  Clearly,  from 
(4) 

(£ip)i  =  (£ip)i  exp[i*,(z2  -z,  +d2  -d,)]  (5) 

and 

l^ipji  =  |£ip|i  exp[-a,(z2  -  z,  +d2  -  </,)].  (6) 
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Fig.  IS.  Contours  cf  constant  |£p|  in  sea  water  bounded  by  lithosphere, 
z  -  d  =  1 .5  m 

Also, 

20iog,s  !£spJ2  =  20 log, o  |£,0|, 

-  20a,  (z2  -z,  +d2  -d,) 

X  0.4343  dB  referred  to  1  V/m  (7) 
where  logIO  e  -  0.4343. 

V.  Conclusions  Concerning  Lateral-Wave 
Propagation  along  the 
Ocean-Lithosphere  Boundary 

The  several  graphs  ir,  Figs.  6-15  lead  to  the  following  gen¬ 
eral  conclusions  regarding  lateral-wave  transmissio..  along  a 
plane  boundary  between  sea  water  and  the  lithospheric  rock, 
when  the  source  is  a  horizontal  electric  dipole  in  the  sea  water 
at  the  distance  d  from  the  boundary  and  the  point  of  obser¬ 
vation  is  also  in  the  sea  water  at  the  distance  z  from  the 
boundary  and  the  radial  distance  p  from  the  source.  1)  If 
the  conductivity  of  the  lithosphere  is  greater  than  af2  -  4  X 
10"6  Si/m,  transmission  over  distances  greater  than  p  =  50  km 
experiences  the  smallest  decrease  with  distance  when  *bc  fre¬ 
quency  is  as  low  as  possible.  This  is  true  for  all  values  of  z  ~ 
d>  15  cm.  2)  If  the  conductivity  of  the  lithosphere  is  sig¬ 
nificantly  smaller  than  oei  -  4  X  1CT6  Si/m,  there  is  .in  opti¬ 
mum  freav-ncy  between  1  and  10  MHz  at  which  the  radial 
range  has  a  large  relative  maximum  that  may  be  substantially 
greater  than  the  radial  distance  for  ji'ip  j  at  other  frequencies 
including  the  very  low.  Furthermore,  an  effective  directional 
array  with  significant  gain  can  be  constructed  for  both  the 
transmittei  and  the  receiver  lor  use  at  frequencies  in  the  1-10 
MHz  range.  3)  Unless  both  the  transmitting  and  receiving 
antennas  are  in  the  sea  very  close  to  the  boundary  surface 
with  the  lithosphere,  the  exponential  term  e  a'<'z*d *  greatly 
reduces  the  level  of  the  tiansrnitted  field  at  all  radial  distances 
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and  at  all  frequencies.  This  decrease  is  largest  at  high  f-.e 
quencies  and  smallest  at  low  frequencies  since  Qj  increases 
with  frequency. 
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A  new  simple  formula  is  derived  as  an  approximation  for  the  general  exact  integrals  for  the  radial 
component  of  the  electric  field  generated  by  a  horizontal  electric  dipole  in  a  half-space  of  water  or  earth 
near  its  boundary  with  air  The  field  in  the  water  or  earth  is  investigated  as  a  function  of  radial  distance 
from  the  source  for  e,  =  80,  20,  and  4.  over  wide  ranges  of  conductivities  and  frequencies  Special 
attention  is  paid  to  the  ranges  in  which  the  d’rect  wave  from  the  dipole  produces  an  interference  pattern 
of  standing  waves  when  it  interacts  with  the  lateral  wave  For  selected  values  of  the  parameters  the 
radml  electric  field  computed  from  the  new  simple  formula  is  compared  with  the  field  evaluated  nu¬ 
merically  from  the  exact  integrals  The  agreement  is  excellent  when  the  ratio  ol  wave  numbers  char¬ 
acteristic  of  the  denser  half-space  and  air  is  large,  quite  good  even  when  this  ratio  is  as  small  as  2 


1  INTRODUCTION 

The  study  and  understanding  of  lateral-electromag- 
netic-wave  propagation  from  horizontai  electric  di¬ 
poles  located  near  the  surface  of  the  earth  (in  salt  or 
fresh  water,  dry  or  moist  soil  or  sand,  frozen  earth 
or  ice)  have  been  handicapped  by  the  complexity  of 
the  exact  genera!  integrals  that  characterize  al1  six 
components  of  the  electromagnetic  field  in  both  the 
earth  and  in  the  air  above  it.  Between  the  pioneer 
work  of  Sommerfeld  [  1909,  1926]  and  the  appearance 
of  the  comprehensive  treatise  by  Banos  [1966],  many 
attempts  were  made  to  obtain  useful  approximate  for¬ 
mulas.  These  were  successful  only  in  a  limited  sense 
in  severely  restricted  ranges  of  the  parameters  and 
variables.  Many  investigators  have  been  preoccupied 
with  propagation  in  and  over  sea  water  and  at  very 
low  frequencies  for  which  all  pans  of  the  earth's  sur¬ 
face  behave  like  conductors  [Bannister  and  Dube. 
1978].  More  recently,  attention  has  been  directed  to 
the  numerical  evaluation  of  the  complex  Sommerfeld 
integrals  that  occur  in  the  general  formulas  for  the 
lateral-wave  field  [Siegel  and  King,  1970.  1971. 
19  /3;  Bubenik,  1 977 ;  King  and  Sandler,  1977:  Rah- 
mat-Samii  et  al.,  1981].  A  comprehensive  tabulation 
of  the  numerically  calculated  radial  component  of  the 
electric  field  of  a  horizontal  electric  dipole  in  a  half¬ 
space  with  a  wide  range  of  values  of  permittivity  and 
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conductivity  at  frequencies  from  10  Hz  to  1  GHz  and 
a  radial  range  from  0.5  m  to  100  km  has  been  com¬ 
pleted  [King  and  Smith,  1981].  Extensive  graphical 
representations  of  the  magnitude  of  this  field  have 
been  published  [King  et  al..  1980:  King  and  de 
Beitenct  trt,  1979], 

Significantly,  none  of  the  available  approximate 
formulas — including  those  of  Banos  [1966] — is  ade¬ 
quate  to  provide  insight  into  the  complicated  nature 
of  the  field  generated  by  a  horizontal  electric  dipole 
m  a  homogeneous  half-space  near  its  boundary  with 
air.  So-called  ‘physical  explanations'  [Lytle  et  al  . 
1976]  also  fail  to  do  so.  The  complete  picture  is.  of 
course,  contained  in  the  general  integral  formulas,  but 
these  are  too  complicated  to  provide  physical  insight 
by  inspection  and  their  evaluation  by  numerical  meth¬ 
ods  has  not  been  sufficiently  fine-grained  to  reveal 
some  of  their  most  interesting  and  important  charac¬ 
teristics.  A  full  understanding  of  the  properties  of  lat¬ 
eral  waves  can  best  be  obtained  from  simple  and  ac¬ 
curate  formulas  for  the  components  of  the 
electromagnetic  field.  Since  the  radial  electric  field 
is  the  most  important  component,  attention  is  directed 
to  it.  The  other  components  will  be  treated  in  another 
paper 

In  the  analysis  to  follow  the  complex  wave  number 
of  region  1  with  ;  >  0  (water,  earth,  etc.)  is  k ,  =  (3, 
+  icq  =  where  f,  =  e,  +  /a,/w  and  f , 

=  The  wave  number  of  region  2  with  .*  <  0 
(air)  is  k ,  =  (3,  -  iou  -  wfijuf,)1 :.  It  is  assumed  that 
p-j  =  p.;  =  n0:  for  air  e,  =  e0,  a;  =  0. 
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Region  2-  air;  «2  =  fQ,  <?z  -  0,  k2  =  k0 

777777777777777777TrZZ?ZZ?T777777777777777r777777. 

±d  s'  1,  ,  '  — ~ _ 

. .  ' 

y  ixai=i  r— — - 


z  Region  1 

^.k, 


Fig.  1.  Radial  component  of  electnc  Field  at  (p.  6,  z)  due  to  x- 
dirccted  dipole  at  (0.  0.  d) 

2  AN  APPROXIMATE  THEORETICAL  FORMULA 
FOR  THE  RADIAL  ELECTRIC  FIELD 

The  general  integral  for  the  radial  component  £jp 
of  the  electric  field  at  the  point  (p,  6,  :)  in  region  1 
due  to  an  x  directed,  horizontal  electric  dipole  in  the 
same  region  at  the  point  (0.  0,  d  i  is  (King  and  Smith 
[1981],  p.  617.  eq.  (5.9)): 

= -^cosd.(^  (A;./0<Ap) 

-  (X:/2)[io(Xp)  -  y:(XP)]}7- V'-’^Xr/X 

+  {(7,G/2)(y0(Xp)  -y;(Xp>] 

•M) 

-  (Jfc;F/2y.)[./e(Ap)  -  ■/;(Xp))}e,w:*,,’X.'/X )  ( 1 ) 

where,  with  p.,  =  |x2  =  p,0, 

F  =  (7:  ~  7i)/<72  +  7i> 

Q  =  (€,7:  -  e:7i)Ae,72  +  £:7|) 

7?  =  k 2  -  X:  (2) 

The  location  of  the  dipole  at  (0,  0,  d)  and  the  point 
(p,  <t>,  z)  where  £lp  is  calculated  are  shown  in  Figure 

1. 

The  second  integral  in  ( 1 )  can  be  e\pressed  as  the 
sum  of  two  integrals  as  follows. 


Fo(p.  z  +  d)  +  F,(p.  :  +  d) 


=  f  {(7./2)|7„ 


|(Xp)  -  /;(Xp)! 


+  «r;/27i)|70(Xp)  +  7,(Xp))}e,''"'”li'Xr/X 


+  {(V,/2)1G  -  HlF0(Xp)  -  y,(Xp)l  -  (k]/2yt) 

•'O 

•  [F  +  l][70(Xp)  +  J2(\p)]}e,'l":"i\d\ 


The  first  integral  in  (1)  can  be  rearranged  with  the 
relation  7*  =  k]  -  X2  to  have  the  same  form,  except 
for  the  exponential,  as  the  first  integral  in  (3).  It  is 


■E,0  (?,<#>, z) 


.z-d)=  f  {(y,/2) 
Jo 


/2)[70(Xp)  -  y:(Xp» 


+  dt;/27,)l70(Xp)  +  J:(\p)1}e'”:-J\d\  (4) 

It  follows  that  (1)  can  be  expressed  in  the  following 
form: 


£|P  =  -T-7:  cos  6[F„(p.  :  -  d) 


-  Fj(p,  r  -  d)  -  F,(p.  :  -  d) ]  (5) 

where  F0(p.  z  -  d)  is  defined  in  (4)  and  where  F,j(p. 
c  +  d)  and  F,(p.  :  d)  are.  respectively,  the  first 
and  second  integrals  in  (3).  Note  that 

Q  -  1  =  -2e:7,/(§17;  -  e;7, )  (6) 

F  -  1  =  2y:/(y:  -  -y,)  (7) 

The  integral  F,(p,  r  +  d)  given  in  (3)  can  be  ex¬ 
pressed  as  the  sum  of  two  integrals.  Thus,  with 

F,(p.  :  ~  d)  =  F,(p.  :  -  d)  ~  F,(p.  ;  -  d)  18) 
F,(p.  :  -  d)  =  -e,  (7i/(£|7;  *  £;7i»l 

•M) 

•  |70(Xp)  -  Jz(Xp)\e'“:'J'\d\  (9) 


F,(p.  -  d)  =  -k\  1<7;/7i)/(7;  -  7.)J 

Jo 

•  |y„(Xp>  -  y,(Xp)ie,":*J’x</x  tioi 

The  first  problem  is  to  evaluate  F0,  F'n.  F:.  and  F, 
This  is  can  ed  out  subject  to  two  conditions  The  first 
requirement  is  that  the  wave  number  X,  of  region  1 
(in  which  the  antenna  is  immersed  and  the  field  cal¬ 
culated)  be  much  greater  in  magnitude  than  A.  for  re¬ 
gion  2.  Specifically. 

Aj,  »  iX;  ill) 

The  second  requirement  is  an  approximation  needed 
to  simplify  the  integrations  in  (3).  the  integral  (4)  is 
considered  separately  after  (3)  has  been  evaluated 
The  well-known  exponential  decay  of  a  plane  wave 
entering  a  dissipative  medium  combined  with  the  re¬ 
ciprocal  theorem,  the  available  approximate  formulas 
of  Banos  in  their  ranges  of  validity,  extensive  nu¬ 
merical  computations  from  (1),  and  a  series  of  mea- 
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suremsnts  all  Indicate  that  the  dependence  on  the 
depth  d  of  die  source  and  the  depth  z  of  the  point  of 
observation  of  the  part  of  £lp  with  the  exponential  exp 
[/y,(r  +  d) j  should  be  well  approximated  (at  least 
when  p2  »  z~  and  p:  d2)  by  setting  y,  —  k ,  in  the 
exponential  factor  exp  [t'y,(z  +  d)}  in  (1).  The  con¬ 
sequences  of  this  assumption  must  be  verified  by  di¬ 
rect  comparison  of  calculations  from  the  approximate 
formula  to  be  derived  with  the  numerical  evaluation 
of  (1).  With  this  substitution,  the  functions  F(p,  z 
+  d)  can  be  expressed  as  follows: 

Fo(P.  :  +  d)~  Fo(P.  0)AW' 

F,(p.  F,(p.  0)<? (12) 

In  (12)  and  with  (4), 


F o(p.  0)  = 


=  ri(P-  0)  = 


{(y,/2)(y0(xP)  -  y,(Ap)i 


-  (A-j/2Y;)|4(Xp)  -  y:(Xp)]}\</\  1 13) 

and.  with  F,(p.  0)  =  F,( p.  0)  +  F,(p,  0) 

f 

F ,(p,  0)  =■  -e;  I  lr’/(e,y:  -  §,-/,)] 

Jo 

■  (70(Xp)  -  7:(Xp)]XdX  ( ! 4) 

F> ip.  0)  =  -k]  1  (7:/Y,)/(V:  *  7,)1 

•  o 

•  iy„(xp>  ^  y,(xp)]xyx  <i5) 

The  function  F'0( p,  0)  as  given  by  (13)  can  be  ex¬ 
pressed  in  terms  of  two  integrals  that  can  be  inte¬ 
grated.  Specifically, 

F'(p,  0)  =  (1/2)(7,(A,)  +  A;/4(A,)]  06) 


\  *  S/m  —  -Wy  Formula .  4i0  •‘••'•iNume/iCO'  Ccc^otcns  '  * 

•,0T  \  £,*80  j.# 

•K  iUi  fl  •  J  1 015m  f'lOMM* 

A \S 


Safe 

,  004 

®  *5<y  V 

”  ,1 

‘  •to* 


•50F  »  » 730  «0 50  50  fS  V*  “  s 

■  4x)Cfe  *  •"  5 

.u?\  A  ,A  A  rf  /\  a  ^  a  ^  .  .  4*!° 


J  ->*  v  >  .  vi'-v 

5  004 


'io  i20  »»  wo  ijo  ’so  oo  To  sc  ?oc  ' 

J  I*  m**ers 


Fig.  2~  l£0  at  depth  r  of  horizontal  electric  dipole  at  depth  d  in 
water  below  air 


=  ^n-e'“)  (19) 

The  indicated  evaluation  of  these  integrals  is  outlined 
ir,  appendix  A.  With  these  values,  (16)  gives 

F0(p.  0)  =  Fo(p.  0)  =  -/j(A,)  f  A(/4(A,) 

=  -2e'kw  -5  +  -i]  (20) 

Lp  P  J 

The  function  F:(p,  0)  defined  in  (14)  can  be  rear¬ 
ranged  as  follows.  Note  that  with  p,  =  p,  =  p0. 
e2/e,  -  k\/k\. 

F,(p,  0)  =  -(A2/x;)(/,(A,)  -  (A;  -  Ai)/,(A:»  G(p) 


where, 

r 

(21) 

i,(k )  =  (A2  -  x2)1 2(y0(xP)  -  y,(Xp)]Xdx 

J  0 

where 

=  -2/,(A)  +  A:/4(A) 

(17)  G(p)  =  -e,  f  yj  r - - - — 

rx 

* J0  1^7:  +  hy,  £|7:J 

/.(A)  (A2  -  x2)1 2[y0(Xp)  +  y2(xP)ixdx 

J  O 

•  |y0(xp)  -  y,(Xp)]x  d\ 

(22) 

2k  2 1 

r  ,  ,  , 

ii 

+ 

^1 

■C 

(18)  /,(A)  =  (A-  -  X-)-'  -|y0(Xp)  -  7:(Xp)]X</X 

Jo 

/•X 

/4(*)  =  (A2  -  x2r‘,2[y0(Xp)  +  y,(xP)ix  d\ 

Jo 

=  --  -  /.(A) 

P 

(23) 
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50  55  60  65  70 

p  in  meters 


Fig  2b.  Real  and  imaginary  parts  and  magnitude  of  E„  in  cntical  range.  'Vu's  formula  i?5i  and  r.urrcp.cal  cal¬ 
culations  from  exact  integrals  ( 1 ) 


The  function  I}(k)  is  evaluated  in  appendix  A.  the 
function  G(p)  in  appendix  B.  With  (17)  and  (23)  and. 
from  (1 1),  k\  -  kl  ~  k\.  (21)  becomes 

F:(p.  0)  ~  -(kl/k]){-2lz(kz)  -  klUk,)  ~  *;/,(*,))  -  C<p> 
~  -{k\/k]){-2lz(kz)  -  k'ljk,)  -  (2ik\/ p)e‘*:p]  -  Up) 

;24) 


the  resulting  formula  is: 

£»--S;  ■=“*('  V  [7'7 


-C1/2>F,CP. ---ill  OS  i 

With  (B16)  of  appendix  B,  the  complete  formula  is 


The  function  F,(p,  0)  defined  in  (15)  can  be  ex¬ 
pressed  as  follows: 

F,( P.  0)  =  - k ]  l.(k,)  -  TJ— X  /,(*,)  +  -  ^  /;(*,) 

*1  *2  *M  ~  *2 


j  ..j, 

£ip  =  "T^cos<i,r  e 


ikl  kz  i  k\  /  tt  \  ‘  ~ 

p  p:  p’  *i  V  k: p  / 


~  ~k]Uk i)  +  /2(*i)  ~  Ukz)  (25) 

When  (25)  is  combined  with  (24),  it  follows  that 
F,(p,  0)  =  F2(p,  0)  +  F,( p.  0)  ~  2(k\/k\)Ukz) 

-r  (2A-;t/p)e,t!p  +  k;/4(k:)  -  **/„(*,) 

+  /2(k,)  -  Jz(kz)  +  G(p)  (26) 

With  (18)  and  (19),  this  becomes: 

F|(p,  0)  =  2e'*!p  ^  i  -  -]  +  2e'*lp|"-4  ►  ±1  +  C(p) 

_  p  p  p  J  [_p‘  p 

(27) 

When  (20)  and  (27)  are  combined  in  (5)  with  (12), 


X  e"*:p,‘!  M{,5  [  -  (l/2)F0(p.  :  -  4)  j  (29) 

where 

3  =  \~  C\kzp(k-z/2k])\  -  -  5(*;pU-:/2i-:))|  (30) 

and  C  and  S  are  the  Fresnel  integrals  as  defined  m  the 
Jahnke-Emde  Tables  of  Functions. 

The  integral  F0(p,  z  -  d)  as  given  by  (4)  is  simply 
the  field  of  a  horizontal  dipole  at  (0,  0,  d)  in  an  in¬ 
finite  homogeneous  region  characterized  b>  s,  and  it,. 
In  this  case.  Q  =  P  —  0  in  (1)  and  the  entire  field  is 
given  by  the  first  integral,  which  is  necessarily  equiv¬ 
alent  to  the  well-known  formula  for  the  field  of  an 
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Fie  ?<j  £  of  dipole  in  .ake  water  parallel  to  ns  interface  with  air 


infinitesimal  dipole.  For  an  x  directed  dipole  with 
moment  111  =  1  at  iO.  0.  d)  on  the  r  axis,  the  radial 
component  of  the  electric  field  is  given  by 


<£, 


>< 


tip.. 

Jrrit: 


cosie* 


1*1 

Ir. 


k. 

r* 


i 

r* 


rut:  3  * 
[r  "  r; 


I31) 


where  0,  is  the  angle  subtended  b\  the  radial  line  r. 
=  |p:  -  (r  -  dr]:  •  and  the  positive  r  axis  'Figure 
1).  With 


p  *t\  mtHrj 


Fig.  3f>.  E,  of  dipole  in  lake  water  parallel  to  its  interfate  with 
air 


p;  r  p:  :s>  Jz  i32) 

r,  —  p.  0,  ~  ~/2  m  amplitude  factors,  so  that 


P  tfl  treier» 


Fig.  3c  E,  of  dipole  in  lake  water  parallel  to  its  interface  with 
air 


-27- 


\ 


526  WU  AND  KING 


Fig  4  £.  of  dipole  in  >ea  water  parallel  to  us  interface  uuh  air 


■-E..X  - 


<0(1., 


cos  <b  F„< p.  z  -  di 


It  follows  that 


Fu<  p.  z-  di¬ 


rt?) 


(34) 


(Note  that  F0(p.  0)  in  (20)  agrees  exactly  with  F„tp. 
0)  as  obtained  from  (34)  when  r  =  d.)  With  (34),  the 
expression  (29)  becomes: 


£)*  =  c<*  * 


X  e 


(35) 


S’  is  given  by  (30).  This  is  the  final  approximate  for¬ 
mula  for  £lp.  Note  its  simplicity  as  compared  with  the 
exact  formula  ( 1 ).  It  is  completely  general  except  for 
the  conditions  (11)  and  (32),  i.e.,  |k;|  :»  p:  ;» 
c:,  p:  :»  d 2  It  agrees  exceedingly  well  with  the  nu¬ 
merical  evaluation  of  the  exact  integrals  when  iJt'j 
j k;\  and  quite  well  even  when  jJtj/ifcjl  is  as  small 
as  4.  Tnis  is  shown  on  selected  graphs  in  the  exten¬ 
sive  set  computed  from  (35). 


3.  THE  RADIAL  ELECTRIC  FIELD 
INTERFERENCE  PATTERNS 

The  general  expiession  (35)  for  the  radial  compo¬ 
nent  of  the  electric  field  at  a  depth  r  in  a  half-space 
of  earth  or  water  and  at  a  radial  distance  p  from  a  unit 
horizontal  electric  dipole  at  a  depth  d  consists  of  two 
principal  parts  These  are  characterized  respectively 
by  the  functions  fL{ p,  r,  d)  =  fL( p)  exp  [ik2p  - 
+  d)}  and  fD(p,  z ,  d)  =  fD( p)  exp  {r'A'Jp2  -  (c  - 
r/)2]1  2},  where  fL( p)  and  fD( p)  are  the  quantities  in 
square  brackets  in  (35).  Clearly.  fL(p.  z.  d)  is  a  lateral 
wave  that  travels  upward  from  the  dipole  to  the  sur¬ 
face  a  distance  d  in  region  1  (earth  or  water),  tnen 
continues  radially  outward  along  the  surface  in  region 
2  (air),  and  finally  proceeds  downward  in  region  1  a 
distance  c  to  the  point  of  observation  at  (p.  r).  On  the 
other  hand.  /D(p.  z,  d)  is  a  direct  wave  that  travels 
from  the  source  to  the  point  of  observation  entirely 
in  region  1 .  The  amplitudes  of  these  waves  decrease 
with  radial  distance  according  to  quite  different  func¬ 
tions.  When  z  =  d.  these  are  fL( p)  exp  Uk.p)  and /0tp) 
exp  (/jfc,p).  Since  the  wavelength  in  air  is  =  2-/ 
(3,  and  that  in  the  earth  or  water  is  k,  =  2~/(3,(A-. 
=  6,  4-  jo t,  ~  p.;  k{  -  p,  f  lay)  with  (3,  »  3;.  it 
follows  that  X,  »  \r  The  superposition  of  the  two 
waves  produces  a  standing  wave  pattern  with  a  com¬ 
plicated  structure  dominated  by  the  wavelength  k  . 


Fig  5  *EJ  at  depth  z  due  to  horizontal  dipole  t/4/  =  1)  at  depth 
d  in  region  1  below  air: /  =  1  GHz.  Wu’s  formula 


tn  <30 
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Fig  6  £„  at  depth  r  due  to  horizontal  dipole  (/A/  =  1 )  at  depth 
d  in  region  i  below  air.  f  =  100  MHz.  Wu  s  formula 

In  Figure  2 a  is  shown  £lp:  in  water  as  a  function 
of  the  radial  distance  p  when  :  =  d  =  0. 15  m  and  / 
=  10  MHz.  Graphs  are  provided  for  e,r  =  80  and  five 
values  of  o,  ranging  from  4  x  10  6  S/m  to  4  S/m 
The  top  and  bottom  graphs  in  Figure  2 a  for  distilled 
water  with  o,  =  4  x  10''’  S/m  are  pumarilv  of  the¬ 
oretical  interest,  a,  is  so  small  that  the  direct  wave 
is  attenuated  onl>  slowly  As  a  consequence,  the 


standing  wave  persists  for  a  large  radial  distance.  The 
curves  in  solid  line  are  calculated  from  (35),  the  dot¬ 
ted  curve  is  evaluated  numerically  from  the  general 
formula  (1),  both  with  4>  =  0°.  The  central  section 
of  the  graph  for  |£Ip|  and  the  associated  real  and  im¬ 
aginary  parts,  £p  =  £p*  +  f£p,  =  |£p|  exp  0p,  are 
shown  in  Figure  2b  on  a  larger  scale.  The  agreement 
with  the  numerical  calculations  from  (I)  is  seen  to  be 
excellent. 

The  graph  in  Figure  2a  for  ct,  =  4  x  10'3  S/m 
characterizes  j£lp|  in  lake  water.  Owing  to  the  much 
greater  value  of  the  attenuation  constant  a,  in  kt  = 
(3,  -  /a,,  the  amplitude  of  the  direct  wave  decreases 
quite  rapidly  so  that  the  standing-wave  pattern  that 
characterizes  the  interference  between  it  and  the  lat¬ 
eral  wave  diminishes  to  a  negligible  amplitude  in 
about  50  m  In  less-pure  lake  water  with  o,  =  0.04 
S/m,  the  standing  wave  persists  only  out  to  about  p 
=  8  m.  With  a,  =  0.4  S/m  and  in  sea  water  with 
a,  =  4  S/m,  the  direct  wave  has  a  negligible  ampli¬ 
tude  even  at  p  =  1  m.  Note  that  the  graphs  calculated 
from  the  approximate  formula  (35)  are  all  m  excellent 
agreement  with  the  corresponding  numerical  values 
calculated  from  (1). 

The  standing- wave  patterns  at  /  =  1  GHz  and  100 
MHz  in  lake  water  with  o,  =  4  x  10“’  S/m  are 
shown  in  Figure  3a.  Since  the  wavelength  in  the 
water  is  much  shorter  than  with  /  =  10  MHz.  the 
deepest  minima  occur  near  p  =  0.57  m  with  /  =  1 
GHz  and  p-4m  with  /  =  100  MHz  instead  of  near 
p  ~  58  m  with  /  =  10  MHz.  However,  since  a,  is 
substantially  smaller  at  the  higher  frequencies,  the 
standing-wave  amplitude  decreases  only  slowly  with 
radial  distance.  Graphs  of  |£Ip|  for  lake  water  over  a 
wide  range  of  frequencies  are  shown  in  Figures  3b 
and  3c  to  different  scales.  A  significant  standing  wave 


Fig  7  !£„,  at  depth  r  due  to  horizontal  dipole  t HI  =  1 )  at  depth 
d  in  region  I  below  air.  /  =  10  MHz.  Wu's  formula 


Fig  8  |£Bi  at  depth  ;  due  to  horizontal  dipole  l/A/  =  1)  at  depth 
d  in  region  1  below  air,  /  =  1  MHz.  Wu's  formula 


-29- 


528  WU  AND  KING 


01 - ! - 1 - 1 - ! - 1 

0  05  tO  15  20  25 

p  m  meiers 

Fig  9  at  depth  ;  due  to  horizontal  dipole  i /A/  =  1 1  at  depth 
d  in  region  1  below  air.  /  =  1  GHz.  Wu's  formula 

occurs  when  /  =  1  MHz.  Graphs  of  !£J  in  sea  water 
Ur,  =  4  S/m)  at  the  high  frequencies  /  =  100  MHz 
and  /  =  1  GHz  are  shown  in  Figure  4  at  very  close 
range  It  is  seen  that  standing  waves  exist  out  30-40 
cm  from  the  source. 

Graphs  like  those  in  Figures  3  and  4  for  water  with 
elr  =  80  are  shown  m  Figures  5  through  8.  respec¬ 
tively.  at /  =  1  GHz.  100  MHz,  10  MHz.  and  1  MHz 
for  a  material  medium  with  Elr  =  20  and  a  range  of 
values  of  cr,.  The  interference  patterns  generated  by 
the  superposition  of  the  direct  and  lateral  waves  are 
similar  to  those  in  water  with  the  standing  wave  dom¬ 
inated  by  the  wavelength  characteristic  of  the  material 


Fig  10  |£e|  at  depth  ;  due  to  horizontal  dipole  (/A/  =  I )  at  depth 
d  in  region  1  below  air,/  =  100  MHz.  Wu’s  formula 


Fig  1 1  at  depth  :  due  to  honzontal  dipole  (/A/  =  1 )  at  depth 
d  in  region  1  below  air.  f  =  10  MHz.  Wu's  formula 


medium  at  each  frequency  A  comparison  of  the  cal¬ 
culations  from  (35)  with  those  from  the  exact  inte¬ 
grals  (1)  is  shown  in  Figure  7.  The  agreement  is  very 
good. 

Graphs  for  dry  earth  with  e,r  =  4  and  several  values 
of  <t,  are  in  Figures  9  through  1 1 ,  respectively .  at  / 
-  1  GHz.  100  MHz.  and  10  MHz.  Typical  standing- 
wave  patterns  are  obtained  As  seen  from  Figure  1 1 . 
the  agreement  between  |£lp|  as  calculated  from  the 
newly  derived  approximate  formula  (35)  and  by  nu¬ 
merical  integration  from  the  exact  integrals  ( 1 )  is  not 
as  good  with  £,r  =  4  as  with  e,,  =  80  or  20.  This  is 
to  be  expected  since  the  condition  (11)  is  not  well 
satisfied.  However,  whereas  the  amplitude  of  the 
standing-wave  pattern  is  not  quite  accurate,  the  agree¬ 
ment  in  the  actual  location  of  the  standing  waves  is 
excellent 

4  CONCLUSION 

A  new  simple  and  accurate  formula  has  been  de¬ 
rived  for  the  radial  electric  field  of  a  horizontal  elec¬ 
tric  dipole  in  a  dissipative  or  dielectric  half-space  near 
its  boundary  with  air  The  interference  patterns  gen¬ 
erated  by  the  direct  and  lateral  waves  that  originate 
at  the  dipole  are  examined  in  detail  for  three  values 
of  e lr,  numerous  values  of  a,,  and  a  wide  range  of 
frequencies  The  accuracy  of  the  new  formula  is  con¬ 
firmed  by  comparison  with  numerically  evaluated  re¬ 
sults.  In  terms  of  computer  time  the  new  formula  (35) 
can  be  evaluated  in  fractions  of  a  minute  as  compared 
with  hours  for  the  complete  numerical  integration  of 
(1).  When  similar  expressions  are  made  available  for 
the  other  five  components  of  the  electromagnetic 
field,  it  will  be  possible  to  study  the  more  compli- 
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cated  properties  of  lateral  waxes  including  especially 
reflection  at  and  transmission  across  boundaries. 

APPENDIX  A-  THE  INTEGRALS  /(A) 

Let  the  four  integrals  /,(A)  . . .  74(A)  defined  in 
(17)-(19)  and  (23)  be  considered  in  turn.  Clearly, 


Here  the  integral  is  the  same  as  that  in  (A7)  so  that 

,i(k)  =  -  i*{k)  (A10) 

With  (A3)  used  in  (19)  and  the  temporary  substi¬ 
tution  k  =  ip. 


/,(*)  =  2  f  (A-2  -  X2)1  2J0(kp)kdk  -  I2(k)  (Al)  /  (Jk)  =  JL  f  (x-  +  pJ)",,V,(XpWX 

P  J0 


With  the  substitution  (<f/d\)[\7,(Xp)j  =  Xp70(Xp)  and 
integration  by  parts. 


2  (A2  -  X2)1 :70(Xp)X</X  =  (2/p) 


X:(A2  -  xV  2 
-'o 


■j,ap)dk  =  (-2/p)  i(A--x-) 


-  A:(A2  -  X2)'1  2)-/,<Xp)(/X 


27,(Xp)/Xp  =  70(Xp)  -  7;(Xp)  (A3) 

it  follows  directly  from  the  definitions  (17)  and  (18) 
that 


2  (A2  -  X2)1  2Jn i 

Jo 


Hence, 


V„(Xp)XdX  =  ~/,(A)  -*■  k'/Jk)  (A4) 


/,(A)  =  —  2/-(A>  *  k2/Jk) 


=  --(/,  ,<pp/2)A„;(pp/2)]  (All) 

P 

where  /,  2  and  K,  ,  are  the  modified  Bessel  functions 
of  order  1/2.  However,  /,  ;(r)  =  (2/trr)1'  sinh  r. 
Kxl(:)  =  (tt/2:)'  :e~:  so  that  /,  ,(r)A',  ;(r)  =  (1/ 
2r)H  -  e~2:).  It  follows  that  (All)  becomes 

/j(A)  =  — —  ■  “  ( 1  -  e~6t>)  =  ( 1  -  e,tp)  (A12) 

P  PP  Ap* 

With  (A5),  (A8).  (A10).  and  (A12).  the  formulas  in 
(17M19)  and  (23)  are  obtained. 

APPENDIX  B  THE  FUNCTION  Cl  pi 

The  function  G(p)  is  defined  by 

0(p.  -  -i,  |  Uf,  -  .  x=).  =  1  j;|(;  _  : 


With  (A3)  and  7,(Xp)  =  -(l/p)(5/6X)70(Xp),  /;(A) 
as  defined  in  (18)  becomes 

2  f*  ,  ,  ,  d 

Idk)  =  — ;  (A*  -  X-)'  -  —  J0(kp)dk  (A6) 

P'  I  dX 

Integration  by  pans  gives 

2k  2  f  , 

l,(k)  =  —  -  -  (A-  -  X-)1  270(Xp)XdX  (A7) 

P‘  P*  Jo 

With  Bateman,  Higher  Transcendental  Functions 
II,  p.  95  (52),  the  integral  in  (A7)  integrates  into 
-(i/p)e'*psothat 

2A  2/ 

Uk)  =  —  -  -  e,Jp  (A8) 

P  P 

It  follows  directly  from  (18)  that 


-t-tt — -3TT  U„(Xp)  -  7:(Xp)lXdX  (Bl) 

£|(A;  -  X  )  J 

It  is  clear  that  the  integrand  is  very  large  onl>  when 
X  is  near  A,  so  that  in  the  range  of  significance.  A; 
»  X2  For  all  but  small  arguments. 


jlIXp-1  *T  I 


so  that 


70(xp)  -  y:(Xp) 


(2iiXp)' 


:eYe',T'i  - 


VirXp/ 


The  integral  is 


G<P)~  J„  LE,(A;-X2)l2-f 


_ _ _ I 

e,A,  e,(A;  -  X')1  ‘ 


■  2  fa-- 

Jo 


kY'%(kp)kdk  -  /.(A)  (A9) 


■(-)' 

\-nkp) 
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Now  let  the  variable  of  integration  be  changed  with 
X  =  A,(  1  i-  mt)  dk  =  k2m  dt  (B5) 

where  the  parameter 

m  =  k\/2k\  (B6) 

is  very  small  since  |An|  <§:  |Aj|  and  t  is  the  dimen¬ 
sionless  variable  of  integration.  It  follows  that 

X2  =  k\(l  -r  2mt  +  mV)  ~  k\(  1  +  2 mt) 


or 


X  —  A;(  1  -  imr)1  2  =  A;(  1  -  m~) 

(B7) 

and 

(A;  -  X-’)1  2  =  (-2mT)'  % 

(B8) 

It  follows  that  with 

a  =  mA,p  =  k\p/2k\ 

(B9) 

(B4)  becomes 

r...  -,:Pf  1  . 

1  1 

2  '  J.,  [f|A;(-2wr)'  :  -  e;A,  e,A; 

:<-2m-)'  2J 

2  \ 

—  eH*!p-'*'em‘mkidi  (BIO) 

77*,  p/ 


Since  <m\  -  i A,/2A,f  <§c  1.  it  is  adequate  to  write  X 
~  A,  in  amplitudes  but  not  in  the  exponents  Also, 
since  X  =  0  corresponds  to  -  =  -1/m,  a  very  large 
negative  quantity,  the  lower  limit  can  be  made 
Thus,  with  e,A;(2m)'  :/izkl  =  1,  (BIO)  can  be  writ¬ 
ten: 

/  i  \'  ‘ 

G(p)  -  -A,A:m(  j  e"^"1  J’  Hi  a)  (BID 

where 

1  1  1 

-= — - rf-  <B!2> 

V-T  -  1  V-tJ 

With  considerable  manipulation  this  integral  can  be 
reduced  to 

r  .u 

H(a)  =  2V^  e'^'V'0  —dt  (B13) 

l  v« 

In  the  notation  of  Jahnke-Emde,  Tables  of  Functions, 
p.  36,  Dover  Pub).,  1945,  the  Fresnel  integrals  are 
defined  as  follows: 


C(z)  +  IS(z)  =  -~=idt  (B14) 

Jo  V2w 

It  follows  that,  since  C(=)  =  S(x)  =  1/2,  (B13)  has 
the  following  form: 

H(a)  =  2ttV2  \  -  C(a)  -  ;  ^  -  S(a)  j 


Accordingly,  (B 11)  can  be  expressed  in  terms  of  the 
Fresnel  integrals.  Thus, 

<*>  - 

■|  -  -  C(ot)  -i  -  -  5( a)  |  (B16) 

where  a  =  k2p(k\/2k\). 


Acknowledgments  Computations  from  the  approximate  and 
the  exa:t  formulas  were  earned  out  by  B  H  Sandler  This  re¬ 
search  was  supported  in  part  by  the  Office  of  Nasal  Research  un- 
dei  contract  N00014-79-C-0419  and  in  pan  b>  the  Joint  Sen  .es 
Electronics  program  under  contract  NOOOI4-75-C-0648.  both  with 
Harvard  University 


REFERENCES 

Banni'ter.  P  R  .  and  R  L  Dube  (1978).  Simple  expressions  lor 
honzontal  clectnc  dipole  quasi-static  range  subsurface-to-sub- 
surface  and  subsurface-to-air  propagation.  Radio  Sa  13 
501-507 

Banos.  Jr..  A  (1966).  Dipole  Radiation  in  the  Presence  of  a  Con¬ 
ducting  Half-Space.  Pergamon.  New  York 

Bubenik.  D  M  (1977),  A  practical  method  for  the  numenca! 
evaluation  of  Sommerfeld  integrals.  IEEE  Trans  Antennas 
Propagat  .  AP-25.  904-906 

King,  R  W  P  ,  and  J  T  deBettencoun  (1979).  Lateral-wave 
propagation  of  electromagnetic  waves  in  the  lithosphere.  IEEE 
Trans  Geosci  Electron  GE-17.  86-92 

King,  R  W  P  ,  and  B  H  Sandler  (1977).  Subsurface  commu¬ 
nication  between  dipoles  in  general  media.  IEEE  Trans  Anten¬ 
nas  Propagat  .  AP-25.  770-775 

King.  R  W  P  ,  and  G  S  Smith  (1981).  Antennas  m  Matter. 
MIT  Press.  Cambridge.  Mass 

King,  R  W  P  ,  B  H  Sandler,  and  L  C  Shen  (1980).  A  com¬ 
prehensive  study  of  subsurtace  propagation  from  honzontal 
electnc  dipoles.  JEEE  Trans  Geosci  Remote  Sensing.  GE-18. 
225-233 

Lytle,  R.  J  ,  E  K  Miller,  and  D  L  Lager  (1976).  A  physical 
explanation  of  electromagnetic  surface  wave  fot  njlas.  Radio 
Sci  .  II.  235-243 

Rahmat-Samu.  Y  .  R  Mittra,  and  P  Parhami  (1981).  Evaluation 
of  Sommerfeld  integrals  for  lossy  half-space  problems.  Electro¬ 
magnetics.  1.  1-28 


-32- 


lateral  WAVES  531 


Siegel,  M.,  and  R.  W  P.  King  11970),  Electromagnetic  fields  in 
a  dissipative  half-space:  A  numerical  approach.  J.  Appl.  Phys.. 
41.  2415-2423. 

Siegel,  M.,  and  R  W  P  King  (1971),  Radiation  from  linear  an¬ 
tennas  in  a  dissipative  half-space.  IEEE  Trans.  Antennas  Prop- 
agat .  AP-19.  477-485. 

Siegel.  M.,  and  R.  W.  P  King  (1973),  Electromagnetic  propa¬ 


gation  between  antennas  submerged  in  the  ocean.  IEEE  Trans 
Antennas  Propagat  .  AP-21.  507-513 
Sommerfeld.  A.  (1909),  Uber  die  Ausbreitung  der  Wellen  in  der 
drahtlosen  Telegraphie.  Ann  Physik,  28.  665-736. 
Sommerfeld.  A.  (1926),  Uber  die  Ausbreitung  der  Wellen  in  der 
drahtlosen  Telegraphie,  Ann.  Physik.  81.  1135-1153 


-33- 


\ 


Radio  Science.  Volume  17,  Number  3.  pages  532-538,  May-June  1982 


Lateral  waves:  new  formulas  for  E1<t>  and  Elz 

T.  T.  Wm  and  R.  W.  P.  King 

Gordon  McKay  Laboratory.  Harvard  University.  Cambridge.  Massachusetts  02138 
(Received  August  12.  1981:  revised  October  19.  1981.  accepted  October  20.  1981  ) 


New  simple  formulas  are  derived  as  an  approximation  for  the  exact  general  integrals  for  the  transverse 
and  vertical  components  of  the  electric  field  generated  by  a  horizontal  electric  dipole  in  a  half-space  of 
water  or  earth  near  its  boundary  with  air  These  formulas  supplement  the  earlier  derivation  of  the  more 
important  radial  component 


1  FORMULATION  FOR 

The  transverse  component  of  the  electric  field  £,6 
at  the  point  (p,  <b.  r)  in  region  1  due  to  an  .v  directed, 
horizontal  electric  dipole  in  the  same  region  at  the 
point  (0,  0,  d)  is  [King  and  Smith,  1981.  p.  617. 
equation  (5.10)] 

£,*  =  sin  d>!  J  {k:,JJ\p)  -  <X:/2)|y,yXp)  -  yaXp)]} 

■  y;'en':-d'\dk  ~  {(y,Q/2)[J0(\p)  -  Jd\p)\ 

•'O 

-  (*fP/2-vI)(-/o(Xp)  -  y:(Xp))}e'v"r“',Xt/X )  ( 1 ) 

where,  with  |x,  =  pu  =  p.0, 


P  = 


7:  -  7i 
7:  *  7i 

7,:  =  k;  -  X3 


Q  =  lChZllil 

«|7:  *  £;7i 

/  =  1,2 


(2) 


r  _  “Po  , 
£|*  ~  S,n  * 


•  (G0(p.  :  -  d) -r  Go(p,  z  -r  d)  +  G,(p.  :  -  d)] 
where 

G0(p,  :  -  d)  =  I  {(y,/2)|y0(Xp)  +  7,(Xp)] 

•'O 

Copynght  £>  1982  by  the  Amcncin  Geophysical  Union 


-  <Aj/2-/1>[y,)<Ap>  -  y;(xp)]}e'v  •-,ix</x 

G,)(p.  :  ~  d)  =  j  {<7i/2)(y0(Xp)  -  y;(Xp)l 
Jo 

-  (Aj/2y,)(y0(Xp)  -  y;(Xp)]}e,v‘  :'J,\dh 

G,(p.  ;-</>  =  G;(p.  z  -  d)  -  Gap. 

Gap.  z  ~  d)  =  -E,  I  ~ — 

’  J«  Lei7;  ~  E;' 

•  (y„(Xp)  *  J:(\p',]e-',":'‘“\d\ 

Gap.  z  ~  d)  = 


(4) 


d) 


(5) 

(6) 


(7) 


r 

_ i 

Jo 

This  expression  is  like  that  previous!)  analyzed  in  Wu 
and  King  [this  issue]  for  Elp  with  two  differences. 
These  are  -sin  <b  replaces  cos  <t>  and  the  sign  ol  74 Xp) 
is  reversed  throughout.  It  follows  that  E^  can  be  ex¬ 
pressed  as  follows,  paralleling  equation  (5)  in  Wu  and 
King  [this  issue]: 


[70(Xp)  -  yaXp)le,'’,"‘'’XrfX  <8> 


2  EVALUATION  OF  G  10.  -  d) 

The  evaluation  of  C,(p.  c  -r  d)  as  defined  in  (6) 
with  (7)  and  (8)  will  be  carried  out  subject  to  the  re¬ 
striction 


i A,.*  »  A, - 

and  with  the  approximation 

G,(p.  z  —  d)  —  G,(p.  0)e'4"  'J‘ 


(9) 


MO) 


(3) 


which  is  discussed  in  Wu  and  King  [this  issue]  Since 
C,(p.  0)  =  G4p.  0)  +  G,(p.  0).  it  remains  tc  evaluate 


rx 

Jap,  0)  =  -e, 

Jo 


r 

1 - 

1 _ 

Jo 

,ei7:  *  f;7ij 

I y„(Xp)  -  yaxp)]x4x 


tin 
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C3(p,  0)  =  -k]  — ^ - -  I  J0(Xp)  -  y2(Xp)JXrf\ 

J0  L7|(T;  i-  7,)  J 


The  integrals  can  be  expressed  in  terms  of  the  pre¬ 
viously  evaluated  four  integrals,  viz., 


=  (k2  -  X2),/2| 

Jo 


-i'-iy^xp)  -  y,(Xp>]Xdx 


=  -2 /,(*)  -  k'-I.tt )  =  "  -  -  -t )  (13) 

p-  \p-  pi 

Jr* 

(A-:  -  X2)1  :(/0(Xp)  -  M\p)]\d\  =  =$  T  e** 

0  P'  P 


/j<*>  =  f 


( k 2  -  x2)'1  *V0(Xp)  -  y:(Xp)]x^x 


2/  ">  \ 

=  —  e,4‘  -  /*(«  =  -7-  -  e“s  7—.  -  —  I  (15) 

p  Ap-  '  kp‘  p  / 

/4(*)  =  (Jt2  -  x-V  V0(xP)  -  u\p)]\d\ 

h 

=  7^(1  -e'40)  (16) 

The  reversal  of  sign  of  J2(\p)  is  equivalent  to  an  in¬ 
terchange  of  lx(k)  with  l2(k)  and  of  I.(k)  with  IJk). 
It  follows  from  (21)  in  Wu  ana  King  [this  issue)  that 

0‘2(p,  0)  =  ~{k22/k])[l2(k2)  -  (*;  -  *2)/4(A\)j  -  Hip) 


-J\ if 


f|7:  *  -:7i  £|7: 


■  (V0(Xp)  -r  J2(Xp)]\d\  ( 18) 

With  (24)  in  Wu  and  King  [this  issue).  (17)  becomes 
G2(p,  0)  =  —(*!/*;)[ -2/,(*,)  +  k\l2(k2)  +  k2!^)]  +  H( p) 


Similarly,  with  (25)  in  Wu  and  King  [this  issue), 

<?j(p,  0)  =  -*?/,(*,)  +  /,(*,)  -  /,(*,)  (20) 

These  can  be  added  and  terms  of  the  order  kl/k]  ne¬ 
glected.  With  (13)-(16),  the  result  is 


C,(P.  0)  -  4e;4">(^  -7-7) 

\2p  p-  p  ■} 

* 4e^ *  ?)*''"■> 


The  function  H( p)  is  evaluated  in  appendix  A.  The 
result  is 


2 ik*  ~’  2 


H(p)  =  XowFe  e 


where 


5  «  \  ~  C[k2p{k\/lk])\  -  (J^  -  S[*jp(*i/2*f)] J  (23) 

In  (23).  C  and  5  are  the  Fresnel  integrals  as  defined 
in  Jahnke-Emde,  Tables  of  Functions. 


3  EVALUATION  OF  c,,;p.  :  -  d)  AND  G,ip.  -  d  1 

In  the  evaluation  of  F„;p,  z  +  d)  in  Wu  and  King 
[this  issue)  the  same  approximation  was  made  as  in 
the  evaluation  of  F,(p,  z  f  d).  That  is.  it  was  assumed 
that  F^p,  z  +  d)  ~  F'0( p.  0)e'4|,:*‘'1.  This  was  done 
because  the  terms  involving  e'l,':~d'  as  a  factor  in 
F'0( p,  z  -r  d)  exactly  cancelled  those  in  F,(p.  z  *  d) 
and  therefore  a  parallel  treatment  of  the  integrals  in¬ 
volving  en":~d)  was  indicated.  The  corresponding 
terms  in  Go(p,  z  +  d)  add  to  those  in  G,(p.  z  d) 
In  this  case  it  would  appear  that  somewhat  greater 
accuracy  could  be  achieved  by  using  the  exact  expres¬ 
sions  for  both  G„(p,  z  -t-  d)  and  G0(p,  z  -  d).  Spe¬ 
cifically,  since  G0(p,  z  -  d)  is  the  direct  contribution 
to  £|4  by  the  horizontal  dipole  as  if  in  an  infinite 
medium  and  Go(p.  z  +  d)  is  the  contribution  of  its 
image,  the  relevant  formulas  can  be  written  down 
directly. 

For  an  x  directed  dipole  with  the  moment  /A/  =  1 
A  m  at  (0,  0,  d)  on  the  z  axis,  the  <t>  component  of 
the  electric  field  is  given  by 


ik]  kx  i 
ri  r\  ''J 


=  7-7;  sm  <J>  G0(p,  z  -  d)  (24) 

Similarly,  the  d>  component  of  the  electric  field  of  an 
image  dipole  at  (0,  0,  -d)  is 


IF.*),  = 


to  ,t,r:  •  X  *1  J. 

of  sin  © - 7 - i 

r:  rj 


-35- 


534  WU  AND  KING 


sin  <i>  Q p,  z  +  d) 


r,  =  [p:  -  -  d)2}'2  r,  =  jp:  +  (;  *  d)2]1’’2  (26) 

Clearly, 

Gc(p.  z~d)  =  ^  -  -,1  (27) 

r\  r\  r\. 

Go(p.  --  -  d)  =  ^  (28) 

/\  r;  r-* 

Subject  to  the  conditions  p:  »  r.  p:  d:.  it  is  a 

good  approximation  to  set  r,  -  r,  ~  p  in  amplitudes, 
but  not  in  exponents.  With  this  approximation, 

Gf,(p.  z-d)-  C;( p.  :  -  d)  -  -fe‘‘  ’  -  e“,r;] 


/A]  A,  / 

.  P  P:  p' 


E'*  “Hir  6 


.  \  Ik, <!~d<  i»:p  _  J _ 

1  |y  p'  2a,  (a:P)-'  : 

_  !i i _ i  i 

L  2p  P:  p-'J 

. 

4  L  p  P'  P  J  J 


All  terms  that  involve  e,k,p  relate  to  the  direct  field 
from  the  dipole  and  its  reflection  fiom  the  boundary 
and  not  to  the  lateral-wave  term  which  has  the  coef¬ 
ficient  They  can  contribute  significantly 

to  the  field  near  the  source  and  to  the  interference 
pattern.  They  are  not  important  in  determining  the 
field  at  distant  points. 

5.  FORMULATION  FOR  £,. 

The  vertical  component  of  the  electric  field,  £,.. 
at  the  point  (p.  6,  r)  in  region  1  due  to  an  .v  directed, 
horizontal  electric  dipole  in  the  same  region  at  the 
point  (0,  0,  d)  is  [King  and  Smith.  1981.  p.  618. 
equation  (5.1 1)]: 


£,.  =  — -ys  cos  6  j"  (re"1' 
Jo 


-J  _  Qe^'^J^Xp^dX 


4  THE  COMPLETE  FORMULA  FOR  £,4 

The  final  approximate  formula  for  £14  is  given  by 
(3)  with  (29)  and  (10)  with  (21)  and  (22).  It  is 


where  r,  and  r2  are  defined  in  (26)  and  3*  is  in  (23). 

The  formula  with  r  =  d  =  0  is  of  interest.  This  has 
the  following  much  simpler  form: 

-HH]}  ,3n 


The  1/p  terms  are  seen  to  cancel.  This  suggests  that 
the  corresponding  terms  in  (30),  viz  ,  (iA'/2p) 
_  ( i/2)(e,<,r'  -t-  e4'^)),  should  perhaps  also 
cancel,  but  do  not  owing  to  the  approximation  in  the 
factor  which  is  not  physically  meaningful. 


where  Q  is  in  (2)  and  the  upper  sign  is  for  :  >  d.  the 
lower  sign  for  0  s  z  £  d.  With  a,  =  p.,  =  p.„.  let 
(32)  be  written  as  the  sum  of  three  integrals  as  fol¬ 
lows: 

=  77?  cos  d>(f/0(p.  z~  d) 

4  "*i 

-  H’n(p.  r  -  d)  ■fc  H,(p.  :  -  d)\  (33) 


H0(p.  r  -  d)  =  -l  J,(Xp)X2dX  (34) 

Jo 

H0( p.  ;  -r  d)  =  e‘w:'d'J,(Xp)X:dX  (35) 
•'o 

H,(p.  z  ~  d)  =  e,>":*J'(C?  -  l>/,(\p)\:<M 

•  0 

=  -2r,  - - —  J,(Xp)X2dX  (36) 

'Jo  L£i7:  +  e:7i  J 

6  EVALUATION  OF  H, ip.  :  -  d) 

The  evaluation  of  //,( p,  z  +  d)  as  defined  in  (36) 
is  carried  out  subject  to  (9)  and  with  an  approximation 
that  corresponds  to  (10),  viz., 

H ,(p,  z  t  d)  ~  H,(p.  Ole1'1'  ~J'  (37) 

The  function  W,(p,  0)  can  be  expanded  in  the  mannei 
carried  out  in  (11).  Thus, 
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/*i(p,  0)  =  -2e,  7, 

-'o 

■  d,(Xp)X2dX 


I 


1 


£|7:  ei7:  T  e:7i  e,72j 


1 

£  .'V. 


/*(**)  =  - 


« 

-  +  — 
P  P‘ 


,»*:p 


(48) 


(38) 


=  -2rM  -7,<Ap)X2dX  -r  Kip)  (39) 

6  Jo  li 


(49) 


where 

A'(p) 


The  function  Kip)  is  in  appendix  B.  The  result  is 

ml  (  p 


AT(p)  = 


?<p)  =  -2?, 

40 


7i 


1 


£|7:  +  £:7i  e,7 


1  1 

-Jy,(Xp)X2dX  (40, 


U2P 


(50) 


where  S'  is  defined  in  (23). 

With  (47)— (50),  (37)  becomes 


is  evaluated  in  appendix  B.  The  evaluation  of  the  in¬ 
tegral  in  (39)  is  carried  out  with  the  help  of  the  fol¬ 
lowing  approximate  procedure: 

Mu  *:■  A)  =  7  =  ht-TTn  (J-1) 

7:  ("■:  X  ) 


ff,(p.  r  +  d)  ~  2 


f“"{‘ 


*3  i  i*a 

p  ^  p2  *, 


/  w  \ 1 2  .  . 

1 

JL  e-**o*^ 

-M 

W' 

p-  J 

(51) 


where,  with  \k]\  »  \k\\,  and  3  =  -ikl  or  kx  =  ip,  7.  evaluation  of  «0( p. :  -  d)  AND  -  d> 


/,  X  ~  0(A-,)!  = 


(*?  -  X2)1 2 

(~x j  2 


_  (A:  -  *;>’ :  _  (x2  f  p2)1 2 


*,.x~  oa;!j  =  -r 


( ki  -  X2)1 2 

i  X 


/j  ~/.lX  -  0(*j)l  =/;(X  -  00:,)] 

Thus,  with  (42)-(44), 

7,  (X2  t  p2)'  2 


72 


X'i  iic  i 

+  — - - 7-7  -f  - 

X  (X;  -  X')‘  *  X 


(42) 


(43) 


(44) 


(45) 


As  in  the  evaluation  of  the  corresponding  terms  in 
£,*,  the  exact  formulas  will  be  used  for  both  ht)(  p. 
z  -  d)  and  H'0{ p,  z  +  d).  As  before,  these  are  the 
contributions  by  the  dipole  source  at  (0.  0.  d)  and  the 
identical  image  at  (0,  0.  -d).  The  formula  for  the  r 
component  of  the  electric  field  in  an  infinite  homo¬ 
geneous  medium  due  to  a  horizontal  .x  directed  dipole 
at  (0,  0,  d)  is 

. 2^(d-2$-4) 

4irir;  r,  \r,  r\  r\) 


Id,  Oo 

=  cos  i>  //0(P.  :  -  d) 


with 


and  with  (45)  in  (39) 

«,( p,  0)  =  -2  p  (X2  +  p2)1  V.iXpiXdX 

~  k,  J  (lK  +  ,ki  J  7,(Xp)Xdxj  +  AT(p) 

.2  _ 

---  -2  -t  ;/,(*,)  -  k,lb(k:)  -  -*,/,}  *  Kip)  (46)  =  cos  6  H&'  2  +  d) 

K ,  i 


r,  =  [p2  +  (z  -  d)2]l/' 


(52) 


(53) 


The  corresponding  exnr~s$ion  for  the  image  of  the 
source  at  (0,  0,  —d)  is 

,  _  <tomi  +  d)  (k\  3iA-,  3  \ 

'  4-nk]e  \r:  r\  r\j 


num, 


where  the  three  integrals  /},  /6,  and  /7  are  evaluated 
in  appendix  C.  They  are 


with 


r2  =  (p2  +  (z  +  d)-')1" 


(54) 


(55) 


/,(*,)  =  -^(1  +  ie'*,ul 
P 


(47) 


With  the  conditions  p2  z\  p:  »  d2  in  amplitudes, 
these  formulas  become 
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lr  ,  £(£  ~  d)  ( k]  3i* 

4Trk:e  -2 


P‘ 


,  r-  .  .  »»Fo  +d)  (k]  .  3/(t,  3' 

4tt*;  p-  \p  p-  p- 


(56) 


(57) 


With  at/ p  =  cos  d>.  the  sum  of  the  functions  H0( p, 
-  d)  and  H'0( p.  r  +  d)  becomes 

H0( p,  :  -  d)  +  H'd. p,  z  -r  d) 


r_  4  ihn 

'  ~  d 

1? 

3/A-, 

l 

e 

.  p 

e 

p 

_p 

P: 

P  J 

(58) 


8  THE  COMPLETE  FORMULA  FOR  £, 

The  final  approximate  formula  for  £,.  is  given  by 
(33)  with  (51)  and  (58).  It  is 


r  J  kl 

£j.  =  r  ,  -  cc:>  61  —  < 
'•  2-nk\  \k, 


2 

■> 


(59) 


with  r,  and  r:  defined  in  (26)  and  &  in  (23). 


9  CONCLUSION  AND  COMPARISON  WITH 
NUMERICAL  VALUES 

In  order  to  check  the  accuracy  of  the  newly  derived 
simple  formulas  for  £l4  and  £,.,  the  general  integrals 
(1)  and  (32)  were  evaluated  n-  merically  (this  eval¬ 
uation  is  due  to  L.  C.  Shen)  for  a  critical  range  of  the 
radial  distance  p  with  the  depths  d  of  the  dipole  and 
z  of  the  point  where  the  field  is  calculated  chosen  to 
be  different.  The  denser  region  1  is  salt  water  with 
elr  =  45  and  o,  =  3.5  S/m  at  /  =  600  MHz;  the 
second  region  is  air.  Since  agreement  at  very  large 
distances  is  no  problem,  special  attention  is  directed 
to  the  range  within  20  air  wavelengths  of  the  dipole. 
This  is  of  importance  since  the  new  approximate  for¬ 
mulas  are  good  approximations  only  when  p:  »  d2, 
pJ  »  which  may  be  interpreted  as  p  =z  5d  and  p 
>  5z. 

Graphs  showing  !£j  and  |£,.|  and  also  |£J  in  the 
range  0.001  £  p  <  10  rn  for  the  numerical  calcula¬ 
tions  and  0.01  <  p  <  10  m  for  the  approximate  for¬ 
mulas  are  shown  in  Figure  1 .  The  agreement  is  seen 


p  meten 


Fig  1  The  three  component  of  the  eleclne  held  ai  depth  :  due 
lo  a  horizontal  electric  dipole  ai  depth  d  in  salt  water  Restriction 
on  Wu's  formula  p  a  5rf  =  0  035  m 


to  be  excellent  when  p  2  5 d  =  0.035  m  except  in  a 
narrow  range  near  p  =  0.07  m  where  'he  direct  and 
lateral  waves  interfere,  as  discussed  in  W'h  and  King 
[this  issue].  Very  small  changes  in  frequence  signif¬ 
icantly  alter  the  interference  pattern  so  that  close 
agreement  in  a  small  range  near  such  a  region  cannot 
be  expected.  At  lower  frequencies  the  direct  field  is 
attenuated  much  more  rapidly,  so  that  interference 
phenomena  do  not  occur  in  the  practical  ranges  Even 
in  the  case  at  hand,  the  range  where  the  interference 
is  significant  is  only  7  or  8  cm  from  the  source  At 
greater  distances,  all  three  approximate  formulas  are 
highly  accurate. 

APPENDIX  A  EVALUATION  OF  THE  FUNCTION  tflpl 

The  function  H( p)  is  defined  in  (18).  It  differs  from 
G(p)  in  W u  and  King  [this  issue]  only  in  the  sign  of 
72(Xp).  Thus,  whereas  in  (R3)  of  Wu  and  King  [this 
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issue]  the  following  function  and  its  approximation 


the  function  H( p)  involves  instead 

70(xp)*y:(  xP)-^I(Xp)-i.55Ln^-»- 


\p  \~.\p/ 


|  \  -  C( a)  -  i  ;  -  5(a)  | 


where  a  =  k^pikl/lk]) 


APPENDIX  B  THE  FUNCTION  A'(p> 
The  function  /f(p)  is  defined  in  (40).  It  is 


K( p)  =  -2e;  < k]  -  X 


" _ I _ 

e,(&;  -  X:)‘ :  *  e:(A;  -  X2)1  : 

~IJkfnJT\J'iXp)K'dk 


r  r  i  i 

K(p)  ~  _  xy2  +  _  XI,I 

■  ***>-”/*'xJ</X  (B 


This  differs  from  G(p)  in  (B4)  of  Wm  and  King  [this 
issue]  only  in  a  factor  -i\/kr  Since  in  the  evaluation 
of  G(p)  the  approximation  X  ~  k2  was  made  in  am¬ 
plitudes,  this  ratio  is  simply  \kz/ky\.  That  is,  /f(p)  ~ 
-iikz/kx)Gip).  With  (B16)  in  \Vu  and  King  |ihis  is¬ 
sue]. 


Clearly,  (Al)  and  (A2)  differ  only  by  the  factor 
-i/Xp.  Since  in  the  evaluation  of  G(p).  X  is  replaced 
by  k:  in  amplitudes,  the  final  expression  for  Hi p)  dif¬ 
fers  from  that  for  G(p)  only  in  the  factor  -i/k: p. 
Thus,  with  (B16)  of  Wit  and  King  [this  issue]: 

IT1  : 

Mp>-  2«A-t/AI)-r- 
(k2  p) 


Kip)  -  2 tiki/kl 


\k2pl 


Mf $  (B4) 


APPENDIX  C  THE  INTEGRALS / 

With  p  =  —  /A-,  and7_,(c)  =  -7,0.  the  following 
integral  must  be  evaluated: 


/<(*,)=  (X:  -  p5)1  V,(Xp)X</X 

-'O 

=  -  <x:  p:>‘  :y_,(Xp>x<fx 

Jo 


As  in  the  comparable  integral  in  Hip),  which  is  eval¬ 
uated  in  appendix  A,  significant  contributions  from 
the  integrand  occur  only  when  X  is  of  the  order  of  kz 
and  therefore  in  this  range  ]k\\  s>  X2,  ( k\  -  X2)l/:  ~ 
jfc,.  The  same  approximation  of  the  Bessel  function 
can  be  made.  It  is 

yI(Xp)^//rvxp,--?^e-'-- 


(27rXp)1/J 

With  these  approximations,  (Bl)  becomes 


This  is  accomplished  with  formula  (4)  on  p  435  of 
Watson's  Bessel  Functions  with  v  =  -1.  a  =  p,  .r 
=  X.  and  k  =  p.  Thus, 

0:  /I  \  /l  \  r<v  -  1) 

Wd  =  “^/-.(2ppr-,l2Pp)  }™rTa^T) 


With  the  relation  T(v)  =  v  T(v  +  1),  it  follows  that 
f(v  +  1)  =  (y  +  1)-T(v  +  2).  Also  T(2v  +  1)  - 
(2v  +  1)  T(2v  +  2)  =  (2v  +  l)‘'(2v  *  2)'T(2v 
+  3).  Hence, 

f(y  *  1 )  ,  (2v  *  l)(2v  -  2)  Hi-  -  2) 

lim  — - —  =  lim  - ; - — - —  =  -2 

,, —  i  f(2v  -  1)  , —  i  v  -  1  f ( 2i>  -  3) 


so  that 

Kik,)  =  Pp)k.,(^Pp)  (C4) 

For  large  arguments,  Pp  >  1,  /_,( Pp/2)  ~  (1/ 

irPpj'V^d  +  ie-*”),  *.,( Pp/2)  -  (n/pp)1  : 

e-Bp/2  Hence> 

/,(*,)  =  -•“(!+  ie-**)  =  -^  (1  -  (C5) 
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The  second  integral  to  be  evaluated  is 

r  j.(\ p)\2  r  xp 
ilk.)  =  j  Vr;  dk  =  j  -f[JMP)~  HW} 


X* 


(k]  -  \2) 


2.  |  >2 


(C  6) 


=  f'. 


(Xp)X</X  = 


2pn3/2) 


rv-V  : 


(C9) 


This  is  evaluated  with  formula  (5)  on  p.  386  of  Wat¬ 
son’s  Bessel  Functions,  in  that  formula  set  a  =  0.  r 
=  1,  b  =  p,  t  =  X.  Also  note  that  Tt3/2j  =  <1  '2)1 

=  7T1  72. 


=  \{ -Uk;)  ~  k\ukj)  (Cl) 


where  I2(k2)  and  L(k2)  are  given  in  (14)  and  (16). 
With  these. 
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Correction  to  “Lateral  waves:  New  formulas  for  Et<>  and  Ei:n  by  T.  T.  Wu 

and  R.  W.  P.  King 

(Received  May  8. I9S4.) 


In  :he  paper  "Lateral  waves:  New  formulas  for 
El<t  and  by  T.  T.  Wu  and  R.  W.  P.  King  { Radio 
Science.  17(. 3).  532-537.  1982).  the  following  changes 
in  sign  should  be  made: 

Equation  (52):  insert  a  minus  sign  after  each  equals 
sign. 

Equation  (54):  insert  a  minus  sign  after  each  equals 
sign. 

Equations  (56)  and  (57):  insert  a  minus  sign  after 
the  asymptotic  proportion  sign. 

Equation  (58):  insert  a  minus  sign  after  the  equals 
sign. 

Equation  (59):  change  plus  to  minus  at  beginning 
of  the  third  line.  The  authors  thank  P.  Bannister  for 
discovering  this  error.  The  correctCG  formula  (59) 
gives  the  interference  dip  near  p  =  0.08  m  in  Figure  I 
in  agreement  with  the  numerically  calculated  curve. 

If  approximations  of  the  type  1 10)  and  (37)  are  ap¬ 
plied  only  to  integrals  that  involve  exp  (ik2p)  and  not 


to  those  that  involve  exp  (ifc,p).  the  latter  can  all  be 
evaluated  exactly  with  the  help  of  formula  (52)  of 
Bateman  [1953.  p.  95]  or  formula  6.637(1)  of  Grad- 
shteyr.  and  Ry:k;k  [1980.  p  719].  The  only  resulting 
change  is  the  replacement  of  exp  [i/c,(r  4-  d  4-  p)]  in 
(30)  and  (59)  by  exp  (i/;,r2)  with  r,  =  [p*  -f 
(;  +  d):]‘ '.  This  change  leads  to  slightly  better 
agreement  with  the  numerically  evaluated  compo¬ 
nents  in  a  narrow  range  near  the  lower  limit  of  p  in 
the  conditions  p  >  5</.  p  >  5z.  It  becomes  significant 
only  when  interference  minima  occur  in  this  range 
These  arc  very  sensitive  :q  small  changes. 


REFERENCES 

Satemar..  H..  Ht.htr  Transcendental  tu returns,  vel  It.  196  pp- 
McCrau-Hill.  New  York.  195? 

Gradshteyn.  1  S  and  !.  M.  R  whsk.  Tahirs  at  Integrals.  Series  and 
Products.  1 160  pp..  Academic.  New  York.  >980 


Copyright  1984  by  the  American  Geophysical  Union. 

Fapcr  number  4S0704. 

0048.6604/84. 004S-0704S02.00. 


1422 


-41- 

New  formulas  for  tits  electromagnetic  field  of  a  vertical  electric  dipole  in  a 
dielectric  or  conducting  half-space  near  its  horizontal  Interface 
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New  formulas  are  derived  for  the  dec;  romsgnetk  fidd  iff  a  vertical  electric  dipok  in  a  conducting 
or  dielectric  fcalf-spzce.  These  continuously  approximate  in  accuracy  the  general  complex 
integrals  over  the  entire  practical  range,  yet  are  quite  simple.  They  supplement  similar  formulas 
tor  the  horizontal  electric  dipole  with  which  they  are  compared,  and  provide  the  means  fer 
studying  the  interference  patterns  between  the  direct  and  lateral  components  of  the  wcves  2nd  the 
reflection  and  transmission  oflaterel  waves  at  boundaries. 

PACS  numbers:  4I.1QlHv 


L INTRODUCTION 

The  electromagnetic  field  generated  by  a  vertical  dec- 
trie  dipole  has  been  studied  extensively  beginning  with  the 
classical  work  of  Somtnerfeld.1’2  Aa  historical  review  with 
extensive  references  is  in  the  authoritative  bock  by  Bancs*  in 
which  the  horizontal  end  vertical  electric  and  magnetic  di¬ 
poles  are  investigated  in  detail  However,  the  final  formula¬ 
tion  in  this  book  consists,  on  the  one  hand,  of  unevaluated 
complex  integrals  from  which  the  electromagnetic  field  is  to 
be  determined  by  differentiation  and,  on  the  other  hand,  of 
approximate  formulas  fer  restricted,  generally  nenover lap¬ 
ping  ranges  of  the  paiameters  and  variables .  These  are  desig¬ 
nated  near  field,  intermediate  field,  sod  asymptotic  field.  Si¬ 
milar  expressions  are  given  by  Writ  and  Campbell'*  For  a 
complete  physical  understanding  of  the  direct  and  lateral- 
wave  components  of  the  electromagnetic  field,  their  interac¬ 
tion,  and  their  reflection  and  transmission  at  boundaries,  the 
general  integrals  are  too  involved  and  the  approximate  for¬ 
mulas  neither  very  accurate  nor  very  useful  since  they  have 
different  forms  in  disconnected  ranges.  In  order  to  overcome 
these  difficulties,  the  general  integrals  have  been  evaluated 
directly,  subject  to  conditions  that  arc  easily  satisfied,  and 
simple,  accurate  formulas  have  been  obtained  that  are  valid 
over  the  entire  practical  range.  The  newly  derived  formulas 
for  the  horizontal  electric  dipole  have  already  beer,  report¬ 
ed5-7;  it  is  the  purpose  of  this  paper  to  derive  comparable 
ones  for  the  vertical  electric  dipole.  Actually,  they  are  re¬ 
quired  in  a  theoretical  and  experimental8  study  of  lateral- 
wave  propagation.  Although  the  general  integrals  for  the 
field  can  be  obtained  from  the  formulation  of  Banos3  in 
terms  of  potential  functions,  a  more  direct  derivation  from 
Maxwell’s  equations  in  the  manner  carried  out  for  the  hori¬ 
zontal  electric  dipole9  is  more  convenient  and  is  outlined  in 
the  following. 

II  DERIVATION  OF  THE  GENERAL  INTEGRALS  FOR 
THE  FIELD 

The  geometry  and  notation  underlying  the  analysis  are 
shown  in  Fig.  1.  The  vertical  electric  dipole  with  unit  mo¬ 
ment  {IA1  =  1  A  m)  is  located  on  the  downward-directed  z 
axis  at  a  distance  d  from  the  origin  of  coordinates  on  the 
interface,  thexy  plane.  Interest  is  in  the  electromagnetic  field 


a!  an  arbitrary  point  lx,  y.  2)  in  rectangular  or  (p.  6,  z!  in 
cylindrical  coordinates.  The  conducting  or  dielectric  half¬ 
space  is  Region  5  |2>0J;  Region  2  is  air  jr<C).  The  two  re¬ 
gions  are  charactenzed  by  the  complex  wave  numbers 
A- 1  =/f,  -t-  /o,  =  where  es  =  f,  -f-  and 

£,  —  fo£,r;  !'az  —  atjijij?'2.  It  is  assumed  that 

Pi—Mz—  Pd  f°r  at*  £2  =  €©, « ;  =  0. 

Maxwell’s  equations  for  the  two  regions  with  the  time 
dependence  e  ~  **  are 

VxE,  =  ;wB/  as  iofeBj,  +  pB# };  B  b~  0.  (IS 

VXB,=  -  ^-E j-rpcfJ:-, 

Jt  «  SWly'/i  —  d  ),j  —  1, 2.  I2S 

As  discussed  in  conjunction  with  the  horizontal  electric  di¬ 
pole,9  it  is  convenient  to  use  the  transform 

E(x,  y,  z)  =  (2  irj " :  J  J  dW*’*  *  ’"’H**  Jh  z-> 

l.[£,i),z\  =  5[z-d).  (3i 

With  it,  the  transformed  Maxwell  equations  are 
i-rjEJZ  -  dEjy/dz  as  ieo3JX,  dEJX/dz  —  izEj:  =  icoBiy, 
ipJy-;VEJX=0;  ^  (41 

-  dBjy/dz  =  -  i[k)/(o)EJX, 
dBJX/dz=  —  i[kj/co)Ejy, 

igBJy  -  irjBJX  =  -  i(k)/a>)EJt  +  {i<£[z  -d).  (5) 


imoqe  oiooie 


Req>on  2  \3>r>„ 


iiec*^»c  1  Reg  on  M  seojo*e  eo'tn  i 
3-pour  i  .  *  a 

‘  ><l 


FIG.  1.  Vertical  dipole  ai  depth  J  in  Region  1,  electromagnetic  field  calm 
lated  at  \p ,  z). 
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It  follows  that  Ea  =  [tj/£  lE^ ,  Bp  =  —  (5  Suitable 

combinations  of  the  above  equations  yield  ordinary  differen¬ 
tial  equations  Tor  B^  and  Ba.  They  are 

[<d  z/dr)  -h-/f]B^=  -  njUfS^z  —  d); 

B„= -g/viB^  (6) 


7,='*;-s:-’n' 2;  7=1.2.  <ti 

Also, 

£„  =  —  ifcj/k'f  dB j/ozi  =  ::a/kj>£  /rjidB 

|8) 

£,  =  i'ja/k~tdB  ,/&»»  «9t 

£=  =  V<£r>  —  A']£, .  <10 

The  solutions  of  Eq.  :o:  which  do  not  become  infinite  at 
z  =  x  =  are 

5;,c  =  Cse’*  -  7p.„  2v  ^  -■  -  . 

c  =  C-e -  ~  z<0.  :11 

The  boundary  condition.  B  ,  0  =  £.,  0  .  leads  to 

C,  =  C;  -  .  vp.Ay.  *  12 

so  that 


=  C-e  ~  -  —  t  rju  jly,  e"  *  *  ■  — «? "  -  - 
With  Eqs  8 , 1 1 1 ,  and  .  13'. 


£,  a  i  =  —  iw/A-  f  i  i  >y.£  /Tj  C^  ■' 


z>d 

0-z<d 


Eu>z  =  /ryC^e  '  z<0.  ,14b; 

The  boundary  condition.  £.,  iOi  =  £.,  i0*.  leads  to 

C;=  —  fi,,r)k  ;e"  d/\k\y2  -  A  d5i 

When  C;.  given  by  Eq.  1 1 5 1.  is  substituted  in  Eqs.  1 1 1 1.  *  1 3». 
iMa^and  (14bi.  the  final  solutions  for  d-.izi,  £,,izf.  £,„izt. 
and  £,jzi  are^obtained^The  corresponding  solutions  for 
£utzi,  £,,  in.  E^zu  and  £;ilzj_foIlow  from  £  .,  =  I17/;  i£/t, 
B  n  =  —  [£/ij\B  ,x.  Finally.  £,.!ri  and  £\.izi  are  obtained 
with  Eq.  ( 10).  The  results  successively  for  Regions  1  and  2  are 

Region  l.z^O: 

—  r  y-  -  -  *  e *v  -  -  <i 

Bu Is.  V’  2)  =  -AV7^  — — - — — 

kle,r,:-d 

+  tt — n —  •  ,!6> 

k^-'-kly, 

£,,(!.  7,z|  =  -tg/ij)Bu \§,ij,z),  ( 17| 

£,,(1.17,21=  -  x  £_i_l  + 

_  kJh V>d  (J8) 

k\r2  +  k\7i  J’  lo<2<d  101 

■E'lyts.  7.  *)  =  (7/5  V’  2).  (19) 


JU,S..,.2P=  -  sa£rx!j£^l  _  ill 

£i  *■  2-/,  2/ 

'  k\y2-rr k\7l  J' 


Region  2, 2<0; 


_  fc  r  k\<r~e-^  1 

£,,(5,7.^  =  -Mtt - —  • 

L  k\Y-,-~k\yl  J 

£.,  <c.  7.  zt  =  -  *c  <=.  7. 2*, 

-  «.  A  y^U-”*  1 

£^*5,7,2)=  -  oua e  — - — —  . 

L  J 

£:,  •<£.  7. 2*  =  t7/£  (£i,  15, 7, 2>, 


£-.  5.7.21=  -  tyr0’£-  -  7-!  — - — —  25' 

l  K’.rz-kir,  J 

Note  that  in  agreement  with  the  boundary  condition.  A  ;£  . 
iS.  7. 0  =  klE^.  i£.  7.  Oi  The  substitution  of  Eqs.  16-25 
into  Eq.  5- yields  the  general  integrals  for  the  components  of 
the  electric  and  magnetic  fields  in  Cartesian  coordinates. 
These  are  readily  convened  to  cylindncal  coordinates  with 
the  relations  x  =  p  cos  6.  y  =  p  sin  6.  £  =  7.  cos  6  . 
7=7.  Sind'.  p  =  ix'—y1.>2.  /.=  £:~i]::.  d£  dr) 
=  /.ad '  d7.  £.r  —  =  7p  cos  d  —  o'.  £  =  £,  cos  d 

-  £  sin  c 5.  £„  =  -  £x  sin  6  —  Br  cos  <5  If  use  is  made  of 
the  integral  representations  of  the  Bessel  functions,  specifi¬ 
cally. 

J.r/ipi  =  >2-i r*" *  di\ 

J,<Ap'=  j  cos'd  -6  dd  . 

it  follows  that  B,\p.  z\  =  0,  Bf  ip.  c  =  0.  £ -  p.  2  =  0.  /  =  1. 
2.  and 

„  /Po  r  \  e-'  -*  ■  “  e  ■  -  - 

— - zr — 

2-  Jo  L  2 y,  2y, 

(.:/■  *  —  <2 

+  - - -  7,(7.pi7  :d/..  (26 

k]y2-k\y, 

^  k\Y^--a  ' 

*  1  r>  -i-  *  i  ri 

X7,.7.pl7-d7.;  12" 

2nA'5Jo  L  2y,  2y, 

Isipr,'*  -  *  ■ 

4-  - : -  7„(7pl7  V7.  (281 

k]r-.  +  k\yx 

for  Region  1, 2>0.  Similarly,  for  Region  2,  z<0: 

.  ,  .  /Pn  r  k\e‘'-de~^  rt0l 


VI-  *1/ 


0  k\y2  +  k\yx 


— 7,(7p)7  -V/..  (29) 


£V(P. r,  =  -=f2£fo  r  yg~p- 7,(7p(7  VA,  (30) 
2tr  Jo  k\y2  +  k\yx 
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E^ip, 2) = — ^  r  'dk-  (3j) 

2-  Jo  k\y2  —  kiy, 

These  are  the  desired  general  integrals  for  the  electromag¬ 
netic  field  of  the  vertical  dipole  at  z  =  d.  The  same  expres¬ 
sions  can  be  obtained  from  the  general  formulas  (2. 103)  and 
(2.104)  on  p.  43  of  Banos’  book.3  It  is  to  be  noted  that  the 
expressions  (7.84)  and  l7.85|  on  p.  22 1  of  Banos’  book — from 
which  the  approximate  formulas  for  the  several  ranges  arc 
derived — omit  the  entire  direct  and  reflected  fields. 

111.  EVALUATION  OF  THE  INTEGRALS  FOR  THE  FIELD 
IN  REGION  1 

It  is  possible  to  evaluate  the  integrals  [Eqs.  »26m28i]  for 
the  field  in  Region  1  subject  only  to  the  following  conditions: 

k:  >  ki  and p:>r,p2>d'.  i32i 

Note  that  the  condition  k  f  =k  \  e,,  —  ia,/o  >A ;  =  k  l 
does  not  require  Region  1  to  be  conducting.  It  may  be  lake 
water  or  earth  as  well  as  sea  water,  and  the  range  of  frequen¬ 
cies  is  not  restricted. 

The  first  step  in  the  evaluation  of  Eqs.  (26w28i  is  to 
note  that  in  each  formula  the  first  term  is  the  appropriate 
component  of  the  well-known  direct  field  \Bd^,Ei(r,E~,.  i  of 
the  dipole  as  if  isolated  at  z  =  d  in  an  infinite  irather  than 
semi-infinite'  Region  1.  Similarly,  thesecond  term  is  the  field 
<  B  E  u .  E ,.  i  of  an  image  dipole  at  z  =  —  r/but  with  elec¬ 
tric  moment  reversed.  The  remaining  third  term  is  the  la¬ 
teral-wave  field  \B  ,  £  f.  i.  Thus. 

B:aip.  z\  =  Bdep.zi-B  laip,  2i  —  B Le\p. z\ 

E\„\p.  =  Eljp.z,-  E\p\p,  z\  —  E  fpi p.  z\, 

E..ip.  zi  -  Ed.'p,  z<  -  E\.ip.  z\-E f.i/7.  zi. 

Specifically,  with  r,  =  [iz  —  d  r  —/?']’  r, 

=  [(z  —  d  r  —  p2]1  \ 

B^p, zi  =  ^  j'  fUlLj^pU'-dk 

~  -  $){$■ ,33ai 
B\a\p,z\=  -  ^  f  - - J,[kp\k  2d/. 

= £;;(f  -  * )(t> 

El<p>  z)  =  ~7J  r  ±  '  JMpP i  2dk 

4  irk,  Jo 

=  JSt !>.*•*.'/  —  .  <3*.  3  \ 

4 *k]  V  r,  'r  r3  J 

*W(f) 

£iM  z)  =  -  f  e'^ ~d'J,{kp)k  2dk 

4  -k  f  Jo 

=  _  JWo _e,Kr,(  *?  ,  i3 k,  3  ^ 

4  nk]  [r2  P2  r\) 


/“SC 

uPo  f 

prr,  -  - 

- JdAp)k  'dk 

kirk  j  Jo 

Y\ 

f  (ik\  k,  i 

4  irk\ 

LW,  r  J 

ik\  3 A,  3/  \ 

l  r,  J  \ 

.  ri  ^7  *\  J 

f  —  '  ~  Jrjtkpik  ydk 

tJ7a  1  Jo 

Y 1 

Wo  gkA( 

‘k  1  b _ i_\ 

Xtrk\ 

.  r2  r2  ri  J 

.(*+dY( 

'  ik  \  3k,  _  3A 

\  r2  )  \ 

,  r:  ri  r2J 

With  the conditions/r^./rx/2.  r,~r~~p in  amplitudes. 
p/r,  ~p/r~  —  1  and  terms  in  i z  —  d  r/rj  and  >z  —  d  k/ri  are 
negligible.  It  follows  that 

B ~c \p.  zi  -  B  :j>tp.zi 

~  -  — (c* '  -  e“  ' )( -  4).  >36i 

4-  V  p  p-1 

r--  r-  ‘W;  (  2~d  ^  . 

E^.;, -E  { —e 

_  £1  _  .3". 

p  J\  p  p •  p  J 

E zi  -  £  j.ip.zt 

-  -  TTT(<?A'  -**'>(  —  -  ^  -  -Q  -38. 

4 'k\  \  p  p-  p  ! 

It  remains  to  evaluate  the  lateral-wave  terms  given  by  the 
third  integral  in  each  formula  [:  s.  <26:— 128*]. 

The  three  terms  to  be  evaluated  are  the  following  la¬ 
teral-wave  parts  of  the  fields: 

B^p,z\  =  ^F,a\p.z  +  dV, 

L~ 

Jrx  :  •  d 

— - - - — J,[kp\k.  'dk,  '3Ql 

o  fc  |  j'2  -4-  k  2 }' i 

E lip-  zl  =  Sr^'Z  +  dk 

JLn  K  j 

F,/n.z~d\  =  k\  f  -ML!  1  j^pU'-dk.  i40. 
Jo  k\y2  —  k\yx 


E\:\P-  Z\  —  -  ^-FXzp,Z  +  dh 

IrkttK  | 

,  fx  e’>  :-<!• 

F,:(p,  z  +  d)  =  k ;  — - — — Jdkp\k  -dk.  (411 

Jo  k]y2  +  k'2yx 

These  integrals  can  be  evaluated  subject  to  the  following  ap¬ 
proximation: 

F]m{p,  z  +  d )  =  Flmip,  0)elk-‘:  "d\  m  =  <b,p,  z.  (421 

This  approximation  depends  on  the  fact  that  the  lateral  wave 
originates  in  the  air  above  and  travels  vertically  down  as  3 
plane  wave  into  the  denser  Region  1  where  it  is  known  to 
advance  as  e  .  The  approximation  has  been  verified  for  the 
six  components  of  the  field  of  the  horizontal  electric  dipole 
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by  direct  comparison  of  the  results  obtained  with  Eq.  (42) 
and  by  the  numerical  evaluation  of  the  general  integrals.  The 
agreement  is  excellent  over  wide  ranges  cf  the  electrical  pa¬ 
rameters,  frequency,  and  radial  distance.  With  Eq  (42),  the 
integrals  to  be  evaluated  are 

fw(p.0)  =  A; 

JO 

-fA;(A* -A2)1'2]  -  'Jt{Ap)A  2dA,  (43) 

Flp\p,0)  =  k\  n&Tl*;  -A2)l/2 
Jo 

+  kHk]  -A2),'2]-'(k]  -A2)''2 
XJx{Ap\A  2dA, 

(44l 

F.:\p,  01  =  A ;  I  [ k  1  ik  l  -  A  2),/2 
Jo 

-r  k ;  lA :  —  A  2],/2 ]  “  'J0iApl/  ’ dA .  .45i 

These  integrals  all  have  the  same  denominator.  With  k ;  > 
k ;  ,  the  leading  part  of  the  integral  is  obtained  with  the 
denominator  approximated  by  k  'tkl  —A  *j-1  \  It  fol¬ 
lows  that  it  is  conveniently  and  exactlv  written  in  the  form 
k  f  :(A ;  |[ifcfUk; -A2\'2~khk\ 

-Ah'  2]-'~  kr2(k] -A-r‘ 

With  this  representation,  the  integrals  [Eqs.  (43m45i]  can  be 
expressed  as  follows: 


F^ip.  01  =  — r-  I  A  '‘dA  -  Gc  i46> 

k  j  Jo  (A- ;  -  /.  *r  * 

ir-  f  k2  —A2  \'2 

F^.  01=  -4  I  (  -t4 - rr  )  JiiAp)A  'dA  -  G,,  i47) 

Fu\P.  01  =  f  -^P-—A  ' dA  -  G..  <48. 

k]  Jo  (A  l  -  /.  -|  * 

Th:  three  integrals  m  Eqs.  (46h48)  are  evaluated  in  Appen¬ 
dix  A.  The  functions  Gk  ,A  =  are  defined  and  evaluat¬ 

ed  in  Appendix  B.  The  results  when  substituted  in  Eqs.  i46r- 
i48j  and  then  in  Eqs.  (39H41 1  with  Eq.  (42)  are 

B^\p,z\  =  -  --- -^1-1 

2-Aj  p  p ■ 


'•  1491 

El\p,z)=r-  J_ 

2~k ,  l  L  p  p~ 

-MfjLYV-'-i-**',?  . 

A,  \kp) 


7  ,e‘kp 


(opltkl  iA  <A ;  A,  i 

F  i-(/>.  z\  =  — -—e,k-u  d‘e,k* - 5 - - 

2-A ,  p  p-  p 


A,  \kp  ) 


2  -  \/2k  {) 


The  last  term,  —  ie'k  p/p2 .  in  Eq.  (50)  actually  is  part  of  the 
direct  field  and  not  a  lateral-wave  term. 


IV.  COMPLETE  FORMULAS  FOR  THE 
ELECTROMAGNETIC  FIELD  IN  REGION  1  DUE  TO  A 
VERTICAL  DIPOLE  IN  REGION  1 

W’hen  the  direc»,  reflected,  and  lateral-wave  parts  of  the 
field  are  combined,  the  final  complete  formulas  for  the  three 
components  in  Region  1  are 


where,  with  C  u i  and  5 Fresne!  integrals. 


r  =1  -C[kpik]/2k:,} 

-/)  -i  —  S  [A^>iA  1/2/c  f  i]  1 .  ,55 

The  resmetions  on  Eqs.  l52H54i  are 

k]  >  k\  ;  kp  >3;  pz>r\  p2>d2.  i56i 

Note  that  the  restriction  kp  >3  can  be  removed  if  certain 
integrals  are  expressed  in  terms  of  Bessel  functions  instead  of 
the  much  simpler  exponentials.  Note  also  that  multiplica¬ 
tion  by  A,/A,  yields  kp  >3  A;/A,  ,  where  A,/A,  is  small. 
In  fresh  or  salt  water,  A,/A,  <0.1 1  so  that  .kp  >3  is  equi¬ 
valent  to  kp^Q.33  or p>0.05A2.  In  other  words,  the  formu¬ 
las  [Eqs.  (52H54)J  are  good  approximations  continuously 
over  the  entire  range  included  between  radial  distances  ex¬ 
tending  from  a  small  fraction  of  the  wavelength  A0  m  air  to 
infinity.  It  has  been  shown4-*  that  the  corresponding,  simi¬ 
larly  evaluated  formulas  for  all  six  components  of  the  elec¬ 
tromagnetic  field  of  a  horizontal  electric  dipole  are  in  close 
agreement  with  the  general  integrals.  It  may  be  assumed  that 
the  same  is  true  of  Eqs.  (52)— (54). 

It  is  interesting  to  note  that  the  lateral-wave  parts  of  the 
formulas  [Eqs.  (52)— {54)]  (i.e.,  the  parts  multiplied  by  exp 
[ik,(z  +  d  jjexpfi'A.p])  for  the  three  components  of  the  elec- 
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tromagnetic  field  in  Region  1  are  very  much  alike.  Except  for 
the  added  term  i/p3  in  the  formula  for  Eu\p,z),  the  first 
square  brackets  are  the  same.  This  means  that  at  distances 
that  satisfy  kp>\Q  where  kl/p:>l/p3,  the  amplitude  and 
phase  of  all  three  components  change  with  distance  in  the 
same  manner.  Quite  near  the  dipole  {kp  <  lO)Els\p,z\  be¬ 
haves  differently  owing  to  the  additional  term  i/p3. 

It  is  interesting  and  significant  to  compare  the  field  of 
the  vertical  dipole  with  the  corresponding  three  components 
of  the  field  of  the  horizontal  electric  dipole.5"’  Specifically, 
and  in  general,  the  lateral-wave  parts  satisfy  the  following 
relations  exactly: 


ELXph\p,  z)  =  [  ~  Uk  1  )cos  <5  ]£f.t.(p,  z),  (571 

E \ .htp.  <5.  zl  =  l  -  cos  6  )E fpr(p,  z l,  (58) 


where  the  subscripts  h  and  v  denote  the  horizontal  and  verti¬ 
cal  dipoies  and  the  superscript  L  refers  to  the  lateral-wave 
part  of  the  field  only.  Note  that  E  \.pp,  zl  and,  in  the  direc¬ 
tion  <5  =  0 ,  £  fpJ!i p,  0,  zi  are  the  axial  components,  respec¬ 
tively,  of  the  vertical  and  horizontal  dipoles.  Similarly, 
E  f-  \p,  zl  and  £  \.h  ip.  <5,  z!  are  the  components  transverse  to 
the  axis  of  the  dipoie.  When  the  i/p3  term-lwith  the  horizon¬ 
tal  dipole  it  occurs  m  the  formulas  for  Ew  and  BXi  i  is  negligi¬ 
ble.  i.e.,  when  A-y»  10,  it  is  possible  to  compare  the  compon¬ 
ents  more  directly  since  they  then  are  all  alike  in  form.  In  this 
case. 

E p.  <5.  zi  =  ( iA,/A,lcos  <5  ]£  Ip,  z„  (591 

£ \p,  <5,  zi  =  [ iA./A,|cos  <5  J £ f.,  i p.  zl,  16O1 

B  tw.lp,  <5,  zl  =  [  (A,/A'-icos  6  }B  Ip,  zi  (61 1 

In  'Hher  words,  except  quite  close  to  the  dipoles,  the  lateral- 
wave  fields  of  horizontal  and  vertical  dipoles  have  the  same 
radial  variation  with  distance  except  that  the  field  of  the 
vertical  dipole  is  roiationally  symmetric;  that  of  the  horizon¬ 
tal  dipole  varies  as  cos  <5.  Most  significantly,  the  field  of  the 
vertical  dipole  m  Region  1  is  smaller  than  that  of  the  hori¬ 
zontal  dipole  m  the  direction  <5  =  0  by  the  factor  A:/A,. 
These  conclusions  agree  >'ith  those  of  Banos'  who  found 
Eqs.  (59H61I  to  be  true  of  his  approximate  and  discontin¬ 
uous  sets  of  quite  different  formulas  for  the  intermediate  and 
asymptotic  ranges,  but  not  for  trie  near  field. 

The  general  integrals  for  the  field  in  Region  2  (air!,  as 
giver,  by  Eqs.  (29)-l31),  have  not  been  evaluated.  However, 
with  the  boundary  conditions,  B2i\p,  0)  =  B,pp.  0), 
E,jp,  0),  =  Elpip,  0),  k  lE^lp,  Ol  =  A  j £..i/j,  0),  the  entire 
field  directly  over  the  boundary  surface  is  known.  It  is 


B:ilp.  0| 

_  _  P(t  ^ 

2~  k\  ip 


_  JL  _  Ilf  jlV  2 

p:  A,  V  kp  ) 


(62) 


(Op„ 

(Me-, 

p,k  p 

ik-. 

i 

2-k] 

Ia, 

c 

P 

p2 

ai( 

-  tk^Ak  \/2k 

!7  — 

ie‘k'p 

A,  { 

kp  J 

p~ 

+  d' I*  •  d 

ik\ 

3A, 

3<  IV 

p 

p 

P' 

(63) 


E^ip,  0): 


^Afo__.  ^tk^dgik-p 


2  irk] 

ktf  s-  v/2  . . .  . 

- —  e  ■  1  '  y 

A*,  \  kp  / 

The  lateral-wave  part  of  the  field  when  kp^  10  has  the  form 


ik  l  k2  i 

L  P  P2  p' 

—  ikp*k  */2 k  ]i 


(64| 


Efa,  0)  =  £(■,(£»,  0)[z  _  (A  ,/A  ,  [p] . 

This  is  an  elliptically  polarized  field  with  a  very  small  angle 
of  tilt.  With  k\/k\  '<1,  the  major  axis  of  the  ellipse  is  al¬ 
most  vertical  and  the  minor  axis  is  very  small. 


V.  THE  FIELD  OF  A  VERTICAL  DIPOLE  ON  THE 
BOUNDARY  IN  REGION  2  (AIR) 


When  the  vertical  dipole  is  in  Region  2  on  the  boundary 
id  =  0),  the  electromagnetic  field  in  Region  1  is  given  by  Eqs 
|29h31I  with  the  subscripts  1  and  2  interchanged.  —  z  re¬ 
placed  bv  z,  and  d  =  0.  That  is. 

1  A 

j*.  z.  c  -  r  r-  -  <  1 , 

'pX\  r 


B 


\p,z\  =  /'U|  ■  -  f  — - — - T — Jx\/.p\?.  :d/.:  z^>0,i65! 

2tt  Jo  A  j  r,  —  A ;  y, 

r  .  j,aPs.  '-d?..  z* o, 

2  ii  Jo  k  |  fC  2 


Elpp,zt-- 


E,.ip,z)=  -  [  .  e~—z — J,y.pV.'d/.\  Zs 0. 

2-  Jo  A  7  y,  —  A  t  y, 

(67 1 


The  Integra's  m  these  expressions  are  the  same  as  those  in 
Eqs.  i39h41  i,  when  d  =  C.  It  follows  with  Eqs.  i49»— *.5 1  ■  that 


x  ? 


■  70. 


This  is  the  field  in  Region  1  when  a  vertical  dipole  is  located 
in  Region  2  on  the  boundary  surface,  d  =  0.  It  is  seen  to  be 
greater  than  the  corresponding  lateral-wave  field  [Eqs.  i49i- 
( 5 1 )]  when  the  same  dipole  is  in  the  denser  Region  1  at  d  —  0 
by  the  large  factor  (A,/A2)2. 


VI.  CONCLUSION 

Simple  formulas  for  the  electromagnetic  field  in  a  half¬ 
space  Region  1  (earth,  sea,  lake)  have  been  derived  when  the 
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source  is  a  vertical  electric  dipole  in  the  same  region  near  its 
boundary  with  Region  2  (air)  or  on  the  boundary  in  Region  2. 
These  complement  corresponding  formulas  already  avail¬ 
able  for  the  horizontal  electric  dipole.5-7  They  continuously 
and  accurately  repre  ent  the  general  exact  integrals  over  the 
full  range  of  radial  distance  from  a  fraction  of  a  wavelength 
from  the  source  to  infinity  for  all  frequencies  and  electrical 
parameters  that  satisfy  the  conditions  (56). 
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APPENDIX  A:  EVALUATION  OF  INTEGRALS 

The  first  integral  to  be  evaluated  is 

r  *»  -  /ai*:J  t  k \Ib[k2),  |A1) 


(A2) 


(A3) 

With  Bateman,  Higher  Transcendental  Functions  II,  p. 
95i52i,  the  last  integral  integrates  into  —  p'/plexpi/A-^)  so 
that 

/a|A,)=  ^  (A4) 

P  P~ 


Jo  \K  “) 
where 


Ia[k2)  =  (  (A l  -  A2)1  2J^p)dA\ 

Jo 

I^\k 2)  =  f  (A  2  — A  ~Jy [Ap \dA , 

Jo 

/alAil  = - -  f  (A:  §  —  ui  2)‘  -JLjjApldA 

p  Jo  oa 

=  — - -  f  (A  |  —  A  -rX1JMpti  dA. 

n  n  J(\ 


With  A,  =  ip. 


lb{k2)=  -i  f  [A  z+P2r',zJMp)dk 
Jo 

=  -iIu2\Pp/2)Kxn\f3p/2),  (A5) 

where  I  and  K  are  the  modified  Bessel  functions.  However, 
/,,,(zi  =  (2/ttz)1  ~sinh  z,  K, /2(z|  =  |-/2z),/:e  -  so  that 
Iu2[z)KVi[z)  =  |l/2z||!  -  e  "  "|  and 

/&(A:)  =  (\/k-,j)\{\  —  (A6) 

With  Eqs.  (A6)  and  (A4),  Eq.  (A  !|  becomes 


(A7) 


The  second  integral  occurs  in  the  formulas  for  the  field 
of  a  horizontal  electric  dipole.  It  is  evaluated  in  Appendix  C 
of  Ref  6  Subject  to  the  restriction  A  3,  it  has  the  follow¬ 


ing  simple  form: 

The  third  integral  is  evaluated  as  follows 

Jo  (A;-/:)1/2 

1  f A2dA 

,-J.(r  iMeL-M 

p  |Jo  I 

+  *=f  "Mi,* 

Jo  (A  2  —  A  *)•  ‘ 


(A8) 


(A9l 


Here,  the  first  integral  is  the  same  as  that  in  l  A 1 ).  The  second 
integral  is  evaluated  with  k2  =  ip  and  Eq.  12)  on  p.  434  of 
Watson’s  Bessel  Functions  with  v  =  \,p  =  1/2.  Specifical¬ 
ly, 

f  XJ'(V\„dA  =  mP/-,r\'  -KU2[pp\  =  ie**. 

Jo  fA;  —  A  -)  - 

lAlOl 

With  Eqs.  iA7|  and  (A  10)  in  Eq.  (A9|,  the  result  is 


-(—  -h~-  4  V'- 

Jo  (A- 5  \  p  p-  p-  1 


(All) 


APPENDIX  B:  G  FUNCTIONS 


The  three  functions  Gk,  k  —  <t>, p,  z,  are  defined  as  fol¬ 


lows: 


GM  kl\o  [  Aj(A7 -r-)'n  +  k\(k\ -A:),/2 

- 1 -  jnp\A  2dA,  (B 1 ) 

k](k\ -A2)'12  '  F 

GM  =  kl\o  [  k][k\ -  A2)'12  +  k\(k\ -  A2)'12 

~  T,~i~  1-~~~  l^i  ~A2)u2JAAp]A2dA,  (B2) 


k](k\  -A- 


GM  =  k\  f[- 

Jo  A \ 


1 


k][kl-A 


(A  2 -A2)'l2  +  k\(k]-A2)':2 
J0(Ap]A  }dA. 


2\l/2 


(B3) 


They  are  closely  related  to  the  corresponding  function  G  {p) 
which  occurs  in  the  expression  for  the  field  of  a  horizontal 
electric  dipole  and  is  evaluated  in  Appendix  B  of  Ref.  5.  They 
will  be  evaluated  in  the  same  manner  and  with  the  same 
approximations. 

It  is  evident  that  the  significant  contributions  to  the 
several  integrals  must  come  only  when  A  is  near  A,.  This 
means  that  A 2  can  be  neglected  compared  with  A  ]  since 
[A  \  |A  2 1.  Let  the  variable  of  integration  be  changed  from 


8481 


J.  Appl  Phys.  Vol  53,  No  1 2,  December  1 982 


RonoldW  P  King 


8481 


A  to  r  as  follows: 


nipulation  it  can  be  shown  that 


A  =  A,(l  -r  mr),  dA  =  k2m  dr,  (B4) 

where 

m  =  k\/2k\<\,  (B5) 

and  r  is  a  dimensionless  variable  of  integration.  It  follows 
that 

A2~A2(l-i-2mr);  y2  =  (k\  —  A2)U2  =  (  —  2mr)l/2A2.(B6) 

In  phases,  the  representation  of  Eq.  (B4)  is  used;  in  ampli¬ 
tudes,  A  ~  A2.  For  all  but  small  arguments, 

Jn(Ap)~  ~H"V.p)~(2-Ap)-'ne^P~  2,"*,’i  (B7) 

With  Eqs.  (B4HB7',  the  three  quantities  [Eqs.  (Bl)— {B3}] 
become 


gm 


[  k;k,{-2mr)'  2  +  k2kt 

A^Asi  —  2mr)'  ~  J\  2  zk-p  ) 
Xe',trf> -  i-/a'e'k^"n~k\m  dr. 


(B8I 


Since  A  =  0  corresponds  to  r  =  —  1  /m,  a  very  large  nega¬ 
tive  quantity,  the  lower  limit  can  be  made  —  oc.  Since 
k ]k-1[2m)'  2/A ;  A,  =  1,  Eq.  (B8l  can  be  written  as 

G/  |~  -  --*H[ kpm),  |B9l 

4A ;  V  zkp  ) 

where 


H (kpm)  =  2\ze,r/*e " *** ]nk f  i~ ' ne"dt .  (B 1 3) 

In  the  notation  of  Jahnke-Emde,10  the  Fresnel  integrals  are 
defined  as  follows: 

C(z)  +  iS[z)=\  -—dt.  (B14) 

Jo  \2zt ) 

Hence,  and  with  C(  a )  =  5  ( oc )  =  1/2,  Eq.  iB  1 3)  has  the  fol¬ 
lowing  form: 

H[kpm)  =  2z^.e-/ie-,kJxk^'.7,  (B15| 

where 

JF  ^  -i —  C  [kp\k \/2k  ] )] 

+  /;  i-._S[A;/>lA:/2A2i]|.  .B16| 

With  Eq.  (B 1 5l  in  Eqs.  |B9|,  iBlll,  and  iB12l.  the  three  G 
functions  become 

>*’e  (B17| 

ft  |  V  * 

G  ,p|~  -  'Aif  JL)U\^e-  w  2k'  .7.  lB18i 

'  A ;  \kp  ) 

iB  19) 


H[k2pr„)=r  \—z^z - — —  }e‘KJ”n'dr.  |B10| 

J-A  7  -r  1  x  -r 

From  Eqs  IB2)  and  |B3),  it  follows  that 

GAp\~  -  — rf— )  e"K:p~~/*,H{kpm\,  (Bll) 
p  4A 2  V  zk-p  ) 

A?  /  ~>  \l/2 

G.\p\ - Vf-^—  e'Xj> "  ~  * H ikpm),  (B12) 

4A  j  V  zk-yp  J 

with  H  [kpm]  as  defined  in  Eq.  (B 1 0).  With  considerable  ma- 
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Erratum:  New  formulas  for  the  electromagnetic  field  of  a  vertical  electric 
dipole  in  a  dielectric  or  conducting  half-space  near  its  horizontal  interface 
[J.  Appl.  Phys.  53, 8476  (1982)] 

R.  W.  F.  King 

Gordon  McKay  Laboratory,  Harvard  University,  Cambridge,  Massachusetts  02138 


A  more  accurate  evaluation  of  the  integrals  involved  in 
the  terms  with  exp(/£,  p)  in  equations  (50),  (53),  (63),  and  (69) 
shows  that  this  exponential  factor  should  be  exp (/A,r,), 
where  r2  —  [(z  +  d  )2  -f-  p1) 1 12 .  The  corrected  formulas  are  as 
follows: 


Also,  the  first  sentence  of  Sec.  V  on  p.  8480  should  be 
amended  to  read  “When  the  vertical  dipole  is  in  Region  2  on 
the  boundary  (d  =  0),  the  electromagnetic  field  in  Region  1  is 
given  by  Eqs.  (29)— <3 1)  with  the  subscripts  1  and  2  inter¬ 
changed,  —  z  replaced  by  z,  I  A  l  =  1  replaced  by  IAl  =  -  1, 
and  d  =  0.” 


(50) 

(53) 

(63) 

(69) 
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Lateral-wave  studies  in  a  model  lithosphere 

M.  F.  Brown,  R.  W.  P.  King,  and  T.  T.  Wu 

&  don  McKay  Laboratory,  Harvard  University,  Cambridge,  Massachusetts  02138 

(Received  29  October  1981;  accepted  for  publication  1  February  1982) 

An  experimental  basis  is  provided  for  the  theoretical  expressions  associated  with  the  Ep  lateral- 
wave  field  due  to  a  horizontal  dipole  in  a  conducting  half-space  of  sea  water.  Both  perturbed  and 
unperturbed  fields  are  studied  in  detail  in  a  laboratory  model  of  the  lithosphere.  It  is  found  that 
rectilinear  and  wedge-shaped  discontinuities  at  the  air-water  interface  comprise  effective 
perturbations  of  Ep ,  while  submerged  metallic  cylinders  do  not.  The  effective  perturbations, 
localized  in  their  effect  on  the  overall  propagation  of  the  lateral  wave  over  several  wavelengths, 
have  geometries  chosen  to  characterize  the  broad  plateaus  and  mountains  of  a  real  lithosphere. 

PACS  numbers:  41.  lO.Hv 


I.  INTRODUCTION 

The  mathematical  physics  of  the  propagation  of  elec¬ 
tromagnetic  waves  at  the  lithosphere-ocean  interface  is  of 
particular  relevance  to  geophysical  exploration  and  subsur¬ 
face  communication.  Modal  analyses  have  shown  that  the 
fields  involved  are  those  associated  with  a  general  class  of 
dipole  excitation  problems,  in  which  the  source  dipole  is  lo¬ 
cated  in  or  near  an  idealized  planar  boundary  between  two 
regions  whose  conductivities  cr„  <7,  and  permittivities  e„  t2 
may  differ  over  a  wide  range. 1,2 

The  methods  of  the  Sommerfeld  solution' 4  for  a  dipole 
in  air  above  the  earth  have  be.  n  applied  with  some  modifica¬ 
tion  to  infinitesimal  electric  or  magnetic  dipoles  embedded 
horizontally  in  dissipative  media.  Since  the  definitive  mono¬ 
graph  of  Banos5  appeared  on  this  subject,  three  important 
refinements  involving  the  electric  field  components  may  be 
noted.  The  radial  electric  field  component  in  the  dissipative 
medium  (£,p  component),  which  is  the  most  useful  for  later¬ 
al-wave  or  “up-over-and-down”  propagation  (Fig.  1),  has 
been  numerically  evaluated  over  wide  ranges  of  distance, 


frequency,  and  constitutive  parameters.6-7  An  insulated 
traveling-wave  antenna  suitable  for  subsurface  communica¬ 
tion  has  been  designed8,  an  approximate  formula  for  the  gen¬ 
eral,  exact  integrals  of  Elp  over  a  continuous  range  of  the 
parameters  has  been  reported.9 

The  refinements  indicate  that  a  proper  choice  of  fre¬ 
quency.  constitutive  parameters,  and  antenna  characteris¬ 
tics  may  be  made  ir,  order  to  study  lateral-wave  propagation 
effectively  by  means  of  a  lithosphere-ocean  model  in  the  lab¬ 
oratory.  The  purpose  of'the  present  paper  is  to  provide  an 
experimental  basis  for  the  theoretical  E.p  field  associated 
with  such  a  choice  of  values. 

II.  THE  MODEL  LITHOSPHERE 

The  model  lithosphere  of  the  present  investigation  is  a 
logical  extension  of  that  used  m  earlier  studies  by  Brown  and 
Gangi10  and  Iizuka,  "12  generalized  to  include  a  boundary  of 
sea  water.  The  boundary  may  be  extended  above  the  litho¬ 
sphere  layer  by  proper  placement  of  a  metal  image  plane. 
With  such  an  extension,  a  planar  slab  of  low  conductivity 


Sea  s  Lateral  Ray 

Water  , - »  - - 


Air. 

Lithosphere 


S 

l_  Source 
Oipole 


T 


r2 


1 

Ez 


near  |  intermediate  |  asymptotic  (for) 
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(air  lithosphere,  crcsTO-6  S/m)  separates  two  regions  of 
high  conductivity  (salt  water,  <r~ 4  S/m).  The  regions  so 
formed  may  be  compared  with  the  idealized  model  of  the 
earth’s  crust  of  Frieman  and  Kroll  (Fig.  2). 

The  following  experimental  specifications  are  detailed 
in  Fig  3  The  vertical,  lithosphere  embedded  dipole  of  the 
earlier  studies  is  replaced  with  a  pair  of  horizontal  traveling 
wave  antennas  located  in  salt  water  at  7  mm  below  the  air- 
water  interface.  The  specific  properties  and  design  of  the 
antenna  are  discussed  in  Sec  III;  designation  is  as  S,  and  S2 
in  Fig  3  The  bounds  on  the  model  lithosphere  are  indicated 
in  Figs  3(a)  and  3(b)  A  metal  image  plane  extends,  at  a  verti¬ 
cal  distance  h  in  air,  over  a  half-space  of  salt  water  formed  by 
a  rectangular  enclosure  (3.66m  X  2.43m  X  30.5cm).  Dissolu¬ 
tion  of  laboratory-grade  NaCl  (~  125  lb)  in  water  brings  the 
conductivity  of  the  dissipative  half-space  to  approximately  4 
S/m  The  precise  values  of  the  constitutive  parameters  of  the 
half-space  have  been  measured  periodically  using  the  meth¬ 
od  of  Smith13  and  an  insulated  microwave  loop  antenna  spc 
cially  designed  at  Harvard.  The  rectangular  enclosure 
shown  in  the  top  view  of  Fig.  3(b)  is  fashioned  of  plywood 
with  an  insulating  plastic  liner;  the  30.5-cm  depth  is  effec¬ 
tively  one  of  infinity  at  the  frequency  f  =  600  MHz)  at 
which  measurements  are  made.  The  planar  metal  bound¬ 
aries  R  ,-/?4  which  lie  along  the  *  and  y  directions  cf  the 
figure  serve  to  image  5,  and  S:  transversely  and  longitudi¬ 
nally  In  this  way  the  size  of  the  tank  is  effectively  expanded. 
More  importantly,  R]  and  R2  may  be  adjusted  to  favor  the 
pure  lateral-wave  mode  and  suppress  extraneous  modes. 
Such  modes  originate  from  reflections  involving  the  sides  of 
the  rectangular  enclosure,  in  particular  those  due  to  the  <f> 
component  of  the  field  set  up  by  5,  and  S2.  Reflections  from 
R 4  are  less  important  due  to  the  distance  of  R4  from  the 
antennas;  adjustment  of  Rt  serves  merely  to  shift  the  phase 
of  the  longitudinal  standing  wave. 

Phase  and  amplitude  measurements  of  Ep  are  made  us¬ 
ing  the  receiving  dipole  of  Fig.  3(c)  with  a  vector  voltmeter. 


-51- 

The  dipole,  adjustable  from  0  to  1  cm  below  the  air-water 
interface,  sits  atop  a  piastic  wheeled  carnage.  The  sub¬ 
merged  carriage  is  guided  along  a  track  at  the  floor  of  the 
dissipative  half-space;  the  track  follows  symmetrically  the 
axis  y  —  0.  The  carriage  is  mobilized  by  two  synchronous 
motors  lying  behind  Ry  A  nylon  tie  line  rotates  a  plastic 
circular  wheel  fitted  to  a  10-turn,  precision  potentiometer  to 
measure  units  of  regulated  voltage-distance- ';  the  distance 
is  incremented  through  control  of  motor  revolutions  by  a 
microprocessor,  which  may  also  be  programmed  to  switch 
sensitivity  scales  on  the  vector  voltmeter.  The  electronics 
used  in  data  acquisition,  including  an  analog-to-dignal  con¬ 
version  stage,  is  shown  in  the  block  diagram  m  Fig.  3(d). 

Coaxial  lines  from  St  and  S2,  precisely  equal  in  length, 
are  joined  in  a  T-adapter  to  a  single  signal  line  which  is  con¬ 
tinuous  with  the  output  of  a  rf  power  source  (Applied  Micro- 
wave  C201).  A  single-stub  tuner  may  be  used  between  the  T- 
adapter  and  S,  otS2  to  correct  phase  differences  between  the 
two  sources.  A  directional  coupler/attenuator  arrangement 
reduces  to  less  than  1.4  the  voltage  standing-wave  ratio  of 
power  reflected  from  S,  and  S2  back  to  the  rf  source  for 
protection  of  its  output  circuitry. 

The  operating  frequency  is /=  600  MHz  which  pro¬ 
vides  approximately  six  air  wavelengths  along;’  =  0,  a  pow¬ 
er  level  of  20  W  results  m  a  —  iO  to  —  70  dB  mW  spread  in 
the  magnitude  of  the  signal  at  the  receiving  dipole.  With  the 
existing  choice  of  constitutive  parametei  a~3. 5  S/m,  the  air 
wavelength  Aa  ~  50.0  ctn,  the  water  wavelength  Au  ^6.9  cm 


III.  INSULATED  TRAVELING-WAVE  ANTENNA  IN  A 
SALT  WATER  MEDIUM 

The  general  design  criteria  for  the  traveling-wave  sub¬ 
surface-communication  antenna  have  been  formerly  out¬ 
lined.814  Such  antennas  are  necessarily  insulated  from  the 
surrounding  conductive  medium;  the  current  characteristic 
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FIG.  5.  Field  patterns  of  traveling-wave  antennas  in  dissipative  medi¬ 
um.  (a)  Single  element,  (b)  Two-element  array 

of  a  bare  metal  dipole  attenuates  rapidly  when  embedded  in  a 
highly  conducting  earth  or  salt  water.  The  equivalence  of  the 
two-layered  eccentrically  insulated  antenna  with  a  lossy 
transmission  line  has  been  demonstrated15;  the  traveling 
wave  is  generated  through  placement  of  a  resistor  at  a  dis¬ 
tance  ot  approximately  Ac/4  from  each  end,  where 
Aa  =  2 rrk  [  1  for  current  of  complex  wave  number  kL.  (In 
the  presence  of  the  conducting  image  plane  at  x  =  0  of  Fig.  3, 
the  antenna  is  fed  coaxially  from  the  end,  and  only  one  resis¬ 
tive  termination  is  required.) 

A  glass  prototype  antenna  designed  for  lateral-wave 
studies  [Fig.  4(a)]  was  of  limited  usefulness  due  to  thermal 
disruption  of  the  epoxy-glass  bond;  more  resilient  materials 
were  chosen  to  prevent  infiltration  of  salt  water.  The  design 
proven  most  effective  utilizes  a  plastic  enclosure  which  ex¬ 
tends  above  the  surface  of  the  air-water  interface.  The  seals 
are  minimized  and,  where  necessary,  a  silicon-based  materi¬ 
al  of  the  type  used  for  salt  water  aquaria  has  replaced  the 
epoxy  of  the  original  design  [Fig.  4(b)]. 

Placement  of  two  traveling-wave  antennas  [designed  as 
in  Fig.  4(b)]  is  symmetric  with  respect  to  the  central  axis  of 
the  tank  =  0  of  Fig.  3,  along  which  measurements  of  Ep  are 
made.  Directivity  of  the  field  pattern  associated  with  the 
linear  broadside  array  so  formed  increases  with  the  number 
of  radiating  broadside  elements,  although  the  two-element 
array  is  sufficiently  directive  for  lateral-wave  measurements 
of  Ep .  The  field  paU  ,n  associated  with  the  array  is  shown  in 
Fig.  5. 


IV,  LATERAL-WAVE  FIELD  IN  THE  ABSENCE  OF 
OBSTACLES 

The  field  components  due  to  an  infinitesimal  horizontal 
dipole  of  unit  moment  (IxAx  =  1)  near  a  planar  interface 
may  be  written  in  terms  of  the  coordinates  and  constitutive 
parameters  associated  with  the  half-spaces  of  Fig.  6.  The 
half-sp2ces  are  of  infinite  extent  in  each  of  the  three  coordi¬ 
nate  directions;  the  air-water  interface  comprises  the  only 
boundary.  The  existing  theoretical  expressions  for  the  com¬ 
ponents  are  of  two  types  (hereafter  designated !  and  II).  Both 
types  are  motivated  by  tne  need  for  a  simple,  accurate  formu¬ 
la  for  EXp,  the  most  important  component.  The  general  inte¬ 
gral  expression  for£,p  (discussed  in  detail  in  Ref.  14,  p.  617) 
implicitly  contains  the  interesting  and  complicated  aspects 
of  the  field,  but  little  physical  insight  is  provided  by 
inspection: 

£,p  =  cos  d>  dX  I  k  \Jf)Up)  -  ( )  [yo(/.pi 

-  J-AXpW  I Y\  '  exp (ty, \z-d\) 

+  [X  Xdk \(rxQ/i)[UXp)-Jl(XP)] 

Jo 

-  [k\P /2yx)[J0{,\p\  +  7,(/tp(]  j  exp[iy,(z  +  d )]  j, 

111 

where 


F>  =  (r:-r.)(r:+  •'.) 

0  =  (Fir2- Grille./ :  + 
and 

P\  =/r,  =  ptt;  y,  =(kj -  1,  2. 

The  formulas  of  Type  I,  the  Banos  relations,  are  ap¬ 
proximations  of  the  Sommerfeld  integrals  over  limited 
ranges  of  the  parameters,5  and  comprise  a  set  of  approximate 
formulas  partitioned  into  three  nonoverlapping  distance 
domains: 


Near  Field: 

Ei  P  =  “7  -^“expj/[^  +  *,(</  +  r)]|,  (2a) 

2  irk  f  p 

Intermediate  Field: 

tapje  j  cos  d> 

27 rk  [  p 

X  1  +  j(”^2/0/’2),,: 

X expj i[k,j)  +  kx(d  +  z)]  j,  |2b| 
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FIG.  6.  Field  components  due  to  Hertz- 
lan  dipole  of  unit  moment  I,Jx  -  1 
near  a  planar  interface. 
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FIG.  7.  Theoretical  £lp  for  lateral  wave 
along  sea  water-air  boundary. 


Asymptotic  Field: 

EiP  =  ~ ^-^^exp(/[Av> +  *,(<*  +  *)]  I-  (2c) 

2nk2  p" 

The  usefulness  of  the  Banos  relations  for  E]p  lies  in  the  gen¬ 
eral  physical  meaning  abstracted  from  the  expression: 

EXp  ~a0  cos  d>  F\p)  expl/fA'-p  +  kx(d  -F  z|]  j, 

where  a0  =  ajkl,k1 )  is  an  amplitude  function  of  wave  num¬ 
bers,  and  Fip)~-p~3  for  the  near  field,  F\p)-~p~ 1  for  the  in¬ 
termediate  field,  and  F[p)~p~2  for  the  far  field,  the  chief 
limitation  arises  from  the  disconnected  picture  provided  for 
E]p  over  its  entire  range.  This  limitation,  readily  apparent  in 


the  theoretical  calculations  which  counterpart  the  expen- 
mental  results  of  the  present  investigation,  is  a  pervasive  one. 
The  near-intermediate  zone  juncture  is  not  explicitly  ex¬ 
pressed  in  the  T  ype  I  formulas;  the  complicated  nature  of  the 
field  crucial  to  scattering  and  effects  of  finiteness  in  the  mod¬ 
el  lithosphere  are  not  presented  in  a  continuous  field 
relation. 

The  formula  of  Type  II,  the  Wu  relation,  is  unparti¬ 
tioned  into  separate  distance  regions.9  The  derivation  of  the 
Wu  formula  from  the  general  exact  integrals  for  £jp  in  Eq. 
(1)  above  is  subject  to  two  approximations:  \k  *  |  >  \k  \ :  and 
p2>r,  p2>d 2.  Their  significance  is  discussed  elsewhere.9 
Wu’s  expression  for  Eip  is 
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FIG  10  Effect  of  rectangular  de¬ 
pression  in  surface  of  water  on 
|£1;>i.  Size  of  obstacle  is  30  5 
cm  X  2cm  X  submerged  depth. 
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£Ip  =  -  ~^-ccs<*  {exp{/A',{z-r  d\\  cxtffk-jA 

2.77K  | 

_  *2  _  JL  _£Lf  jlV"5 

p  p2  pJ  A:,  \k&) 

Xexp[  —  iktflk \/2k\)]y  | 

-expj/Ar.^  +  tz-rf)1]1'1!^  +  ^)j.  (3) 

where  JE  is  given  m  terms  of  Fresnel  integrals  C  and  5  as 

y  =  i-C  [k^[kl/2k])]  +  /j  j  -  S  [kj>[k\/2k])}) 

The  Type  I  expressions  (2j,  numerical  evaluations  of  the  gen¬ 
eral  integral  formula  (1),  and  the  above  relation  (3),  designat¬ 
ed  Wu’s  formula,  are  compared  in  Fig.  7. 


The  model  lithosphere  of  See.  II  forms  a  p2ir  of  half- 
spaces  bounded  in  each  of  three  coordinate  directions.  Thus, 
interest  is  in  the  field  £  Jp  of  the  model  lithosphere  of  finite 
extent,  in  its  relation  to  the£,p  given  by  {2}  and  (3).  In  par¬ 
ticular,  ef  primary  importance  are  these  conditions  for 
which  |£,p  —  £JPJ  is  small.  £JP  is  influenced  by  the  param¬ 
eters  h,  /„  /2,  x,  of  Sec.  II  (Fig.  3)  and  the  relation  they  bear  to 
Aa ,  the  air  wavelength.  The  1/p  decay  predicted  by  (2)  and  (31 
for  the  intermediate  zone  of  the  field  is  approximated  very 
closely  by  laboratory  measurements  for  h<?.a  For  h  small, 
the  other  three  parameters  do  not  figure  significantly  in  the 
decay  rate  as  measured  along  the  central  axisy  =  0  ofFig.  3. 
although  some  changes  in  the  phase  of  the  field  are  elicited 
Comparison  of  measured  and  theoretically  predicted  fields  is 
in  Fig.  8. 
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FIG.  12.  Effect  of  reclati- 
gutar  depression  in  surface 
of  water  on  J£,,|.  Size  of 
obstacle  is  60  cmX4cmX 
submerged  depth. 
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fig.  13.  Effect  of  rectan¬ 
gular  depression  in  surface 
of  water  on  phase  of  £v. 
Size  of  obstacle  is  60 
cmx4cmx  submerged 
depth. 


Y.  LATERAL-WAVE  FIELD  IN  THE  PRESENCE  OF 
OBSTACLES 

The  types  of  obstacles  studied  and  the  discontinuities  in 
conductivity  which  they  model  are  shown  in  Fig.  9.  Place¬ 
ment  of  the  obstacles  is  symmetric  about  the  central  axis 
y  -  Coftheiectangular  enclosure  ofFig.3.  The  use  of  styro¬ 
foam  teaxl.05i  is  instrumental  in  the  modeling  of  air-water 
discontinuities,  the  air  square  wells  of  Fig.  9  are  formed  from 
machined  styrofoam  sheets,  while  the  water  wells  are  styro¬ 
foam-enclosed  casings  of  salt  water.  Metal  cylinders,  both 


vertical  and  horizontal,  are  of  brass. 

The  first  set  of  scattering  data  was  obtained  with  only  a 
small  perturbation  in  the  path  of  the  lateral  wave.  The  un¬ 
perturbed  Elp  reference  field  is  given  as  a  function  of  axial 
distance  in  the  solid  curve  m  Fig.  10.  The  corresponding 
phase  curve  is  shown  in  Fig.  1 1.  The  phase  is  nearly  linear, 
indicative  of  an  almost  pure  tra-eling  wave.  A  sheet  of  thick¬ 
ness  2.0  cm,  comprising  a  rectangular  air  well,  was  placed 
with  its  length  transverse  to  the  radial  propagation  vector  k. 
t  he  ability  of  the  lateral  wave  to  propagate  across  the  well  is 
apparent  from  Fig.  10,  where  the  dotted  and  dashed  curves 


- h  =  111.0  cm(  recent ) 

- h  =  1Q.5  cm  (previous) 


FIG.  14.  Measured  |£)p|  reference 
curves  and  obstacle  perturbations. 
Vertical  E,p  scale  of  -  10  dB  per 
unit  length  indicated  applies  to  each 
curve. 
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signify  submerged  depths  of  0.2  ar.i  0.5  cm.  respective!}. 

Measurements  on  deeper,  thicker  rectangular  wells 
were  made,  data  were  developed  from  the  scattering  due  tc 
40  a.  4  a S-cm  and  60  a  4  a  <5 -cm  wells,  w  here  <5,  the  submer¬ 
sion  depth  of  Fig.  9,  ranged  to  10  cm.  The  effects  of  the  larger 
discontinuities  40-  and  60-cm  transverse  widths  tax-,  are 


2CC 


shown  in  Figs.  12  and  13  for  submerged  depths  of  0  unper 
turbed  surface,,  1,  9,  and  10  cm.  Several  qualitative  aspects 
of  the  results  are  to  be  noted.  Significant  reflection  occurs  in 
front  of  the  obstacles,  as  evidenced  bv  the  strong  standing 
wave  apparent  in  the  9-cm  submersion,  E.p  curv  e.  The  fui- 
1}  submerged  well  .6  =  10  cm,  shows  a  dramatic  change  in 


-  r*ie't~ct  cj'«e 

j  - Cy.  nat'  bose  •.  k.- 5  0*ia 

. 10  5  « ’  3  cm  cy-inde',  bos? 

— - 5  5  «  8  9  cm  cyimde'  cose  'k.it  -"m 

— - 5  5  ■  8  t-CT'  -naer.  Sose  «.  no.'  su0~?"jed 

Eip.d3 


FIG.  16  Scattering  from  me¬ 
tallic  cylinders,  (a)  h  =  252.0 
cm.  (b|  h  =  10.5  cm.  Vertical 
Elp  scale  of  —  10  dB  per  unit 
length  indicated  applies  to 
each  curve. 
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field  pattern  from  the  9-cm  depth,  insofar  as  no  standing 
wave  appears  in  front  of  it,  while  the  propagating  amplitude 
is,  if  anything,  increased  above  the  expected  value.  Of  signifi¬ 
cance  to  propagation  in  a  real  iithosphere  is  the  fact  that,  in 
all  cases,  the  qualitative  features  of  the  incident  wave  are 
preserved  downfield  from  the  obstacle.  The  structure  of  the 
wave  is  affected  only  locally,  within  x~  ±_  ?.c/2. 

Scattering  by  water  wells  and  by  obstacles  whose  shape 
is  more  characteristic  of  mountains,  given  respectively  by 
the  geometries  shown  in  Figs.  9fci,  9ld),  and  in  Figs.  9lei.  9lfl, 
has  been  studied.  In  the  discussion  of  these  results  a  com¬ 
parison  is  first  made  of  data  recorded  at  two  plate  separa¬ 
tions,  h  =  10.5  cm  and  h  =  111.0  cm;  although  close  ap¬ 
proximation  of  the  unperturbed  £jp  field  as  defined  by  (2| 
and  i3l  is  strictly  maintained  for  A</-a,  similarly  smooth 
curves  i  h  >  )  suitable  for  scattering  may  be  used.  In  Fig.  14 

the  perturbation  of  £jP  is  illustrated  only  in  the  “near  re¬ 
gion”  of  the  scatterer.  i.e.,  at  distances  x~  ±  /...  An  impor¬ 
tant  question  to  be  addressed  is  whether  or  not  the  lateral 
wave  is  strongly  attenuated  in  intensity  further  from  the 
scatterer.  Figure  15,  in  which  x  is  scaled  to  2.0  m  or  four 
wavelengths,  suggests  that  such  a  reduction  does  not  occur. 
The  earlier  data  with  h  =  10.5  cm  show  that  the  incident 
field  is  not  influenced  strongly  at  distances  to  the  left  of  the 
obstacle,  which  in  this  case  was  a  2  X  5.2  X  30.7-cm  styro¬ 
foam  rectangular  solid.  For  the  recent  measurements  with 
h  =  111.0  cm,  the  obstacle  was  10x2x60  cm,  its  position 
shifted  to  the  left.  Downfield  from  the  obstacle  the  curve 
goes  through  a  minimum  below  —  70  dB  but  returns  at 
1 70  cm  to  a  dB  level  analogous  to  that  predicted  theoreti¬ 
cally  for  an  unbounded,  unperturbed  propagating  lateral 
wave  at  170  cm  from  its  source.  The  minimum  is  due  to 
configurational  aspects  of  the  experiment,  in  particular 
those  of  the  upper  plate,  and  is  inherent  in  the  reference 
curve  for  h  =  1 1 1.0  cm.  The  mapping  of  such  effects,  which 
are  most  pronounced  for  h^Aa ,  is  too  detailed  and  complex 
to  warrant  inclusion  in  this  paper. 

Metallic  cylinders  hung  from  nylon  thread  have  been 
used  as  scattering  objects  when  placed  both  perpendicular 
and  paraiiei  to  the  propagation  vector.  The  overall  dimen¬ 
sions  of  the  objects  ranged  from  less  than  Aw  to  several  multi¬ 
ples  of xu..  The  results  with  h  —  252.0  cm  and  h  =  10.5  cm 
are  compared  in  Fig.  16.  In  every  instance,  the  scattering  by 
completely  submerged  cylinders  was  too  weak  to  provide  an 
observable  scattering  pattern;  partial  submersion  of  the  larg¬ 
est  pieces  resulted  in  a  reflected  and  transmitted  wave  pat¬ 
tern  characteristic  of  the  inverted  shallow  water  well  [water 
“wall”  of  Figs.  9(d)  and  14(f).] 


The  decay  rate  predicted  by  existing  theoretical  expres¬ 
sions  for  the  Elp  lateral-wave  field  due  to  a  horizontal  dipole 
is  given  an  experimental  basis  in  a  model  lithosphere.  The 
measured  field,  under  suitable  configurational  conditions  on 
the  lithosphere’s  bounding  surfaces,  follows  the  calculated 
field  closely.  Even  so,  curves  which  decay  iess  smoothly- 
owing  to  the  effects  of  finiteness  in  the  model  lithosphere 
may  be  used  for  inferences  regarding  the  fields  incident  upon 
and  scattered  from  the  various  obstacles  outlined  in  Sec.  V. 
The  incident  lateral  wave  is  only  locally  altered  m  magnitude 
and  phase  by  even  quite  large  irregularities  at  the  air-water 
boundary.  This  localization  of  effects  to  the  vicinity  of  the 
scatterer  is  of  fundamental  importance  to  propagation  stud¬ 
ies  of  the  wave  in  a  real  lithosphere. 
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Latera!  waves:  Formulas  for  the  magnetic  field 
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New  simple  formulas  are  obtained  as  an  approximation  of  the  exact  general  integrals  for  the 
components  of  the  magnetic  field  generated  by  a  horizontal  electric  dipole  in  a  half-space  of  water 
or  earth  near  its  boundary  with  air.  These  formulas  supplement  the  earlier  derivation  of  the  three 
components  of  the  electric  field  which  arc  repeated  here  for  completeness.  The  formulas  for  the 
transverse  and  vertical  components  are  needed  in  treating  the  reflection  of  lateral  waves  from 
plane  or  cylindrical  boundaries. 

PACS  numbers:  41.  lO.Kv 


I.  INTRODUCTION 


In  two  recent  papers,'  ’  the  following  simple  approximate  formulas  were  derived  from  the  general  integrals  for  the  three 
cylindrical  components  of  the  clectnc  field  generated  at  a  point  p.  6,  z  in  a  half  apace  of  water,  earth,  etc., .  Region  1 .  below  air 
.Region  2,  by  a  horizontal  electric  dipole  at/;  —  0  and  at  a  depth  d.  also  :n  Region  I  .see  Fig.  1 ,  The  wave  numbers  in  the  two 
regions  are  A-,  —  0,-r  ia,  =  to  I  p,e  ,i‘  ’,  where  e,  =  e,  -*-  ia./to  ande,  -=  £«£,,.  A;  =  0Z  —  iaz  =  ui  pzez'J  '  It  is  assumed  that 
u ,  =  /xz  =  pu  and  for  air.  ez  —  e0,  az  —  0. 
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In  these  formulas,  y  involves  the  Fresnel  integrals.  It  is 
defined  explicitly  in  Eq.  (21)  later  in  this  paper.  These  formu¬ 
las  were  compared  [see  Figs.  2(a), 7, and  llofRef.  1, and  Fig. 
1  of  Ref.  2]  with  the  numerically  evaluated  general  integrals 
for  a  wide  range  of  values  of  e,r ,  <7„  and  the  radial  distance  p 
with  very  good  agreement. 

It  is  the  purpose  of  this  paper  to  derive  corresponding 
approximate  formulas  for  the  components  B  ,p,B  M ,  and  B 
of  the  magnetic  field  at  p,  <fi,  z.  The  last  two  are  useful  in 
satisfying  the  boundary  conditions  on  the  tangential  com¬ 
ponents  of  the  electromagnetic  field  that  determine  the  re¬ 
flection  and  transmission  of  cylindrical  waves  at  cylindrical 
boundaries.  Also  useful  for  this  purpose  are  the  correspond¬ 
ing  formulas  for  the  electromagnetic  field  of  a  vertical  elec¬ 
tric  dipole.3 

Consider  first  the  components  B  and  B  lz .  These  are, 
of  course,  directly  related  to  the  known  electric  field  through 
Maxwell’s  equations.  The  general  integrals  for  these  com¬ 
ponents  in  Region  1  when  the  source  is  a  unit  dipole  (Ml  —  1 
Am)  are  [Eqs.  (5.13)  and  (5.14)  on  pg.  618  of  Ref.  4]: 
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FIG.  i.  Radial  component  of  electric  field  at  (/mM  due  to  an  x-directed 
dipole  at  (0,0, d ). 


507 


J  Appl  Phys,  54(2),  February  1083 


0021  -8979/83/020507 -08$02.40 


©  1983  American  Institute  of  Physics 


507 


-60- 


Bu  —  sin 6  Pie"-"*  "]y,-  3dft. 

4—  Jo 

(3) 

where,  with  pt=p2=Po> 
i*=(ft-ft)/(ft+ftk 

2  =  (e  ,ft  -  e2ft)/(ftft  +  e2ft) ;  (4) 

ft  -  (*  ?  -  4  2),/2;  ft  =  (ft  I  - x  V".  (5) 

The  upper  sign  in  (2|  applies  when  z>d,  the  lower  sign  when 
0  <a<d. 

The  derivation  of  simple  approximate  formulas  for  B  x6 
and  B ,.  will  be  carried  out  directly  from  these  genera!  inte¬ 
grals. 


II.  AN  APPROXIMATE  FORMULA  FOR 

As  in  the  derivation  of  simple  formulas  for  the  compon¬ 
ents  of  the  electric  field  from  the  general  integrals,  ,-2  it  is 
convenient  to  rearrange  the  second  integral  in  12)  with  the 
introduction  of 


P~  1  =  2ft/(ft  ~  r,); 

Q  -  1  =  -  2e2y,/l e2y.  ~  i,y2).  (6) 

Specifically,  with  these  expressions,  the  second  integral  in 
Eq.  (2)  is  given  exactly  by: 

Jo  Jo  l  ve2ft-fe,ft/ 

X  (y0(/-pl  -  JJlpW  +  ( — — — ) 
v  ft  +  1 


(7) 


X  I J0[Ap)  +  72(Ap)]Je,y'!I *  d 'k  dA. 

It  is  now  readily  seen  that  when  kx=k2  so  that  the  two 
media  are  the  same,  the  second  integral  in  Eq.  (2)  vanishes. 
This  shows  that  the  first  integral  is  the  direct  field  at  ( p,d>jz) 
due  to  the  dipole  at  the  point  (0,0, d  1.  Since  the  first  integral  in 
(7)  is  like  the  first  integral  in  (2),  except  for  the  exponential 
factor,  it  is  readily  identified  as  the  field  at  \z,ip)  of  an  image 
dipole  at  (0,0,  —  d ).  Note  that  the  fields  of  the  source  and 
image  dipoles  are  in  the  same  direction  when  the  point  of 
observation  satisfies  the  condition  z  >  d.  This  makes  the  cur¬ 
rent  elements  in  the  dipole  and  its  image  in  phase,  so  that 
their  field  components  B6  cancel  along  the  plane  z  —  d  =  0. 
Since  the  magnetic  field  of  an  x-directed  dipole  is  well 
known, s  the  exact  expressions  for  the  two  integrals  can  be 
written  down.  With  the  previously  imposed  condition, 


p2>z  +  d  )2>(z  -df 
so  that 

r,  =  [pJ  +  (z-</fl,/J~p, 

r2  =  [p2  (z  +  d)2]U2~p  in  amplitudes, 


(8) 
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(10) 


where  the  upper  sign  is  for  z  >  d,  the  lower  sign  for  0 <.z<,d. 
Let 

Fl{prZ~d)  =  F2[prz-i-d)~ F^pj  ~d).  (11) 

where 


F1\pp  +  d)  =  -  f 7 - bTl - } 

Jo  \e-r/.~e,yJ 


■r,^-e,y2j 

X  {J<J/~p)  -  J2Up) )d!  •'  *  d  A  dA. 


i12> 


X  [Jj/.p)  -r  J2\A.p))d',z ~  d  A  dA.  (13) 
Then  Eq.  (2)  is  given  by 

BXi  =  -  —  cos  6  [F<Jpp  -  d ) 

4s- 

■vF'^pj  ~d)~  Fx[pjz  +  d)].  (14i 

Since  F0(  p.z  —  d )  and  F'^.pp.  -f  d\  are  known,  it  remains  to 
evaluate  Fj(  pp.  -f  d )  as  the  sum  of  Fa  pjz-r  d\  and 
Fy(pjz  F  d). 

The  evaluation  of  F,(  pjz  +  d )  as  defined  in  Eq.  <  15 1  with 
1 12i  and  il3i,  will  be  carried  out  subject  to  the  restrictions  of 
Eq.  (8),  and 

|A,i2>  U5i 

The  following  approximation  is  made 

Fx(pj  +  d)~Fx[p,0)e'k‘‘~d .  116) 

This  is  discussed  in  Ref.  1 .  Wit  h  ( 1 1 ),  ( 12),  and  ( 1 3),  it  remains 
to  evaluate 


f,{ p,0)  =  -  f7— -^7— )[y0(/p)  -  j2{aP)]a  dA , 

Jo  Ve,/,  +  e,yJ 

(17i 

Fj(  p,  0)  =  -  f  ( — — — 1  [i0|/tpl  -f  J2[Ap\ )A  dA.-.'  8) 
Jo  V  ft  +  r  \* 


III.  EVALUATION  OF  ft>(p,0) 

The  integrand  in  Eq.  (17)  can  be  expanded  as  follows. 

F2{ p,0)  =  -  e-  f”  —  I JoUp)  ~  J&P)U  dA 
e,  Jo  ft 

.  r  f  i  1  l 
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\Wp\-J2(Ap)]A.dA.  (HI 

Here  the  second  integral  is  closely  related  to  the  function 
G  (p)  evaluated  in  Appendix  E  of  Ref.  1.  When  note  is  taken 
of  the  fact  that  the  integrand  becomes  large  onl>  when  A  is 
near  k2,  so  that  k 2  >A 2  in  the  range  of  significance,  the  sec¬ 
ond  integral  in  Eq.  (19)  is  the  same  as  G[p)/kx,  where 

G\p)~  -  2{k  \ /k , )(— ) ' "  ^  .  (20) 

skjpJ 

Here 
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and  C(r)  -4-  tS(r)  =  oS:(2~t )  u2e”dt  is  the  Fresnel  integral  as 
defined  in  Jahnke-Emde,  Tables  of  Functions  (Dover,  New 
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Let  the  following  notation  be  introduced  with  reference  to  a 
function  f{A0,k2): 

/MM  =/{A-~PM. 

/MM)  =ftf.~k2&k2), 

/MM)  =fM~k2&k2) 

With  Eq  (15),  the  following  approximate  relation  holds: 

-5 -/MM)  -/MM-  (23) 

In  Eq.  (22),  let  /(A  A*,)  =  (A2  ~P2)'  '-/{A  2  -  A ; ),/2.  Then 
/MM  =  ti2  +  P  Y2/A;  /MM  =  P  AA 2 -k;)U2; 
fiAJ3.k2\  =  P/A.  With  Eq.  (23). 

|/.:-r£-Y  : 

-  a2~02)1  2/A  ~pAA2- A- 5 11  2 -p/A.  (24) 

With  Eq.  (24)  in  Eq.  (22),  this  becomes 
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It  is  shown  in  Appendix  A  that 
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where  the  approximate  value  on  the  right  is  a  good  approxi¬ 
mation  when  | Pp\>2>. 

(30) 

PIB  =  -2/aW1  +  -ij), 

k-p-  \p  kpl) 


Jr  =  0. 


IV.  THE  EVALUATION  OF  F3(p,0) 

The  integral  in  Eq.  (18)  can  be  rearranged  as  follows 

F,(p,0)  =  _  r  ZMlzIiL  [J0[Ap)  +  J2up)}A  dA. 
Jo  n-r i 
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The  approximation  (23)  is  now 

applied  to 

/( A0,k2 ) 

=  (A2-A2)I/2(A 

2+p2M2  to 

give: 

f(AP,k2) 

=  A(A2+p2)"2- 

fM-M)  =P(A2-k\M2- 

fM-P,k2) 

(27) 

=  pA.  Therefore, 

with  (23), 

YziYz  ~  Yx) 

— ~ — —  U(/l2 

+  P2)'12 

ri-r\ 

k\+P2 

(28) 

+  PiA2-k\)u 

2  —0A  +  k\ 

-A2). 

When  Eq.  (36)  is  substituted  in  Eq.  (33),  this  can  be  expressed 
as  follows 

F3(p,0)=  -  —  I—  [4  +PIE 

k  i  +P 


It  follows  that  with p  =  —  /'A,,  Eq.  (25)  becomes 


-Ph+kUa  -4]>  <37> 

where 

4=  r(A2+y?2),/2(4(^)  +  4(^)U2^.  (38> 

Jo 

4  =  f  (J. 2  -  A 2)'  :[y0(/lp)  +  J2\Ap\)A  dA  ,  (39) 

Jo 

4=  f  [JMp)  +  JMp))A  2  dA  .  (40) 

Jo 

4=  r  [Jo(Ap)  +  J2[Ap)]AdA  ,  (41! 

Jo 

/w=  +  l421 

Jo 

These  integrals  are  evaluated  in  Appendix  A.  Their  values 
are 
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Ie  =  ?¥-IAPpn\Kx[0p/2) 

~7’[1+i,'*(1+ w)]-  1431 

where  the  expression  on  the  right  is  a  good  approximation 
when  \0p\>2. 


£5 

1 

II 

•4? 

k  +  V- 

■P'  P 

> 

(44) 

11 

(45) 

2 

la  — 

P * 

Ih  =  0. 

(46) 

(47) 

It  follows  that  with  0  —  —ikx. 

r  1  „  m  —  _ 1 

[  2  iky 

1  -r /e‘^1 

j.  JL) 

y,(p.ui  —  — 

k ;  - 

1  J  IJ 

'  2 kp) 

-2k, 

k 2  j. 

P2  ’  P3 

.  2ikx  ^ 
P3 

2*n 

p2 1 

(48) 

When  small  terms  of  magnitude  k  :/k  ]  I  compared  to  one 
are  neglected,  this  becomes 

F3(p,0)~-i  W4  +  -px 

/v'l  l  pi  kip 

2k 2  2k-,  2/  ,.n, 


+  -TT  “  ^  ^  •  <49) 

*,p‘  /?-  J 

V.  FORMULA  FOR 

When  Eqs.  (32)  and  (49)  are  combined,  and  terms  of 
order  k\/k]  are  neglected  as  compared  with  1  and  with  k  p, 
the  result  with  Eq.  (16)  is: 

F&pj  +  d)-  1  \lie'kA--  +  ik-l 
k\  P  P  pi 

+  +  Al  +  <?(p)  A  +  <i|-  (50) 

p  kpA\  j 


+  e‘k^p  +  — j  +  G(p)yk'{z  +  d'.  (50) 

When  Eqs.  (50),  (9),  and  (10)  are  substituted  in  Eq.  (14),  the 
expression  for  the  ^-component  of  the  magnetic  field  as¬ 
sumes  the  following  explicit  but  approximate  form: 

BXi - ^cos^'^'V**’ 

2irkx 


-62- 

VI.  FORMULA  FOR  B.z 

The  desired  formula  for  Bu  can  be  obtained  quite  sim¬ 
ply  from  Eq.  (3)  when  rearranged  as  follows: 

Btz  =  ^.sini 
4-  Jo 

~[p~  \yr‘*~d')  rrWpV-di,  (52) 

where  P  -  1  =  (7,  -  7,)/(7->  +  7,)  -  I  =  -  27/(7,  +  7,). 
Let 

B.,  =  ^s\nd>[G0{pj-d) 

4l7 

—  G'0\pp.  +  d )  -r  Gx[pp  +  d )].  (53) 

In  this  expression,  the  first  two  terms  are  the  direct  and  im¬ 
age  fields  which  are  known.  Thus,  with  Eq.  16(b)  on  p.  700  of 
Ref.  5  (with  coordinates  permuted),  the  direct  field  due  to  the 
source  at  (0,0 ,d )  is  given  by 

G<{pj-d)=  f  e1’’’  z~d  YC  lJ Mpfi 2  dX 

JO 

+  JLV  154) 

\p  p-J 

Similarly,  the  field  due  to  a  codirectional  image  at  ;0,0,  -  d ) 
is  given  by 

<?of/V  +  </)«  fV''z~J’7f  'JMpt-dX 
Jo 

=  -  e,k- A  +  A  (55) 

\p  p-J 

In  these  expressions  r,  =  [p1  a-  (z  —  d  l2)1  :, 
r,  =  [p2  +  (2  -f  rf)2]!/2;  the  approximation  rx~p~r2  has 
been  used  in  amplitudes,  since  it  is  assumed  that  p2>r, 
p2>d2. 

The  integral  to  be  evaluated  is 

Gx(Prz  +  d )  =  2  fV'u - d'(yz  +  yxr'Jx[Ap\A  2  dk. 

°  (56) 

As  in  previously  derived  formulas,  this  is  evaluated  with  the 
approximation 

Gx(pj  +  d)~Gi(p,0)e,k'il^d>.  (57) 

The  justification  for  Eq.  (57)  is  given  in  Ref.  1.  Thus,  the 
required  integral  is: 


?,(p,0)  =  2  f  ° 

Jo 


[Y2  +  yl)~,JMp]A2d/. 


ik  \ 

k-,  i 

v _ 

■* 

1 

it 

-  2  f 

P 

P2  P3 

kx  \k 

l  e  s 

pJ 

k  ]  -  k ;  Jo 

_1_  +  d  +p] 

2 


p3  k,pA 


L  f z~d  „.k.r,  ,  j±d 


+  — I- — -  e""r‘  +  — e,k'r'  —  -  ,(51) 

2  [  p  p  Jl  p  p- Ji 

where  J7  is  defined  in  Eq.  (2 1 ).  This  formula  makes  use  of  the 
approximate  values  of  IA  in  Eq.  (29)  and  JD  in  Eq.  (43).  These 
are  valid  when  |A-,pj>3,  For  smaller  values  of  kp,  the  more 
accurate  formulas  for  1A  and  ID  in  Eqs.  (29)  and  (43)  can  be 
used.  However,  the  condition  (8)  must  be  satisfied. 


~(k\  -A2]'n}Jx{Ap\?*2dL  (58) 

In  Eq.  (58),  use  is  made  of  the  relation 
(7,  +  7i)~ 1  =  (7 1  -  7,)/(7)  —  75).  As  shown  in  Appendix 
B, 

Ij  =  {k2- A2)' 2JMp*2dA 

Jo 

=  e'k{K  ~  ~r  —  >  <59» 

\p-  p-  pAJ 
so  that  with  |fc2|>|&2|, 
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r,  2  L jJ*\  _  3.\ 


ri 

3A1 

v3 

'  p3 

~?n 

When  Eq.  (60)  is  substituted  in  Eq.  (57),  and  this  is  used  with 
Eqs.  (54)  and  (55)  in  Eq.  (53),  the  resulting  expression  for  B 
is 


+  ^ . + 

This  is  the  final  formula  for  B . 

VII.  APPROXIMATE  FORMULA  FOR  Blp  design  conve 

The  evaluation  of  the  component  S-p  from  the  general  integrals  whic 
integral  formula  [Eq.  (5. 12)  on  p.  618  of  Ref.  4]:  form.  Its  evah 

^  sin  6  (  ±  f ’joUpie''''  :~d,i  dk  Bip  =  - 

47 r  \  Jo 

r*  _  involves  the  p 

+  Jo  ^ lMAp)  with  respect  tc 

be  determined 

-  [P/2)[J0(kp)  -  J2[kp\)  \e‘r  'd'k  dk  ),  (62)  direc$  compar 

'  From  Eq 

where  P  and  Q  are  defined  in  Eq.  (4),  y,  ana  y2  in  Eq.  (5),  and  follows  directl 


the  sign  convention  is  the  same  as  for  Eq.  (2),  leads  to  certain 
integrals  which  do  not  apper  to  be  expressible  in  simple 
form.  Its  evaluation  from  Maxwell’s  equation 

;  l  BE,.  3EU 

K  = - ~jr  — ~r~  <63> 

co  V  p  dif’  dz 

involves  the  potentially  not  highly  accurate  dilferentiation 
with  respect  toz.  In  the  absence  of  a  better  formula,  Blp  will 
be  determined  from  Eq.  (63).  Its  accuracy  will  be  checked  by 
direct  comparison  with  Eq.  (62). 

From  Eq.  (30)  for  E]A  and  Eq.  (59)  for  E in  Ref.  2,  it 
follows  directly  that: 


_  ^sin  Jil  *-*.<- ^*  A  +  4  +  —  f-rL),/2 

p  36  2-A,  [A;  Lp*  p  kpKk^pJ 

-y  £~  ‘*sPl*  \/lk  l>  ^  2  gtk,lz  *  d  pi  _1_ 

k]  pi 

+  L\lzAe^  ,  +  ii  _  JL]1 

+  2  p  +  p  lip- +  P>  ky\\  ’ 

—1±.=  ia}Po  sin <5 1  c1*"1* * d,c,k'p  +  -  +  !tl(jL)'/2e-,k^ki/ik^ 

dz  Ink,  l  p1  p}  klp\k2pJ 


ik,i:  +  d  +  p\  ‘h.  _  Vil  _  1L 

"  2  3 

p  p  p 


IAlzjL  ■  z  +  d  -*■'  iik  1  hi  ' 

2  p  p  JI  p  P  P 


P  P~  P 


When  these  are  combined  in  Eq.  (63)  and  terms  of  order  A  ;/A  ,  are  neglected,  the  following  formula  is  obtained 


- 


„<k:z  ~  d  -r  p\ 


-sin <4  \e'k''!  +  d)e'k'J’  ^  \  ■+■  — f— V' ‘e  ' 

\  l  P~  P  kpKk.j)) 

2A,  2/1 


P  P2  P' 


_  ±\*Z± <**+  *  +  d  c*.']\ikZ*  _  2A,  _  4/  3  1 

2  P  P  Jl  P  P2  Pl 
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y  is  defined  in  Eq.  (2 1 ).  The  lateral-wave  term  in  this  expres¬ 
sion  is  associated  entirely  with  EXi,  since  the  term  relating  it 
to  E  |.  is  negligible. 

VIII.  COMPARISON  WITH  NUMERICAL  VALUES  AND 
CONCLUSION 

In  order  to  verify  the  accuracy  of  the  three  formulas  for 
the  magnetic  field,  the  general  integrals  (2),  (3),  and  (62)  have 
been  evaluated  numerically  for  a  critical  range  of  the  radial 
distance  p  with  the  depths  d  of  the  dipole  and  z  of  the  point 
where  the  field  is  calculated  chosen  to  be  different.  The 
denser  Region  1  is  characterized  by  elr  =  45,  a,  =  3.5  S/m; 
the  frequency  used  is/=  600  MHz;  the  second  region  is  air. 
Since  the  approximate  formulas  are  quite  accurate  at  large 
distances,  a  much  more  critical  range  within  20  air  wave¬ 
lengths  of  the  dipole  was  examined.  Tnis  is  important  since 
the  new  approximate  formulas  are  assured  to  be  good  ap¬ 
proximations  only  when  p2>d  2,p2>r,  which  may  be  inter¬ 
preted  to  mean p^5d,p>5z. 

Graphs  showing  \Hlft\  =  /z<f  '\B\P\  and 
,.HI:  j  =  po  1 12?, .!  are  shown  in  Fig.  2,  ]Hxt,  \  =Pq'\B16\  in 
Fig.  3  in  the  range  0.001  <p<  10  m.  The  agreement  between 
the  numerical  computations  from  the  exact  integrals  and  the 
approximate  formulas  is  seen  to  be  excellent  in  the  specified 
range  ps5d  —  0.035  m,  except  in  a  very  narrow  range 
between  p  =  0.07  and  p  =  0.09  m  for  Hlz,  where  the  direct 


FIG.  2.  The  components  H  lp  and  Hu  ofthc  magnetic  field  at  depth  z  due  to 
a  horizontal  electric  dipole  with  unit  moment  t lAi  -  1  A  mi  at  depth  d  in 
sal!  water.  Restriction  on  Wu's  formulas,  p,  id  —  0.035  m. 
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FIG  3  The  component  H  ti  of  the  magne'1.  field  at  depth  rdue  tua  hori¬ 
zontal  electn*.  dipole  with  unit  mument  i/J,  -  1  m  at  depth  d  m  salt 
water  Restriction  on  Wu’s  formula. ppSd  =  0035  m 


and  lateral  waves  interfere.1  Very  small  changes  .n  frequency 
significantly  alter  the  interference  pattern  so  that  close 
agreement  in  such  a  region  cannot  be  expected  At  lower 
frequencies,  the  direct  wave  is  attempted  more  1  apidlv.  and 
the  interference  phenomena  are  restricted  to  even  shorter 
distances  from  the  source.  As  in  die  case  of  the  electric  field,2 
the  range  of  significant  interference  with  the  parameters 
used  is  only  8  or  9  cm  from  me  source.  At  all  greater  dis¬ 
tances,  the  three  approximate  formulas  are  highly  accurate 
and  are  sufficiently  simple  to  permit  very  rapid  calculation. 
Note  that  despite  its  possibly  less  accurate  derivation,  H lp  is 
also  in  excellent  agreement  with  the  numerical  evaluation  of 
the  exact  integrals. 

With  the  new  approximate  formulas  for  the  three  com¬ 
ponents  of  the  magnetic  field  now  added  to  those  of  the  elec¬ 
tric  field  already  available,  the  complete  electromagnetic 
field  of  the  horizontal  electric  dipole  in  the  earth  or  water 
near  its  interface  with  air  has  been  provided  m  simple,  con¬ 
tinuous,  and  accurate  form. 
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APPENDIX  A:  EVALUATION  OF  INTEGRALS  FOR  B. 


In  the  evaluation  of  the  several  integrals,  the  following 
relations  are  useful: 

70{z)+y2(2)=  -y,(z)  (ad 

z 

J0(z)-J1[z)  =  2J\{z\.  (A2) 

When  Eq.  (A2)  is  used  in  IA  as  defined  in  Eq.  (26),  this  be- 


fV -k\)-'nUXp]X  dX  =  e'k*/p. 
Jo 


The  second  integral  in  Eq.  (A9)  can  be  evaluated  with  the  use 
of  Eq.  (Al)  and  formula  (3)  on  p.  435  of  Watson’s  Bessel 
Functions.  With  them  it  becomes 


—  r  {x2  -k\rinj,(xp)dx 

p  Jo 


l,  =  ~r^2  +  F2),,24rJMp)dX. 

p  Jo  dX 

Integration  by  parts  gives: 

I  a  =  ~[(Xi  +  py2Jx(Xp))\X 
P  lo 


=  —  lxn{  -  :ktf/l)KV2[  -  iktf/l) 
P 

=  ~~r  ( 1  —  e‘klp)  . 


The  final  step  in  (All)  makes  use  of  the  formulas 
/,/2(z)  =  (2/m)'n  sinh  z,  Kin[z)  =  (7r/2z)1/2e-r.  With  (A10) 
and  (All),  it  follows  that: 


f  ti2+P2rU2JMp)tdA. 

(A4) 

4  =  2[—  -  -^(1  -e'k*) 

Jo 

■  [  p  k^p- 

Here  the  integrated  term  vanishes  at  both  limits  and  the  re¬ 
maining  integral  can  be  evaluated  with  Eq.  (38)  on  p.  26  of 
Bateman’s  Table  of  Integral  Transforms,  Vol.  II.  With/i  =  1 
in  this  formula,  it  reduces  to 

II 

=  04  =  i ,/2 ( #>/2)A:,v  ±  ,y2 ( Pp/2).  (A5) 

The  addition  and  subtraction  of  the  two  formulas  obtained 
with  upper  and  lower  signs  gives: 

f  J .  tfp)  dX  =  -  H  [X 2  f  p  Y  ttpu  dX  (A6) 

Jo  p  Jo 

=  pllt  _  w[Pp/2)Ku  ,  un\(3p/2)  -  -  .  (A7) 

P 

With  v  =  1,  (A7)  is  the  same  as  the  integral  in  Eq.  (A4).  Thus, 

4  =  -  -  (  mPp/2\KJPp/2)  -  Up) 

P 

~  -  4[“  +  — )]  .  (A8) 

p2lPp  \  2Pp)\ 

The  approximate  formuia  on  the  right  makes  use  of  the  large 
argument  approximations  /0(z)~  [eV(277z)l/2][l  +  l/8z 
+  9/128 z2)  -  [te- V(2i7z),,2)(l  -  l/8z  +  9/I28z2]; 
Kl{z)~{ir/iz)U7e  *[1  +3/8z—  15/128z2].  It  is  a  good  ap¬ 
proximation  when  z>2.5. 

The  integral  Ifi  as  defined  in  Eq.  (27)  can  be  expanded  as 
follows: 


The  integral  Ic  defined  in  Eq.  (28)  can  be  transformed 
with  Eq.  (A2)  to  give: 


7C  =  2  f  J\(Xp)dX=  —  f  J  |  (z)  dz 
Jo  p  Jo 


=  — 7,(z)“  =  0.  (A13) 

p  o 

The  integral  1D  defined  by  Eq.  (38)  can  be  transformed 
with  Eq.  (Al)  to  give: 

7 d  =  -  f( X2+p2)'’2Jx{XP\XdX 

p  Jo 

=  -  —  r,A2  +  p2),,2J_,)XpHdX.  (A14) 

p  Jo 

The  application  of  formula  (4)  on  p.  435  of  Watson’s  Bessel 
Functions  gives: 

4  =  7 ,( Pp/2)K ,( Pp/2) 

P * 


<■+£)]• 


IB  =  2^[X--k\)-'l2JMP\XdX 

JO 

-  f  *(A "  —  A  I)"  ,/2(  Jn\Xp )  +  ^ :(/!/>) ]/l  dX.  (A9) 
Jo 

The  use  of  Eq.  (52)  on  p.  95  of  Bateman’s  Higher  Transcen¬ 
dental  Functions,  Vol.  II,  for  the  evaluation  of  the  first  inte¬ 
gral  gives: 


*2)-''2J 


where  the  approximate  formula  on  the  right  is  obtained  with 
the  iarge  argument  approximations  7,(z)  —  (e^/(27rz)1  '][  1 
-  3/8z  -  I5/!28z:)  +  [ie  ~ z /(2jrz),,2][l  +  3/8z  -  15/ 
128z2],/s:i(z)~(n-/2z),'2e-i[l  +  3/8z  -  15/128Z2). 

The  integral  IE  defined  in  Eq.  (39)  can  be  transformed 
with  Eq.  (Al)  as  follows: 


4  =  —  f  (X2  -k\)'2Jx(Xp)dX 
p  Jo 

=  -  4 

p  Jo  dX 

This  can  be  integrated  by  parts  to  give: 
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Ir  = 


-jJf2-k\)mJ y^)|o 


-  f  [X2  -  k\)~U2J0{Xp\X  dX 
Jo 

_  _  J=l)_  -a# 

P~  \  P  J 


k-, 

'  + 

P‘  P 


f  +  4^ 


•  (A17) 


The  value  Eq.  (45)  of  the  integral  7f  as  defined  in  Eq.  (40)  is 
obtained  from  7f  with  =  0.  Ic  in  Eq.  (41)  is  integrated 
directly  in  the  form: 


Ic  =  ~  =  4  r^,(*)rfx  =  A  ■  (A18) 

p  Jo  p~  Jo  p~ 

Similarly,  IH  in  Eq.  (42)  can  be  expressed  as  follows: 

iH = -  r  jmp*  1  dx = 4  r  JM.\x2dx 

p  Jo  /?  Jo 

= »ai9* 
p  10 

The  integral  is  evaluated  with  formula  ( 1)  on  p.  132  of 
Watson’s  Bessel  Functions. 


APPENDIX  B:  THE  INTEGRAL  FOR  Bu 

The  integral  7,  defined  in  Eq.  (59)  can  be  evaluated  with 
formula  (2)  in  Watson’s  Bessel  Functions,  p.  434.  The  substi¬ 
tutions  v  =  )  and  p  =  —  3/2  in  that  formula  give: 


f 


(x2  +  k  2)1/V,(xa)x  2dx 
a~3nk5'2 


2 "3/27'(  -  1/2) 


K-s n(ak ). 


(Bl) 


Since  K  _v(z)  =  Kv(z),  and  r{  -  1/2)  =  -  2T(l/2) 
=  —  27ti/2,  it  follows  that  with  —  if: 


—  X2)'nJ^Xp\X  2 dX 


—  ij  (X 2  +  fJ2)'l2Jx(Ap\k  2  dX 

-  -  m 

p  \irp/ 

With  formula  ( 10.2. 17)  on  p.  444  of  Abramowitz  and  Stegun, 
Handbook  of  Mathematical  Functions,  viz., 

and  the  substitution/?  —  —  ik,  the  expression  on  the  right  in 
Eq.  (60)  is  obtained. 


'T  T  Wu  and  R  W.  P.  King,  Radio  Sci  17.  521  1 19821 
:T  T  Wu  and  R  W  P  King,  Radio  Sci  17,  532 1 19821 
3R  W  P  King,  J  Appl.  Pt.ys  53.  8476 1 1982) 

4R  W  P  King  and  G  S.  Smith,  Antennas  in  Matter  IMIT,  Cambridge. 
Massachusetts.  1981),  p  618 

"R  W  P  King,  Theory  of  Linear  Antennas  iHarvard  Umv  ,  Cambridge, 
Massachusetts,  19561,  Ch  VII 


514 


J.  Appl.  Phys„  Vol.  54,  No.  2,  February  1883 


R.  W.  P.  King  and  T.  T.  Wu 


514 


-67- 


Erratum:  Lateral  waves:  Formulas  for  the  magnetic  field  [J.  AppS.  Phys.  54s  507 
(1983)] 

R.W.P.  King  and  T.T.  Wu 

Gordon  McKay  Laboratory,  Harvard  University,  Cambridge,  Massachusetts  02138 


In  Eq.  (lc)  the  +  sign  at  the  beginning  of  the  second 
line  should  be  —.Asa  consequence,  in  Eq.  \64),  the  +  sign 
at  the  beginning  of  the  third  line  should  be  -  ,  and  in  Eq.  (66) 
the  last  square  bracket  should  be 

'*?  2/ _ 3 _ 1 

P  T  P*  p*\ 

The  authors  thank  Dr.  P.  Bannister  for  discovering  this  er¬ 
ror. 

In  Eq.  (5 1 ),  a  large  left  brace  should  be  inserted  after 
cos  <t>.  Equations  (A6)  and  (A7  j  have  been  run  together.  They 
should  read 

r  go 

!  JMp)dA  =  1  /p,  (A6) 

Jo 

f  \A2+02ruiJy&p)tdA 

Jo 


-  IV2  ( Pp/2]K{V 

+  IV2  (Pp/2)-\/p.  (A7) 


If  approximations  of  the  type  (16)  and  (57)  viz., 
F(p,z  +  af)~/r(p,0)exp[/^,(2  +  if )],  which  underlie  the 
evaluation  of  the  integrals  for  all  components  of  the  fieia,  are 
used  oniy  in  those  integrals  that  involve  exp (ik2  p)  and  not  in 
those  that  involve  exp( ikt  p),  the  latter  can  be  evaluated  ex¬ 
actly  with  the  help  of  Bateman’s'  formula  (52)  or  formula 
6.637(1)  of  Gradshteyn  and  Ryshik.2  The  only  resulting 
change  in  the  formulas  for  Eu ,  Eu ,  B]p ,  Bu ,  and  B  ,2  is  the 
replacement  of  exp[/^,(z  +  d  -;-/>)]  wherever  it  occurs  by 
expf/A:,^)  with  r2  =  [  p1  -f  (z  +  d  )2  j l/2.  Tliis  change  leads  to 
slightly  better  agreement  with  the  numerically  evaluated 
components  in  a  narrow  range  near  the  lower  limit  o ip  in  the 
conditions  p>5d,  p>5z.  It  becomes  significant  only  when 
interference  minima  occur  in  this  range.  These  are  very  sen¬ 
sitive  to  small  changes.  The  complete  corrected  formulas  are 
as  follows: 
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*H.  Bateman,  Higher  Transcendental  Functions,  Vol  II  (McGraw-Hill, 
New  York,  1953),  p.  95. 

2I.S  Gradstueyn  and  I.  M.  Ryshik,  Tablesof Integrals,  Senes  and  Products 
(Academic,  New  York,  1980),  p.  719. 
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On  the  reflection  of  lateral  electromagnetic  waves 
from  perpendicular  boundaries 

Ronold  W.  P.  King 

Gordon  McKay  Laboratory,  Harvard  University.  Cambridge,  Massachusetts  02138 
(Received  31  October  1983;  accepted  for  publication  3  January  1984) 

Lateral  electromagnetic  waves  propagate  along  the  boundary  between  an  electrically  dense  half 
space  (z>0)  with  the  wave  number  A,  (earth,  water)  and  a  less  dense  half  space  (z<0)  with  the  wave 
number  A,  (|A'2j2<  |A,  |2).  The  scattering  of  such  waves  by  vertical  discontinuities  in  the  denser  half 
space  (A,  changes  to  A3)  is  analyzed.  It  is  shown  that  the  reflected  field  is  very  small  even  when 
ky-+  oo.  Also  analyzed  are  the  reflections  from  thin  vertical  walls  of  height  L  of  the  denser 
medium  projecting  vertically  into  the  less  dense  medium.  These  are  studied  specifically  when  the 
walls  are  made  of  metal.  It  is  shown  that  reflections  are  small  when  k2L<  1,  but  very  significant 
when  kd  >  1.  The  standing-wave  patterns  due  to  incident  and  reflected  lateral  waves  are 
determined  and  shown  graphically. 

PACS  numbers:  41.10.Hv 


I.  INTRODUCTION 

The  propagation  of  electromagnetic  waves  along  boun¬ 
daries  has  been  of  interest  to  physicists  since  the  early  work 
of  Sommerfeld.  It  is  involved  in  geophysical  exploration, 
over-the-horizon  radar  and  remote  sensing.  Some  of  the 
most  interesting  applications  are  related  to  regions  of  the 
earth  that  are  near  the  boundaries  between  quite  different 
materials.  Examples  include  the  surface  of  the  earth  (soil,  ice, 
salt,  and  fresh  water)  adjacent  to  air;  the  sea  bottom  (rock, 
sediment)  next  to  salt  water.  In  some  instances  the  regions 
along  the  bounding  surfaces  are  relatively  smooth,  in  others 
they  are  interrupted  by  discontinuities,  projections,  and  de¬ 
pressions.  The  propagation  of  electromagnetic  waves  along 
boundaries  between  quite  different  media  is  predominantly 
by  lateral  waves.  This  is  well  understood  along  smooth  boun¬ 
daries,1-2  but  the  scattering  of  lateral  waves  at  boundaries 
and  discontinuities  is  not  well  understood.  It  is  the  purpose 
of  this  paper  to  analyze  the  reflection  and  scattering  of  la¬ 
teral  waves  at  vertical  discontinuities  on  both  sides  of  the 
boundary  between  air  and  earth  (water). 

When  a  horizontal  dipole  antenna  is  located  in  the  earth 
or  water  (Region  1)  parallel  to  its  plane  boundary  with  air 
(Region  2),  a  complicated  electromagnetic  field  is  generated 
in  both  regions.  This  is  described  accurately  and  in  general 
by  complex  integrals  for  each  of  the  six  components  of  the 
electromagnetic  field.3,4  It  has  been  interpreted  in  terms  of 
simple  approximate  formulas  due  to  Banos5  that  are  valid  in 
limited  ranges  of  the  parameters  and  variables  and,  more 
recently,  in  terms  of  quite  accurate  general  formulas.5-8 
These  last  are  restricted  only  by  the  conditions 

l*il2>l*2p;  pi>z*,p2>d2;  |A,/>|>3,  (1) 

where  A,  =/?,  +  ia,  is  the  wave  number  of  the  earth  or  wa¬ 
ter,  k2  =  k0  is  the  real  wave  number  of  air,  d  is  the  depth 
below  the  surface  of  the  source  dipole,  and  the  point  of  obser¬ 
vation  is  specified  by  the  cylindrical  coordinates p,<f>j,  with 
Region  1  defined  by  z^O,  Region  2  by  zsO.  The  positive  x 
axis  lies  along  the  axis  of  the  dipole  and  is  the  origin  for  the 
cylindrical  coordinate  <j>.  This  is  shown  in  Fig.  1. 


The  first  part  of  this  investigation  is  concerned  with  the 
behavior  of  the  field  generated  by  the  dipole  when  the  prop¬ 
erties  of  the  denser  Region  1  change  discontinuously  as  at 
the  edge  of  a  lake  or  ocean.  Specifically,  for  convenient  mea¬ 
surements  in  the  laboratory,  attention  is  directed  to  the  na¬ 
ture  of  the  electromagnetic  field  when  the  denser  region  con¬ 
sists  of  a  semi-infinite  cylinder,  Region  1,  defined  by  0  <-/>< 
pb,0<z  <  oo ,  and  the  rest  of  the  half  space,  Region  3,  defined 
by  Pb<P<  oo ,0 <z<  oo.  The  half  space  —  oo  <z< 0  is  Re¬ 
gion  2,  air;  it  extends  over  both  Regions  1  and  3.  The  hori¬ 
zontal  dipole  with  unit  moment  px  —  IxAl  =  i  A  m  is  locat¬ 
ed  on  the  z  axis  in  Region  1  at  z  =  d.  The  arrangement  is 
shown  in  Fig.  2(a). 

The  second  part  of  the  investigation  deals  with  the  ef¬ 
fect  on  the  field  generated  by  the  horizontal  dipole  in  Region 

1  due  to  a  projection  of  Region  3  into  Region  2  (air)  as  when 
an  island  rises  out  of  the  sea  or  a  mountain  projects  up  from  a 
plain.  Again  for  convenience  in  the  laboratory,  only  the  ex¬ 
treme  case  is  considered  when  Regio’  3  at  pb<p<  oo , 
0<z  <  oo  consists  of  aluminum  and  the  projection  into  Re- 
gion2(  -  oo  <z<0)  is  an  aluminum  cylinder  ofheightl  and 
radius pb.  Region  1  at  0 <p<pb,  0<z<  «  continues  as  salt 
water.  This  choice  of  Region  3  and  its  extension  into  Region 

2  provides  a  measure  of  the  maximum  possible  effect  due  to  a 
vertical  projection.  The  arrangeme-.t  is  shown  schematically 
in  Fig.  2(b) 

11.  THE  LATERAL-WAVE  FIELD 

Before  considering  the  field  in  the  three  regions  of  Fig. 
2(a),  it  is  expedient  to  review  the  field  for  the  simpler  configu¬ 
ration  of  Fig.  1,  where  the  entire  lower  half  space  is  the  ho¬ 
mogeneous  Region  1.  The  cylindrical  components  of  the 
field  in  Region  1  are  given  by  E,  =  Et  +  Ep,B,  =  Bt 
+  B0,  where  the  subscript  L  refers  to  the  lateral-wave  part 
of  the  field  and  the  subscript  D  to  the  direct  field.^"8  The 
nature  of  the  two  pans  is  illustrated  for  the  radial  component 
of  the  electnc  field  for  which  the  lateral-wave  part  is  [see  Eq. 
(35)  of  Ref.  6] 


3916 


J.  Appl.  Phys.  55  (1 1 ),  1  June  1 984 


0021  -8979/84/ 1 1 39 1 6- 1 1  $02.40 


©  1984  American  Institute  of  Physics 


3916 


-70- 


Region  2  {air):k2=“>{^0€2) 


>/2 


=  £t>(/i0eo)1/2 


FIG.  1  Field  of  horizontal  electric 
dipole  at  depth  d  in  water  or  earth. 


F-\  pl  ( Pd*)  =  E\  pJ  P,  O.OJcos  i  e' 


ikyZ 


EXpL\Pm 

—  _  g‘k,de>kj> 

2nk\ 


ik\  k2  i  k\  /  v  V/; 

p  p 2  p'  kx  \k2p) 


(2) 


Xe 


—  tk%pikl/2K  J) 


'y(k2p,kx) 


(31 


where 

=  y  —  C-2[A'2/7(A'i/2*f )] 

+  /jl_52[^^;/2A])]j,  14) 

and  C2  and  S2  are  the  Fresnel  integrals  as  defined  in  the 
Jahnke-Emde  Tables  of  Functions.  The  first  three  terms  m 
the  square  bracket  in  Eq.  (3)  are  simple  powers  of  the  inverse 


Region  2 (air)  k2^ui(/i0«,)l,J«u'hi<)»0)'/2  Reg.on  2  (air) 


ttirri 


Region  3  J  Region  1 
u/£Ti 


dq5— 

r . p<> . •’£ 


<“7/‘c<i 


Kz(PB.#ri 


(o) 


7  TTTrmrmm 


t  Region  3 

■<Tj  k  '“4*7*5 


Region  2 


Region  2  (oir. 


777777777777)frvrrrrTrrrrnTrrrrjrrcnTnTTrTT— rni  rnrrrmm^ 
Region  3  J  Region  1  |*  p*>  Region  3 


1 

Region  2  L 


<b> 


FIG.  2.  (a)  Honzontal  electric  dipole  in  cylindrical  Region  1  surrounded  by 
Region  3,  all  below  Region  2  (air),  (b)  The  same  with  cylindrical  projection 
of  Region  3  into  Region  2  to  height  L  at  p  -  pb. 


radial  distance;  taken  together  they  will  be  called  the  radial 
or  p  term.  The  remaining  fourth  term  involves  the  Fresnel 
integrals;  it  is  called  the  Fresnel  term.  The  direct  term  is 


£ipd(p.<M 


W!Lcosd>e^\k 

2rrk]  [pr 


(5) 


where  r  =  [p1  +  (z  —  d  ):],'2andp2>z:.  In  Fig.  3  are  shown 
the  magnitudes  of  the  radial  and  Fresnel  terms  of  £,  pL 
[p,  Op)  together  with  |£,  pDf  p,0p)l  as  functions  of  the  radial 
distance p  from  the  source  when  Region  1  is  salt  water.  It  is 
seen  that  the  direct  wave  decays  very  rapidly  and  is  negligi¬ 
ble  only  a  small  fraction  of  the  wavelength  in  air  from  the 
source.  Beyond  this  short  distance,  the  radial  term  of  the 
lateral  wave  is  greatest  for  a  little  more  than  two  air  wave¬ 
lengths  when  the  Fresnel  term  becomes  comparable  and 
even  slightly  larger. 


p  in  meters 


FIG.  3.  Magnitudes  of  direct  and  lateral-wavt  terms  of  Elp[p,0j)  in  dB 
referred  to  1  V/m.  [See  Eqs.  (2>— (5).) 


3917 


J.  Appl.  Phys..  Vol.  55,  No.  1 1 , 1  June  1 984 


Ronold  W  P.  King  3917 


-71- 


In  this  paper  attention  is  directed  to  the  reflection  and 
transmission  of  the  field  generated  by  a  horizontal  electric 
dipole  at  boundaries  that  are  sufficiently  far  from  the  source 
to  make  the  direct  wave  negligible.  Accordingly,  only  the 
lateral-wave  parts  of  the  other  components  of  the  field  in 
Region  1  need  be  listed.  They  are  [see  Eqs.  (30)  and  (59)  of 
Ref.  7] 

=  £|«.(A0>0)sin  d>  e,k,z,  (6) 


VPo  ,k,d 

bi+L. 

vik\ 

■  t  C 

vk\ 

2  ‘  3 

p  p 

2k  jp 

Xe 


,k^kl/2k')Sr(k^p,kl)  , 


=  E\A  p, O.OJcos  <f>  e,k':, 


(7) 

(8) 


EUL(pm  =  ~^e,k'd^p 

2irk\ 


Xe 


ik:p{k  |/2Ac  fi 


(9) 


The  associated  components  of  the  magnetic  field  are8 


B,pL(p,M  =  (10) 

Bul(  p,M  =  (k  ,/<»)£,  pL  ( p,<f>f),  (11) 

3UL(p,M  =  3lzL{Pm™  4>  e,k'z,  (12) 


B\iAp>  0,0)  — 


‘Po  f ‘t_±  _  2k, 

2  irk]  \p2  p 3 


(13) 

These  six  components  are  associated  in  two  groups  of 
three,  viz.,  an  electric-type  field  consisting  of  the  transverse 
component  BliL[p,<f/p:)  and  the  two  components 
£,  pL(  p,<f>rZ)  and  EUL  ( p,<j>^\,  respectively ,  longitudinal  in  the 
two  directions  of  propagation,  and  a  magnetic-type  field 
consisting  of  the  transverse  component  EUh[p,<j>j)  and  the 
two  components  Bt pL{p,<f>p)  and  Bl:L{p,<f>p),  respectively, 
in  the  two  directions  of  propagation.  Of  these  two  groups, 
the  first  dominates  at  all  but  very  short  distances  since  it 
contains  terms  of  the  order  1  /p,  whereas  the  leading  term  in 


J 


P  in  meters 


FIG  4.  Magnitudes  of  direct  and  lateral-wave  terms  of  Eu{p,0pi\  and 
Btpp,0j)  in  dB  referred  to  1  V/m  [See  Eqs.  (2>— (5)  ] 


the  second  group  is  of  order  l/p7.  In  the  following  analysis, 
attention  is  directed  primarily  to  the  properties  of  the  field  as 
governed  by  the  leading  components  E]pL[p,<frj), 
and  B^L[p,i>^\.  Figure  4  shows  the  relative 
magnitudes  of  the  lateral-wave  terms  and  the  direct  wave  for 
EiApfip)  and  Bu(pfip)- 

The  associated  field  in  the  air  is  given  by 


Ez pL ( P>$p)  =  -^2-cos^e'*'V*"'»  (th.  -  -j  -  — (— )  j—  +  1  +  G(k,p,kx)\ 

2 irk,  \rQ  P0  k,P0)  \r0  kt 


Eudp,fc)  =  ^cos  d>  1]  f^lll  +  C^M,,], 

2vr/c,  r0  Lr0J 

(1  +  G{k2p,k,)  j, 


B2*l(P^p)  =  -  -—-cos  d> 
2rrk  j 


>o  'oJ 


where 


G(kiP,kt)  =  i(2irR  ±_C] 


f±_c. 

r(R-i-z)2] 

l  2  2 

R 

l  R 


))• 


and 

R=klP{k\/2k\),  Z  =  k1z(k1/2kx),  r0  =  (p2+z2)l/2. 
The  field  in  Region  2  at  the  surface  z  =  0  is 

^2Pt(p.^.0)=  ~  cos  <f>  e,k'de‘k'p 
2irk  f 


[*i 

1 

1 

4*1 

1 

.til 

f  1 T 

^1 

[ 

kt  ' 

K'k2p- 

y'e-,k'*k'nk')?(k2p,ki) 


(14) 

(15) 

(16) 


(17) 

(18) 

(19) 
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(20) 

(21) 


wmh = -£s^oS  #  -  i  -  1L( , 

27rA,  Lp  p  ki\k2pj 

B1AL{p,<Pfi)  =  (Ar,/6))£'2^(p,^0). 


In  Eqs.  (19)— {21)  only  the  leading  term  in  G(k2p,k ,)  is  re¬ 
tained  when  2  is  set  equal  to  zero.  P?{k2p,kx)  is  given  in  Eq. 
(4).  The  formulas  (3),  (9),  and  (11)  with  Eqs.  (19)— {21)  satisfy 
the  correct  boundary  conditions  at  z  =  0,  viz., 

E\  pL  ( Ptfifi) =  E2  pL  ( P><^>0),  (22a) 

EuApJi 0)  =  (kl/kDE^ipAO),  (22b) 

B^l( P>^>0)  —  i  ( p,<f>,  0).  (22c) 

The  electric  field  in  the  two  regions  is  composed  of  the 
two  components  E,L{p,<f>p)  and  EpL(p,ij).  They  have  the 
approximate  forms  shown  below  when  (£2p)2>  1  so  that  the 
1  /p3  term  is  negligible: 

Elt(  p,<M  =  £|  pL  ( P-(M  [p-zk,/k,),  (23) 

E2i  ( p4p)  =  E2pL{  p,M  ( p  —  zkx/k2],  (24) 

Since  |  A',  |2>A 2 ,  it  is  clear  that  Ep  dominates  in  Region  1  and 
E.  in  Region  2.  Note  that  EipL(p,<p,0)  =  E2pL{p,i, 0).  The 
electric  field  in  both  regions  is  ellipticaliy  polarized  with  the 
major  axis  of  the  ellipse  tilted  from  the  vertical  z  axis  by  the 
angles 


02.  =  —  tan ' 
**  2 


0,.  =  —  -  —  tan' 
’  2  2 


■  [  WMkA1  j  kR 

.  i-|A2/*t|2J  k*- 

Mn-,f  %Mi4| 

l  -  |A:/*,| J 


- "  ^2^|/i/t||2. 


111.  CONDITIONS  AT  A  DISCONTINUITY  IN  THE  LOWER 
HALF  SPACE:  THE  FIELD  BEYOND  THE  BOUNDARY 

When  the  lower  half  space  (z>0)  consists  of  a  cylindrical 
Region  1  (0<p<pi),  z>0)  characterized  by  the  wave  number 
A,  =  +  /ear,  =  <y(p0e,)1/2  and  of  the  rest  of  the  half  space, 

Region  3  (pb  <p  <  co,z>0),  characterized  by  the  wave  num¬ 
ber  =  /93  -f  ia3  =  (y(p0e,)'/:.  as  shown  in  Fig.  2,  a  lateral 
electromagnetic  wave  is  incident  on  the  boundary  p=pb, 
z> 0.  Here  the  wave  is  partly  reflected,  partly  transmitted. 
Let  the  three  components  of  the  lateral-wave  field  be  consid¬ 
ered  in  turn.  In  writing  the  several  components,  let  the  fol¬ 
lowing  notation  be  used  for  the  amplitude  function: 

k2  i  k\(  tt  \l/2 

/(A2p,A„)  —  j  ,  I  ,  I 

[  p  p  p  kn  \k2p) 

Xe-^\'^S-(k2p,kn)  ];  n  =  1,3, 


i^2M,)==y-C:[A2p(A2/2A2)] 

+  /jy-S2[A2p(A2/2A2)]  ;  n  =  1,3. 


A.  Magnetic  field 

The  lateral-wave  part  of  the  incident  magnetic  field  in 
Region  2  (z<0,air)  along  its  boundary  with  Region  i  (0<p 
<p6^> 0)  is  given  by  Eq.  (21),  viz., 

[^tlpAOIjm  ~  -~-cos  4>  e'k'de^pf(k2p,kx)\  pcpb. 

27 7/C  j 

(29a) 

The  corresponding  formula  for  the  field  along  the  boundary 
with  Region  3  ( pb  <p  <  oo  ,z>0)  is  gi ven  by  Eq.  (29a)  with  k , 
replaced  by  A3  [except  in  exp(/A  xd )]  and  the  amplitude  adjust¬ 
ed  to  be  continuous  with  [B2iL(p,<p, 0)  j ,  at  p  =pb.  Specifi¬ 
cally, 

[B2pL[PA0)} 3=  —  ^p—cos  <b  e'k'd 
lirkx, 

Xe'hpf(k2 p,A3);  p>pb,  (29b| 

where 

__  k3f(k2 pb,kx) 

P\i — :  7— •  W 

A|/(A2p6,A3) 

It  follows  that  in  general: 


BXiL(p,0yz)  = 


■  cos  <p  e‘k,ld  ~  :,2‘k  p 


X,/"(A2  p,  A  ( );  p<pj,,  (31a) 

5w(p,W=  p 

lirky 

X/(A2p,A3);  p>pb.  (31b) 

The  general  boundary  condition  for  the  magnetic  field  is 
B\a.[  Pb’d’p}  BypL  (  Pb  y&'Z)  —  Po^s  (  Pb  (22) 
where  K.{pb,<pp)  is  the  surface  density  of  current  along  the 
boundary  surface.  With  Eqs.  (31a)  and  (31b)  it  is 

p0K.(pb,<Pj)=  -  [B2iL(pb,<p, 0)] 

4”  [  B2pl  ( pb  ,<P,0)  j  3c 

=  -  [B24l( pb,<P,0)\y(e,k':  —  (33) 

The  second  equation  follows  since,  with  Eqs.  (29a)  and  |29bi 
and  (30),  [B2iL(pb,4>,0)]3  =  [B2<>L(pb ,<£,0|] Note  that  at 
z  =  0,  K^Phrf^)  =  0. 

B.  Component  of  the  electric  field  normal  to  the 
boundary 

The  equation  of  continuity  provides  the  surface  density 
of  charge  on  the  boundary.  It  is 

!  X  \  *  dK ,  (  pb  yPyZ)  \B2il_[  PbtPfi)}  I 

t)(pb,<pj}= - - - - - 

CO  oz  cop0 

X  (*,«*■* -Ike**1).  (24) 
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This  charge  is  related  to  the  normal  component  of  the  elec¬ 
tric  field  at  the  boundary  by  the  condition: 

exE^ pL{pb,fa)  -e2ElpL{pb,<f>j:)  =  (35) 

Since  e  =  k  2/t>2fi0  and 

ElpL{p,fe)  =  {(o/k^^ip,^) 

=  !<■'*/*!  j  [  Rul  ( pd>  0)  ]  xe‘k,!,  (36a) 

EipL[p,&d  =  (a>/*,153<w.(p,<M 

=  (co/k3)  [B2iL  ( p,6.0)  ]  3e‘k~,  (36b) 

it  follows  that  at  the  boundary  p—pb,Eq.  (35)  gives 

{o)'ex/kx)[BliL{pb,<t>fi)}  ye,k'z 

—  (ae3/k3)  [BUL(  pb  ]  3e‘kyZ  =  -  y[pb,<f>yZ),  (37) 

or 


7](pb,<i>yz)=  - 


1  ,,  ,k,z 


(V- V)-(38) 


The  last  equation  follows  since  [-52iJL(p#,d,0)]j  =  [BliL 
( pb  ,<b, 0)  ] It  is  in  agreement  with  Eq.  (34).  The  electric  fields 
ElpL{p,d>,z)  and  E3pL  [p,6cz\  are  given  by 

ElpL(p,M=  -^Lcosie'^** 

2irk\ 

Xe,klpf(k2p,k ,);  p<pb,  (39a) 

EipL[pM  =  -  ■  y7T-cos  <f>  e'k,d 

Ink  ^ 

Xelk'ze‘k^f(k2p,k3)-  p>pb.  (39b) 


C.  Vertical  electric  field 

The z-directed  currents  K. ( pb  ,4>j)  given  in  Eq.  ( 33 )  gen¬ 
erate  a  scattered  field  that  travels  in  both  directions  from  the 
boundary.  It  consists  of  a  reflected  field  that  travels  radially 
inward  from  the  boundary  in  Region  1,  radially  outward  in 
Region  3.  On  both  sides  of  the  boundary  p=pb,thez  com¬ 
ponent  of  the  scattered  field,  E\(p,4>j),  can  be  determined 
from  the  boundary  condition  for  Es  at  p  =pt.  Since  the 
component  of  the  electric  field  tangent  to  a  boundary  is  con¬ 
tinuous  across  that  boundary,  it  follows  that  the  total  z  com¬ 
ponent  of  the  electric  field  at  the  boundary  must  be  contin¬ 
uous.  This  means 

Eul  ( Pb  -<M  -E\(pb,tj>j\  =  E3tL  ( pb  ,<M 

+  £’(/>,,  ,<M,  (40a) 


E  APb'fi’2)  —  ~[E\zL{pb<4><2)  —  E3lL[pb,<f>2)\- 


EUl  ( P>M  =  -{cos  <f>  e‘k<'d  - 11 

Z7T/C|  /C  | 

Xe<k,pfv(k2p,kl) 


E3lL[p4A  =  -^jcos  <f>  e‘k'd 

X  e,k,ze,klpf y[k2  p,k3),  (4ib; 

where 

Mk2p,K)  =  [— 

ip  P  K  \k2p) 

XS>~{k2p,kn)  j;  n  =  1,3,  (42; 

and  Sr(k2p,kn)  is  given  in  Eq.  (28).  It  follows  that 

Ei(pb,</>^  =  ^c  ostelk'd 
4  ,t 


fKPb)  K  2  „ik,2 


:fv(k2pb,kl) 


k2 

~  R\i  ~  ~c:k'zfy(k2pb,k3)  .  (43) 

This  is  the  z  component  of  the  field  on  each  side  of  the  bound¬ 
ary  surface  generated  by  the  surface  density  of  current 
Kz{pb,<j>z)  and  surface  density  of  charge  r]{pb,ij).  It  re¬ 
mains  to  determine  E\( p,d>£)  and  E!p{p,6^)  for  both p  <pb 
and p>pb-  The  former  is  the  field  reflected  back  into  Region 
1,  the  latter  the  field  transmitted  forward  into  Region  3. 

IV.  THE  SCATTERED  FIELD  DUE  TO  A  DISCONTINUITY 
IN  THE  LOWER  HALF  SPACE 

The  field  scattered  at  the  boundary,  p—pb  in  the 

form  of  a  reflected  field  in  Region  1  (p<pb  ,z>0)  and  a  trans¬ 
mitted  field  in  Region  3  ( p^pbx> 0)  is  generated  by  the  cur¬ 
rents  Kz(pb,<t>j)  on  the  boundary  surface.  Since  these  cur¬ 
rents  are  all  perpendicular  to  the  boundary  z  =  0  between 
Region  2  and  Regions  1  and  3,  they  can  be  represented  by  a 
suitable  distribution  of  vertical  (i.e.,  z-directed)  electric  di¬ 
poles.  The  complete  field  of  a  single  vertical  electric  dipole 
with  unit  moment  (Idz  =1  A  m)  is  given  by  the  following 
three  components,  each  with  a  direct  and  lateral-wave  part1'- 

B\p(pj)  =  B\iL[pj)  + BvUD[ppt),  (44) 


Bv»L[p*  1= 


'Ae‘kpJ 


B  VuD(pj)  =  -  ^(e‘k'r‘  -  <?■*•'•)  -  -V),  (46) 

4 TT  \  p  p'J 

E\p{p-z)  =  E  \pL  (pj)  +  E  \pD  ( /v),  (47) 

E]'pL{pJ  =  -(^^lk''z  +  a'e‘k'-pfy(k2p,k,),  (48) 

Ink  J 

E  \pD(Pj)  =  J2&L  + 1[ 

Ink]  k,pz  2 L  p 

_  f^l_^_3iM  (49) 

p  \  p  p2  p}J)' 

E  Up*)  =  E  \:L  [pyZ)  +  E  uD[pj),  (50) 


E  utip-z)  =  TT  +  d)^pf[k2P,k ,), 

2 irk]  k] 
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*+7//v  j  '  r  r  r  * 

where /•,  =  [(z  —  d)2+p2]m,r2—  {{z  +  d)2  +p2] 1/2  in  the 
exponents,  rx=r2==p  in  the  amplitudes,  and  f(k2p,kx)  and 
fy(k2p,kl)  are  given  in  Eqs.  (27)  and  (42),  respectively.  These 
formulas  are  good  approximations  when  |£  2 1>|&  2 1, 
\kxp\>3,p2>z2,  p2l>d2.  It  is  to  be  noted  that 

E\  Pi.(P’fe)=  [(-k\/k\)cos<t>]E\2L(pp),  (53) 

EUL(p,d>,z)  =  (  -  cos  <f>  }E  vlpL{pj),  (54) 

where  the  components  with  the  superscript  V  apply  to  the 
vertical  electric  dipole,  and  those  without  the  superscript  to 
the  horizontal  electric  dipole  at  the  same  depth.  Note  also 
that  the  radial  electric  field  of  a  horizontal  dipole  is  an  order 
of  magnitude  greater  than  that  of  a  vertical  dipole  since 

EXpL[p,Oj)~{kx/k2)EvXpL[pj\.  (55) 

The  radial  component  of  the  lateral-wave  electric  field 
at  p,op.  due  to  a  single  vertical  electric  dipole  with  unit  elec¬ 
tric  moment  Idz  =  1  A  m  at pb,<j> ' p!  is 


E*rl(R*)=  ~ 


cop Jc\ 
2  nk\ 


^t+^Rfv(k2R,k3),p>pb,  (57) 


where 


fv(k2R,k„ ) 


'  ik2  !  *2 

.  R  R2  '~  kn 


Xe 


,k,R^nk^y(k2R,kn\ 


and 

R=  [pi  +p'~2pp„  cos (<b-4')]'’2 


n  =  1,3. 
(58a) 


(58b) 


is  the  radial  distance  from  the  dipole,  [R  2  +  (z  —  z')2]1'2  is 
the  distance  between  the  dipole  at  pb,<t> ' p.'  and  the  point  of 
observation  at  p,<f>^- 

The  element  of  surface  current  at/^.d  ' p  is  readily  ob¬ 
tained  from  Eq.  (33).  It  is 


Idz'  =  dKApb,<t>  V)  «  -Po  1  [B2iL(Pb  ,0,0)] ,  (e'k,z  -  e'k'z  )cos  i>'  pbd6  'dz\  (59) 

Hence,  the  scattered  radial  lateral-wave  electric  fields  due  to  a  vertical  line  source  extending  from  z  -  0  tc  z '  =  x  and  of 

width pbd<f> '  are 

dE\RL(Rj)  =  -po  1  [*,«(/>*, 0,0)] ,  f  dz'E  \RL[Rp  1  (<?'*-'  -  e'k': )  pb cos  6  ‘d<b ',  p<pb, 

Jo 

dE’}RL(RJ=  -p0-‘[B2,L(pbm],  r  dz'E^L(Rpi  (<?'*•**  -  e‘k'z )  pb  cos  6  'dd>  p>pb. 

Jo 

With  Eqs.  (56)  and  (57)  it  follows  that  the  integrals  with  respect  tor'  are  simple  and  readil>  earned  out.  The>  are 

f  (e'V  _  e,k':  )e,k':dz'  =  (61a) 

Jo  2*,(*,  +  Jfc1) 

-.  (61b) 


(60a) 

(60b) 


f  _  e‘k>‘  )e'kjdz'  =  . 

Jo  2k2[k2  +  At  ( ) 

With  these  integrals,  Eqs.  (60a)  and  (60b)  become: 

icok\[k}  —  kx 


dE\RL(Rp)  — 
dEiRiiR*2)  — 


4-rrk  * (k2  +  £,) 
io)k\(k2  —  /:,) 
\vk  5  (&3  +  /:,) 


[BUL(Pb,0,0)]  xe,k'ze,k'Rfy(k2R,kx)pb  cos  4>  'dd> 
[*Mt(?*.0.0)l  xe‘k'ze'klRfy[k2R ,k3) pb  cos  6  'dj> ', 


(62) 

(63) 


where  fy[k2R,kn  \  is  given  in  Eq.  (58a).  These  are  cylindrical 
waves  centered  at  the  vertical  line  source  at pb,<j>  they  are 
rotationally  symmetric  within  each  region. 

In  order  to  simplify  the  determination  of  the  complete 
field  due  to  all  of  the  line  sources  distributed  around  the 
cylindrical  boundary  at  p—pb,  let  the  field  be  examined 
specifically  along  the  radial  line  <j>  =  0  along  which  Ex  pL 
[p,4>j)  due  to  the  dipole  at  [0,0, d )  has  its  maximum.  Along 
this  line  the  resultant  radial  electric  field  due  to  vertical  line 
elements  K,  ( pb  ,<j> ')  and  K,  ( pb ,  -  <t> ')  is  directed  radially  in¬ 
ward  toward  the  origin  in  Region  1,  radially  outward  in  Re 
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gion  3,  as  shown  in  Fig.  5.  In  order  to  represent  the  outward 
traveling  waves  from  these  sources  at  the  observation  point 
[p,0pj,  the  distance  R  in  the  exponents  has  the  following 
form: 

R  -  A  ±  B,  (64a I 

where 

A  =  ( p  -  pb  cos  ib  ')cos  tl'';  B  =  pb  sin  d> '  sin  tl'.  (64b) 

The  angle  tl'  in  Region  1  ;p<^pb>  and  Region  3  \  p  spb  l  is 
shown  in  Fig.  5.  It  is  given  by  cos  t E  —  (p  -  pb  cos  d  ‘)/R  or 
by  sin  ip  —  [pb  sin  <f>  ‘)/R.  The  upper  sign  m  Eq.  (64a)  ap- 
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(65) 


plies  to  distances  R  {rom{pb,<f> '),  the  lower  sign  to  distances 
R  from  [pb,  —  Note  that  in  Region  1,  p<pb  and  rr/ 
2<^'<ir  when  p<pb  cos  <6 {n  —  <f>  ')/2<0'<7t/2  when 
pbajs<f)'^p<4>b.  In  Region  3 ,p>pb  and  0^'<(ir  -  <j> ')/!. 
In  amphtudes  the  magnitude  of  R  is 


R  =  [p2+pl  ~2ppb  cos0']1/2. 

With  Eqs.  (62),  (63),  and  (64a)  and  (64b),  the  scattered 
fields  at  ( pfQyZ)  due  to  the  continuous  distribution  of  surface 
current  K2(pb,<f>  '£)  on  the  boundary  at  p  =pb  are 


i(f  -  f)“s  M  -  f  (w) 

Xcos  [A^l  —k \/2k\)]/F(k2R,k^pb  cos  ip'  cos <f>  'dip p<pb, 


k\  | 

f  rr  V 

Kk2RJ 

* 

*5i 

(  n  Y 

k,  1 

\k2R) 

■  iky<  Ik  ]/2k 


(66) 


-  lkyHk\/2k^ 


Xcos  [k2B(\  —  k\/2k\)]y[k2R>ki)\pb  cos  rb'  cos 6  'd</> \  p>pb 


(67) 


In  these  formulas,  R  =  [  p2  +  p\  -  ?ppbcosd>']'n,A  =  (p  -pb  cos  <b')2/R,  B  =  (pb  sin  <b  ')~/R,  and 

[2?Mi(pfc,0,0)],  =  _  ~^e‘K'de‘kPr{k2pb,kl)  =  (kl/co)ElpL{pbm-  (68) 

LTTKX 

In  Region  1  wher  ep^pb  cos  <t>  ’,cos  il1'  is  negative  so  that  exphAvl )  =  exp(tk2p„  |cos  i/’’Jcosd  ')exp(  -  ik2p  (cos  t/1'! ).  This 
is  a  radially  inward  traveling  wave.  In  Region  1  where  pbjpspb  cos  <t>’  and  in  Region  3,  cost/’’  is  positive  so  that 
exp [ikyi  )  =  exp(  —  ik2pb  \  cos  t^'lcos  6  ')exp(/A:/j!cos  which  represents  a  radially  outward  traveling  wave. 

Since  [B2liL{pb ,0,0)] ,  =  B[iL(pb,0,Q)  =  [k,/w\E^  pL[pb,0,0),  the  scattered  radial  electric  field  in  Region  1  can  be  ex¬ 
pressed  in  terms  of  the  radial  electric  field  incident  on  the  boundary  in  Region  1.  That  is 


e, 


pL(p,  0,z)= 


E\pL(PM 
E\  pL{pbfijZ) 


‘kUkk-kj  rliA  |/^ 
Ink  ]{k}  +  A,)  Jo  \R 


Xcosf  AJ?(1  -  Aj/2A  Jlj^fAsR.A,)  ph  cos  th'  cos  <!>  'di> 


(69) 


Similarly,  with  [^(ptAO)] ,  =  [B2iL (/v0,0)]3  =  BiiL  (pb, 0,0)  =  [k}/cj\EipL{pb,0,0),  the  scattered  radial  electric  field 
in  Region  3  can  be  expressed  in  terms  of  the  radial  electric  field  incident  on  the  boundary  in  Region  3.  That  is, 


eipL 


[p,  0/)= 


E\pl(PM  =  ik\\k3-kx)  r  ^  j  / 
E)pL[PbM  2irA](A3  +  A,)  Jo  11 

Xcos  [A2f?(l  —  A ;/2A  3)] S(k2R,ki)  pb 


ik2 

~R 


cos  k23  - 


cos  0'  cos  d>'dd>’, 


k  l  /  n  V/;^  -  ,k_Aik  j/axji 
A,  \k2RJ  C 


(70) 


r 


where  /?  is  given  in  Eq.  (28). 

The  evaluation  of  the  integrals  in  Eqs.  (66)— (70)  has  not 
been  accomplished  in  closed  form.  Presumably  they  must  be 
evaluated  numerically. 

V.  THE  TOTAL  LATERAL-WAVE  ELECTRIC  FIELD  IN 
THE  PRESENCE  OF  A  DISCONTINUITY  IN  THE  LOWER 
HALF  SPACE 

The  total  radial  lateral-wave  electric  field  along  the  cen¬ 
tral  radius  ^  =  0  in  each  region  is  the  sum  of  the  incident  and 
scattered  fields.  Thus, 

E pL  ( P$P)  =  £,  pL{  p.Ojr)  +  E  \  pL  ( p,  0,z),  (71) 

where  £lpt(p,0,z)  is  given  by  Eq.  (39a)  with  <b  =  0  and  Eq. 
(27),  and  E\pL{p, Qj)  is  given  by  Eq.  (66).  Similarly, 

E‘ipi.{  p.  0,2)  =  E}  pL  ( p,  0,2)  +  £  \pL  ( pfiA  (72) 

where  EipL[p$a)  is  given  by  Eq.  (39b)  with  =  0  and  Eq. 
(27),  and  £jpt(/?,0*r)  is  obtained  from  Eq.  (67).  These  ex¬ 
pressions  can  also  be  written  as  follows. 


E\pL(pM=  [e'k:pf{k2p,kl) 

2nk  j 

+  /py(Ajp„,Al)elpi(p,0^)]; 

(pb  -p)2>z2,  \kt(pb  — p)|>3,  (73) 

E‘ipL[pV;)  =  -  V“'  [e‘k  p/(A;p,A,) 

2nk  \ 

+  e'k  ,',’f{k2pb,k}\e}pLtp,0j\] ; 
[p-pb)2>z2,  |A,(p  —  p,,)|>3,  (74) 

where  f{k2p,k„ )  is  defined  in  Eq.  (27),  RtJ  in  Eq  (30),  and 
elpL[p,0j)  and  eipL{p,0p\  are  given,  respectively,  in  Eqs. 
(69)  and  (70).  These  formulas  give  only  the  lateral-wave  field 
in  media  in  which  the  direct  field  decays  rapidly.  Even  in 
these  they  are  not  complete  near  the  source  dipole  or  the 
boundary  at  p  =  pb  where  the  direct  field  is  also  significant. 
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FIG.  5.  Notation  with  respect  to  two  points  of  observation  at  |  pfi,2\  with 
p<p„  and p>p„. 


VI.  NUMERICAL  EVALUATION  OF  THE  SCATTERED 
ELECTRIC  FIELD  DUE  TO  A  VERTICAL 
DISCONTINUITY  IN  THE  DENSER  REGION 

The  radial  component  of  the  incident  electric  field  in 
Region  1  [E[p{p,(j^)]  due  to  a  horizontal  electric  dipole 
with  unit  electric  moment  at  depth  d  ~  0  1 5  m  has  been  eval¬ 
uated  at  depth  z  =  0.15  m  from  Eqs.  (2)  and  (3)  with  <t>  -  0 
and  kx  =  129.4 +  /64.1  m_l,  k2  =  4tt  m_‘  (<r,  =  3.5  S/m, 
eir  =  80,/=  600  MHz)  over  the  range  0.5  <p<pb  =  1.86  m. 
The  magnitude  \E\p[p,Qfi]\  is  shown  at  the  top  of  Fig.  6. 
For  comparison,  the  quantity  \E\p{\,Qrz)\/p  is  also  shown. 
Evidently,  the  range  o Ip  is  in  the  1  Ip  section  of  the  lateral- 
wave  field. 

The  lateral-wave  field  scattered  from  the  boundary  at 
p—Pt,  between  Regions  1  and  3  and  observed  at  depth 
z  =  0. 15  m  is  shown  at  the  bottom  of  Fig.  6  when  Region  1, 
p<pb,  is  salt  water  (<7,  =  3.5  S/m,  etr  =  80)  for  three  differ¬ 
ent  media  in  Region  3  ( p>pb ).  These  are  characterized  by 
=  0.0035  S/m,  €}r  =  80  for  lake  water;  a}  =  0.35  S/m, 
fj,  =  80  for  somewhat  salty  water;  and  a}  =  co  for  a  perfect 
conductor  (well  approximated  by  metal).  In  each  case, 
f—  600  MHz.  The  quantity  actually  shown  is  the  ratio 
|e!pi(/>, 0,0.15)!  =  !■£ * pl ( P>0,0- 1 5)/ E\pL{\ .86,0,0. 1 5)|  giv¬ 
en  in  Eq  (69)  This  is  the  normalized  amplitude  of  the  inward 
traveling  cylindrical  wave  that  is  generated  by  the  surface 
currents  Kz{pb,<f>  'f)  all  around  the  cylindrical  boundary 
p  -  pb,0<z',  and  is  observed  along  the  radial  line  <f>  =  0.  The 
small  oscillations  are  a  consequence  of  the  rotationally  un- 
symmctric  distribution  of  the  source  currents,  Kt\pb,<f>  'J) 
-  K,  [Pb  .0/)cos  $ ',  and  the  cylindrical  shape  of  the  bound¬ 
ary  They  would  be  absent  if  Kz(pb,tf> '/)  were  rotationally 
symmetric,  i.e.,  independent  of  <f> '. 
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What  is  primarily  significant  about  the  scattered  field  is 
its  very  small  amplitude.  Even  when  Region  3  is  perfectly 
conducting  (metal),  the  relative  average  amplitude  of  the 
scattered  field  when  compared  with  the  incident  field  is 
between  3X  10"'  near/?  =pb  and  2X  10 ~ 5  near/?  =  0.5  m. 
This  is  so  small  that  the  resultant  total  radial  electric  field 
given  b>  Eq.  (73)  dijfen  negligibly  from  the  incident  field. 
The  conclusion  follows  that  the  reflection  of  lateral  waves 
from  discontinuities  or  changes  m  the  properties  of  the  half 
space  z>0  are  insignificant  so  long  as  the  ratio  \k  2(z<0)/ 
k  *(z  >  0)|  remains  small  and  the  scattering  discontinuity  in¬ 
cludes  only  vertical  boundaries  within  the  relatively  short 
distances  from  the  surface  for  which  *)  =  e  a-  is  signifi¬ 
cant.  Since  the  scattered  field  transmitted  into  Region  3 
\p>Pb)  h35  a  magnitude  that  is  comparable  to  that  of  the 
field  reflected  into  Region  1,  the  lateral  wave  that  continues 
beyond  the  boundary,  \.z.yp>pb,  is  given  essentially  by  the 
first  term  in  Eq.  (74)  with  only  an  insignificant  contribution 
from  the  second  term — the  field  generated  by  the  current 
Kz^Pixti  '•*')  on  the  bounding  suiface,/?  =  pb,z> 0. 

In  practice,  these  results  indicate  that  when  a  lateral 
wave  traveling  along  the  surface  of  the  ocean  encounters  the 
shoreline  of  a  low  island  or  continent,  significant  reflections 
do  not  wme  from  vertical  components  of  induced  current  on 
the  boundary.  This  is  readily  understood  if  it  is  recalled  that 
the  energy  carried  by  lateral  w  aves  actually  enters  the  denser 
half  space  from  above  and  travels  down  into  it.  Thus,  vertical 
boundaries  are  perpendicular  to  the  dominant  £,  p  compo¬ 
nent,  parallel  to  the  very  much  smaller  component. 
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FIG.  7.  Current  density  on  infinite  stnp  of 
height  1L  in  //-polarized  field.  (Data  of  Myers  | 


VII.  THE  FIELD  SCATTERED  BY  A  METAL  WALL  AT 
^>=peIN  REGION  2 

Although  the  components  Ex.{p,<bp)  and  £,.( p,d>j)  in 
the  denser  half  space  are  relatively  very  small,  the  compo¬ 
nent  Eu[p in  the  air  is  relatively  large.  This  is  a  conse¬ 
quence  of  the  boundary  condition:  k]E,.(p,i,Q) 
—  klE22(p,<t,0),  /•=  1  or  3,  and  the  assumed  inequalities, 
k , \2>k  \ .  It  follows  that  a  vertical  scattering  obstacle  in  Re¬ 
gion  2  (air,  z<0)  is  a  much  more  effective  scatterer  than  a 
comparable  obstacle  in  the  denser  half  spa>.e  [zy  0).  The  scat¬ 
tered  field  generated  by  such  an  obstacle  is  readily  deter¬ 
mined  when  the  height  L  of  the  obstacle  is  not  electrically 
great,  i.e.,  k2L<,\.  When  this  is  true,  the  incident  field  in 
Region  2  due  to  a  horizontal  electric  dipole  in  Region  1  is 
obtain 'd  directly  from  the  field  in  Region  1  with  the  help  of 
the  boundary  conditions.  Over  Region  1,  it  is  given  by  Eq. 
(15).  Sufficiently  near  the  surface,  this  reduces  to  Eq.  (20). 
The  associated  magnetic  field  is  given  by  Eq.  (21). 

The  magnetic  field  incident  on  a  metal  cylinder  of 
height  L  and  radius pb  is  BUL(p,$,0)  as  given  by  Eq.  (21), 
provided  k2L<,  1.  It  will  be  assumed  that  a  reasonably  good 
approximation  is  obtained  when  1.5.  In  order  to  deter¬ 
mine  the  current  induced  in  the  metal  cylinder,  use  is  made 
of  the  analysis  of  Myers15  who  determined  the  current  in  and 
the  scattered  field  of  an  infinitely  wide  strip  of  height  2 L  in  a 
normally  incident  plane  electromagnetic  wave  with  either  E 
or //polarization.  Since  salt  water  is  a  good  reflector  of  elec¬ 
tromagnetic  waves,  the  current  density  induced  on  the  metal 
cylinder  of  height  L  over  salt  water  with  pb>L,pb>A2,  is 
weT  approximated  by  the  current  induced  on  the  upper  half 
of  an  isolated  infinitely  wide  strip  of  height  1L  in  an  //-polar¬ 
ized  field.  Myers  reduced  the  determination  of  the  current 
density  to  a  differential  equation  which  he  solved  numerical¬ 
ly,  The  surface  density  of  current  on  the  strip  determined  by 
Myers  can  be  expressed  in  a  notation  appropriate  for  the 
metal  cylinder  of  large  radius  pb  and  small  height  L  in  the 
form: 


AT,  ( pb  ,0,z|  =:  K:  ( pb  ,0,0)g(z)  =  -  p0-  'B  n  p„  ,0,0) 

XEx(z)e“J-u’‘,  (75! 

where  AT.(  ,0.0)  is  the  current  density  at  the  center  of  the 
strip  or  at  the  base  of  the  cylinder,  z  —  0.  It  is  tabulated  by 
Myers  in  the  normalized  form 

£v(0)e'*',°'  =  -  p(yK.[pb,0,0)/B  ™\pb,  0,0} 

=  £.(p„,0,0)///n^,0,0).  (76) 

The  numerical  values  of  the  amplitude  Ks  [0)  and  the  argu 
ment  f?N(0)  of  the  normalized  current  density  are  shown 
graphically  in  Fig.  7  as  a  function  of  L.  It  is  seen  that  a 
maximum  current  is  obtained  near  k2L  =  1.5  or 
The  transverse  distribution  of  current  on  the  strip  is  g(z) 
When  k2L  is  sufficiently  small, 

g(z)~(l  -z:/L2)U2.  (77) 


FIG.  8.  Actual  and  approximate  norma;.zed  distributions  of  current  on 
strip  in  //-polarized,  normally  incident  field.  (Data  of  Myers.) 
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Actual  distributions  KN(z)  as  determined  by  Myers  for 
£,£  =  1.0  and  1.5  are  shown  in  Fig.  8  together  with  the 
quantity  ^(0)(1  —  zV£  2)l/2.  It  is  seen  that  even  when  h^L 
is  as  large  as  1.5,  the  approximation  is  acceptable.  The  argu¬ 
ment  8n(z)  is  not  shown,  but  Myer’s  results  show  that 
dN(z)~dN( 0)  within  a  few  percent  when  £>£<  1.5.  It  follows 
that  for  £j£<  1.5,  the  current  density  on  the  cylindrical  met¬ 
al  wall  is  well  approximated  by 

Kil(pb,<yj)~ -Mo-  'BUL(pbM)KN(0)eW 

X  [  1  —  (z'/L  )2]  1/2cos  <t> ',  (78) 

where  A*(0)  and  8y(0)  are  given  in  Fig.  7. 

Corresponding  to  Eq.  (59)  for  the  element  of  surface 
current  on  the  boundary  at  pb  ,<j> '  ^  between  Regions  1  and  3 
with  2'  >  0,  the  element  of  surface  current  on  the  metal  cylin¬ 
der  at  pb  ,4> '  in  Region  2  with  —  £  <z'  < 0  is 

Idz’  =  dKz[pb,d>  W)  =  -Mo~  lB2iL(pb,0,Q]KN(Q]e9^ 

X  [  1  -  (z'/L  )2]  ,/2cos  <t>'pbd<p  'dz'.  (79) 

And  corresponding  to  Eq.  (60a),  the  scattered  radial  lateral- 
wave  electric  field  at  the  depth  z  in  Region  1  due  to  a  vertical 
line  source  in  Region  2  extending  from  z'  =  —  L  to  z'  =  0 
and  of  width  pbdd> '  is 

[dE(Si(R^)]2  =  —  Mo  tEliL(pb,0,0} 

x£  dz'  [£1^^^)]2^(0)^v<0i 

X  [  1  —  (z'/L  ?}xn Pb  cos  <t>  'd4> 

p<pb,  (80) 

where  [£1t'fii(R,z)]2  is  the  radial  electric  field  in  Region  1 
due  to  a  unit  vertical  electric  dipole  at  pb  ,4>  ’,0  in  Region  2 
(air).  It  is  given  by  Eq.  (56)  with  z'  =  0  and  multiplied  by  the 
factor  k\/k\.  With  it  and 

(1  -(z'/£)2]l/2dz'  =  —  ttL  /4, 


p  in  meters 


FIG.  9.  Standing  waves  due  to  reflection  from  metal  wall  of  height  L  =  5.2 
cm  =  0.10/1;  at  p  =  pb  =  1.8b  m. 

with  k3-*ao  and  multiplied  by  R  as  given  in  Eq.  (83).  The 
total  radial  lateral-wave  electric  field  along  the  central  radi¬ 
us  <i>  —  0  at  (pM)  m  Region  1  is  the  sum  of  the  incident  and 
scattered  fields  as  given  in  Eq.  (71).  It  is 

E \pL( o,0j)  =  E. pL ( pM  -t-  [E\pL( p,0j) ] 2 

=  E{pL(p,0M)  +  RE\pL(p,0j),  (84) 


Eq.  (80)  becomes 

[dE\KL(RM)h  =  -^-KN(O)e‘9'<o%,L(pb,0,0)elk'! 

Ortj 

Xe,k,Rfv(k-lR,k/\pb  cos i'di’.  (81) 

This  field  can  be  compared  with  Eq.  (62)  when  Region  Z  is  a 
metal  so  that  k3~+  oo,  viz., 

dE\RL(Rpi)  =  ~~  B2^(pb,0,0)e'k'! 

4irk , 

Xe'k'Rfy(k2R,k])pb  cos  <f>  'dd> '.  (82) 

The  ratio  of  Eq.  (81)  to  Eq.  (82)  is 


-  <u£.£Jv.(0)e,9v,o'/8A:I 
icok  l  /4rrk , 


zrk-yL  k (Oje'l®^0) + 
2  k\ 


Since  this  expression  is  independent  of  ',  the  integrated 
scattered  field  in  Region  1  due  to  the  oheet  of  current  in¬ 
duced  in  the  metal  cylinder  in  Region  2  is  given  by  Eq.  (66) 


where  E\pL(p,0j)  is  the  scattered  field  calculated  from  Eq. 
(66)  with  k3-*oo.  It  is  represented  by  the  curve  marked 
<73  =  oo  in  the  lower  part  of  Fig.  6.  Calculations  of  the  total 
field  given  by  Eq.  (84)  have  been  made  with  k2L  =  0.65  for 
which  £a.(0)  =  1.63,  0*(O)  =  -  1.370  and  R  =  2.5Xl03 
en5s\  and  for  £2£=1.5  for  which  £^,(0)  =  3.  ^0,  0V(O) 
=  —  0.4685,  and  R  =  12.9x  103e‘7  482.  Graphs  of  the  mag¬ 
nitude  of  the  incident,  scattered,  and  total  fields  for  these  two 
heights  of  the  metal  wall  are  shewn  respectively  in  Figs.  9 
and  10with/=  600  MHz  and =  1.86  m.  At  this  frequen¬ 
cy,  the  height  of  the  metal  wall  is  I  =  5.2  cm  in  Fig.  9, 
£  =  1 1.9  cm  in  Fig.  10.  It  is  seen  that  at  the  lower  height  the 
reflected  field  and  the  amplitude  of  the  standing  waves  are 
quite  small.  At  the  greater  height  (Fig.  10),  the  reflected  field 
is  much  greater  and  significant  standing  waves  are  pro¬ 
duced,  especially  near  the  reflecting  wall  at  pb  —  1.86  m 
Note  that  the  small  oscillations  in  the  reflected  waves  do  not 
significantly  affect  the  standing-wave  pattern  of  the  total 
field.  This  is  determined  largely  by  the  interaction  of  the 
incident  field  and  the  traveling-wave  part  of  the  reflected 
field. 
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p  in  meters 


FIG  10  Standing  waves  due  to  reflection  from  metal  walls  of  heigh: 
L  =  1 1.9  cm  =  0.24A-  atp  =pb  =  1  86  m. 


changes  from  a  value  characteristic  of  salt  water  to  a  value 
A3-*»  characteristic  of  a  perfect  conductor  (metal).  Reflec¬ 
tions  from  metal  walls  in  air  when  A3~  oo  are  much  larger 
but  still  quite  small  when  the  height  of  the  wall  is  a  tenth  of  a 
wavelength  or  less.  They  are  very  significant  when  the  wall  is 
a  quarteri  wavelength  high.  These  results  are  readily  under¬ 
stood  if  it  is  recalled  that  the  vertical  unit  dipole  in  air  is  very 
superior  to  the  /ertical  unit  dipole  in  salt  water  as  a  gener¬ 
ator  of  lateral  waves.  It  follows  that  the  vertical  current  in¬ 
duced  on  the  metal  surface  in  air  generates  a  relatively  strong 
reflected  lateral-wave  field  in  the  salt  water,  the  vertical  cur¬ 
rent  induced  on  the  vertical  metal  (or  other)  surface  in  the 
salt  water  generates  a  relatively  very  small  reflected  lateral- 
wave  field  even  with  equal  currents.  Actually,  the  current 
along  the  metal  surface  in  the  salt  water  is  rapidly  attenuated 
with  depth z  owing  to  the  factor e‘k'z  =  e~ a're‘0,‘. 
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VIII.  CONCLUSION 

An  analysis  has  been  made  of  the  reflection  of  lateral 
electromagnetic  waves  traveling  along  the  boundary 
between  two  half  spaces,  characterized  by  the  wave  numbers 
A,  and  k2  that  differ  significantly  so  that  |A,|2>|A2|2.  The 
reflecting  boundaries  consist  of  two  types:  (a)  Vertical  dis¬ 
continuities  in  the  denser  medium  (earth, water)  in  the  form 
of  changes  in  the  wave  number  from  A,  to  A3  with 
|A3|2>|A2|2;  (b)  vertical  projections  into  the  less  dense  medi¬ 
um  in  the  form  of  thin  walls  of  the  denser  medium.  The 
analysis  shows  that  reflections  from  the  discontinuities  in 
the  denser  half  space  are  extremely  small  even  when  A, 
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The  measured  reflections  of  lateral  waves  at  discontinuities  and  boundai  it  re  shown  for  two 
frequencies.  A  cylindrical  model  lithosphere  bounded  at  its  perimeter  in  seven  distinct  ways  is 
utilized.  The  resulting  fields  are  compared  with  the  theory  of  normally  incident  lateral  waves. 

PACS  numbers:  41.10.Hv 


I.  INTRODUCTION 

The  electromagnetic  field  components  associated  with 
lateral-wave  propagation  and  reflection  can  be  measured  in  a 
model  lithosphere.*  The  reflection  process  which  occurs  ai 
discontinuities  in  such  a  model  is  quite  complicated,  when 
the  source  is  a  horizontal  electric  dipole,  all  six  components 
of  the  electromagnetic  field  are  involved.  A  choice  of  mea¬ 
sured  fields  and  boundary  geometries  characterised  by  sim¬ 
plicity  is  therefore  the  most  meaningful  in  an  initial  ex  pen- 
mental  basis  for  theory.  In  the  present  study,  plots  of  the 
cylindrical  radial  component  Eip  in  the  denser  medium  (Re¬ 
gion  1/  are  presented.  The  directional  Strength  attributed  to 
the  component2  renders  it  useful  as  a  source  of  reflected  and 
scattered  fields  when  incident  upon  isolated  obstacles.  For 
example,  the  scattering  duo  to  rectilinear  extensions  of  air 
into  salt  water  has  been  analyzed  by  charting  the  magnitude 
and  phase  of  Elp.'  The  vertical  field  in  air  which  accompa¬ 
nies  surface-wave  propagation  at  the  planar  abutment  of  two 
regions  (one  cr  both  cf  which  may  be  described  by  complex 
wave  numbers)  is  likewise  important  and  interesting  and  has 
keen  investigated  using  open-ended  waveguides.3"5 

The  dependence  of  both  air  and  dense-medium  field 
components  upon  the  cylindrical  variables  p,  <p,  and  z  has 
been  expressed  in  various  ways  since  the  original  formula- 
tit  n  of  vertical  dipole  fields  above  the  earth  by  Sommerfeld,6 
cr.«ough  for  indoor  measurements  the  recently  dvrived  for¬ 
mula  for  the  Elp  component  of  the  companion  paper7  is  par¬ 
ticularly  useful.  It  is  important  to  note  that  reflections  as¬ 
cribed  to  plane  waves  at  boundaries  between  material  media 
with  their  attendant  Fresnel  coefficients  do  not  form  an  ade¬ 
quate  basis  for  the  description  of  the  reflected  surface  waves 
of  the  present  paper.  Quite  close  to  the  interface  between  air 
and  a  conducting  half  space,  some  qualitative  aspects  of 
plane  waves  have  been  measured,  however,  and  in  the  limit 
of  high  frequencies  spherical  waves  incident  upon  planar 
surfaces  may  be  regarded  as  bundles  of  homogeneous  plane 
waves/  each  element  of  ■v'hich  is  reflected,  transmitted,  and 
refracted  as  proscribed  by  geometrical  optics. 

The  reflection  of  electromagnetic  surface  waves  at  non- 
planar  and  perturbed  planar  bounding  surfaces  has  been  dis¬ 
cussed  to  some  extent  in  terms  of  toe  effects  of  rough  materi¬ 
al  surfaces9  arm  high-frequency  waves  backscattered  from 
salt  weter.10  The  discussions  indicate  the  need  for  studies  in 
which  scstxerers  project  into  both  conducting  and  less  dense 
half  spaces.  In  the  preset-  t  stuey,  simple  combinations  of 
hcnzo.it’1  and  vertical  metal  planes  so  oriented  are  chosen 
as  discontinuities. 


II.  REFLECTIONS  FROM  OBJECTS  OUTSIDE  THE  IDEAL 
MODEL 

The  apparatus  for  the  excitation  of  lateral  waves  in  a 
shallow  tank  of  salt  water  by  a  horizontal  electric  dipole 
(monopole  with  image)  is  the  same  as  that  described  in  Ref  1 . 
In  order  to  avuiri  troublesome  reflections  from  the  side  walls, 
the  rectilinear  tank  used  in  the  earlier  investigations  has  been 
adapted  to  a  circular  symmetry.  In  this  way,  only  radially 
diiected  waves  are  involved  at  normal  incidence  at  circular 
boundaries.  The  adaptation  is  shown  schematically  in  Fig  1 . 
With  it,  the  measured  data  for  EXp  show  an  v  en  closer  corre 
spondence  tc  theoretical  predictions  than  previously  report- 


(b) 

FIG.  1.  (a)  Schematic  diagram  of  seal-circular  isnk,  (bi  Fiela  components 
of  Hertzian  dipole  near  planar  interface;  =!Ar. 
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ed,  and  movable  metallic  sheets  to  reduce  reflections  from 
the  side  walls  have  been  eliminated. 

Initially,  measurements  were  made  with  a  metal  top 
plate  quite  close  to  the  air-salt  water  boundary.  However, 
theory  predicts  that  the  surface  waves  in  the  presence  of  the 
top  plate  are  exponentially  attenuated  with  distance  instead 
of  according  to  the  combination  of  powers  of  inverse  dis¬ 
tances  and  error  functions  that  characterize  true  lateral 
waves  under  an  unbounded  air  space.  Although  the  actual 
magnitudes  of  the  decaying  fields  are  very  similar  over  the 
distances  involved  in  the  tank,  it  seemed  desirable  to  remove 
the  top  plate.  This  necessarily  introduces  some  reflection 
from  the  ceiling  of  the  laboratory  and  the  metal  pipes  that 
are  close  to  it.  These  are  between  2.5  and  3  m  above  the 
surface  of  the  water.  A t/=  644  MHz,  this  height  is  of  the 
order  of  6  wavelengths,  at /=  1.5  GHz  of  the  order  of  15 
wavelengths.  The  observed  effect  of  the  reflections  is  quite 
small  at  the  lower  frequency,  much  smaller  at  the  higher 
frequency.  However,  since  interesting  reflections  at  the  cy¬ 
lindrical  boundary  can  also  be  very  small,  it  is  desirable  to 
obtain  an  accurate  picture  of  the  detailed  nature  of  the  effect 
of  reflections  from  the  ceiling  so  that  they  may  be  identified 
and  separated  from  radial  reflections  at  the  cylindrical 
boundary  when  these  are  very  small.  When  the  ceiling  is 
sufficiently  far  away — five  or  more  wavelengths— the  direct 
reflection  is  so  small  that  multiple  reflections  can  be  disre¬ 
garded  at  least  in  order  to  obtain  a  qualitative  or  semi-quan¬ 
titative  measure  of  the  nature  and  significance  of  observable 
interference  patterns.  An  approximate  analysis  is  given  in 
the  Appendix  together  with  graphs  of  the  theoretical  inter¬ 
ference  patterns  obtained  when  the  ceiling  is  represented 
first  by  a  metal  plate  and  then  by  an  approximation  of  a  line 
source  that  generates  an  approximate  plane  wave  normally 
incident  on  the  water  surface  of  the  tank  aiong  the  radial  line 
where  the  measurements  of  Elp  are  made.  These  can  be  com¬ 
pared  with  observed  patterns  which,  in  general,  involve 
three  waves:  (1)  The  direct  lateral  waves  with  both  vertical 
and  radial  components  traveling  radially  outward  from  the 
source,  (2)  reflections  from  the  cylindrical  boundary  in  the 
form  of  lateral  waves  traveling  radially  inward  toward  the 
source  and  producing  a  regular  standing-wave  pattern,  and 
(3)  transverse  plane  waves  coming  from  the  ceiling  at  normal 
or  near  normal  incidence  and  polaim  _i  with  the  electric  field 
in  the  radiai  direction.  These  produce  interference  patterns 
with  traveling  and  standing  lateral  waves  that  are  quite  dif¬ 
ferent  from  ordinary  standing  waves  produced  by  similar 
waves  traveling  in  opposite  directions. 

III.  MEASUREMENTS  AT  f=  1.5  GHz 

The  excitation  of  lateral  surface  waves  by  a  radio-fre¬ 
quency  source  and  the  mechanisms  of  data  acquisition  in  the 
cylindrical  tank  are  identical  to  those  described  in  Ref.  1. 
Changes  other  than  those  relating  to  side  walls  and  top  plate 
are  restricted  to  radial  discontinuities  and  adjustable  param¬ 
eters  in  the  complex  wave  number  of  Region  !  defined  by 

*1  =  etl  )1/J(1  +  iO'i/CDE'.  )l/2.  (1) 

Here,  £„  is  the  real  effective  permittivity,  <7.,  the  real  effec¬ 
tive  conductivity,  Uy-p^,  and  w  —  2 nf 
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The  first  physical  configuration  used  in  the  measure¬ 
ments  is  shown  in  Fig.  2(a).  The  associated  Eip  field  has  been 
plotted  over  four  air  wavelengths  (A2  -  20.0  cm).  Elp  a 
function  of/3  is  shown  in  Fig.  3(a)  where  the  fLld  intensity  is, 
as  indicated,  10  dB  per  given  vertical  Increment.  For  the 
combination  of  the  two  homogeneous  Regions  1  (salt  water, 
and  3  (metal)  in  contact  in  the  z  d.rection  along  the  cylinder 
p  —  pb  and  having  a  continuous  unifcim  (unsteppedj  inter¬ 
face  with  air  (Region  2),  little  reflec.  on  is  evident.  There  is  a 
very  small  undulation  with  maxima  separated  by  distances 
only  slightly  greater  than  A2.  This  muoi  be  due  to  very  small 
reflections  from  the  ceiling  like  those  in  the  middle  of  Fig. 
A2  in  the  Appendix,  but  with  smaller  amplitudes. 

Simple  variations  on  the  above  placement  of  metal 
planes  can  now  be  made.  They  corresoond  roughly  to  inver¬ 
sions  about  z  =  0  [Fig.  2(b)]  and  serve  to  conjoin  theory  and 
experiment  (see  Sec.  V).  Since  energy  is  absorbed  rapidly 
with  depth  in  the  denser  medium,  the  vertical  metal  plane 
need  be  only  several  skin  depths  deep.  Measured  results  for 
an  extension  of  the  vertical  metallic  boundary  to  I  =  1 5  cm 
above  the  water  surface  are  shown  in  Fig.  3(b).  The  undula- 
tory  pattern  suggests  reflections  from  both  the  radial  bound¬ 
ary  and  the  ceiling  of  the  general  ty  pe  shown  at  the  bottom  of 
Fig.  A2. 

The  complete  theoretical  formula  for  the  unperturbed 
£lp  field  in  Region  1  is7 


where  Cf{k2p.  £,)  is  defined  m  terms  of  the  Fresnel  inte¬ 
grals"  C;  and  S;  as 

?\k2  p,  k , )  =  ( 1/2)  -  C,  [  k2  p[k\  /2k  2 )  ] 

+  i{(l/2)-S2[*2pl*i/2*i)]|.  13) 

A  graph  of  the  magnitude  of  the  field  calculated  from  Eq  12) 
for  d  =  0  is  given  m  Fig.  3(c).  The  decay  rate  with  radial 
distance  follows  very  closely  that  of  the  curve  for  minimally 
perturbed  Etp  in  Fig.  3(a).  The  relative  decay  rate  is  a  crite¬ 
rion  conveniently  employed  to  tesi  the  adherence  of  mini¬ 
mally  perturbed  fields  measured  in  the  model  lithosphere  to 
precise  theory  for  freely  propagating  Etp .  ‘ 

IV.  MEASUREMENTS  AT  /=  644  MHz 

Reflections  from  configurations  of  perimetrical  metal 
sheets  including  the  vertical  one  directly  treated  by  theory7 
are  of  interest.  Thus,  in  addition  to  the  simple  combination 
of  vertical  and  horizontal  metal  sheets  described  in  Sec.  III. 
measurements  involving  Single  vertical  sheets  of  various 
heights  L  above  the  surface  combined  with  a  dense-medium 
comer  [Figs.  2(c)— 2(g)}  have  been  made.  The  reflecting  cor¬ 
ner,  or  90°  wedge  which  is  formed  with  ai'  :  labeled  cVi  m 
Fig.  2tcj.  The  data  at  644  MHz  are  concerned  primarily  with 
the  effects  of  vertical  sheets,  particularly  the  high  ones.  With 
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FIG.  2.  Configurations  of  discontinui¬ 
ties  at  perimeter  of  model  lithosphere. 
Side  views  (left);  top  views  (right). 


L  £  5  cm,  reflections  from  the  comer  c2.3  are  expected  to 
become  relatively  insignificant  with  increasing  L  since  the 
comer  is  in  the  geometrical  optics  shadow  of  the  higher 
sheets.  At  644  MHz,  an  integral  number  (precisely  four)  air 
wavelengths  are  contained  radially  within  the  circulany 
bounded  model  lithosphere.  Since  the  wavelength  is  much 
longer  than  that  used  to  obtain  the  results  of  Sec.  Ill,  mea¬ 
surements  have  been  taken  over  a  longer  radial  distance.  In 
presenting  the  data  in  Figs.  4  and  5,  a  larger  dB  scale  has 
been  used  tc  magnify  im  standing-wave  character  of  multi¬ 
ply-reflected  lateral  waves. 

At  sheet  heighis  L  =  0,  —  1,  and  5  '.m  [configurations 
of  Fig.  2(c)-2[e)],  traveling  waves  with  a  superimposed  small 
interference  pattern  are  observed  (Fig.  4).  A  comparison 
with  Fig.  A1  in  the  Appendix  shows  that  they  closely  resem¬ 
ble  the  dashed  curve  3  in  their  intemodal  spacing  (A2  =  46.6 
cm)  and  decay  rate,  which  is  in  close  agreement  with  Eq.  (2). 


The  patterns  of  the  cun  es  for  L  —  —  i  and  0  cm  are  clearly 
interference  patterns  the  type  shown  in  Fig.  Al,  curve  3, 
due  to  reflections  from  the  ceiling.  They  are  not  standing- 
wave  patterns  due  to  reflections  of  the  radially  directed  cy¬ 
lindrical  wave.  The  same  is  also  true  of  the  solid  line  curv  e  in 
Fig.  4  which  was  observed  with  a  cylindrical  wall  of  height 
L  =  5  cm  above  the  surface  at p=pb  =  i-86  m.  A  compari¬ 
son  with  the  broken-line  curve  in  Fig.  A3— which  gives  the 
theoretical  equivalent  as  a  superposition  of  the  direct  lateral 
wave,  a  lateral  wave  reflected  from  the  cylindrical  boundary, 
arid  a  plane  wave  reflected  from  the  ceiling — is  m  good 
agreement.  The  lateral-wave  reflections  at  the  5-cm-high 
metal  wall  are  so  small  compared  with  the  reflections  from 
the  ceiling  that  they  produce  only  a  minor  perturbation  of 
the  typical  interference  pattern  due  to  reflections  from  the 
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FIG.  3.  E]p  vs  distance  in  Region  1.  (a)  Measured,  configuration  o  '"  Fig.  2(aj;  p  1  cm 

(b)  Measured,  configuration  of  Fig  2(b),  (c)  Theoretical  (unperturbed)  Arbi-  FIG.  4  EXp  vs  dis'ance  in  Region  1.  Measured,  configurations  of  Fig  2i  ^  i — 
trary  relative  amplitudes.  2(e).  Arbitrary  relative  amplitudes. 
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ceiling.  This  is  true  in  both  theoretical  and  measured  curves. 

The  small  undulations  particularly  evident  at  p~15- 
125  cm  in  Fig.  4  are  not  present  when  \EXp\ vs  p  is  plotted  on 
a  2  dB  per  vertical  increment  scale  for  metal  sheets  higher 
than  L  =  5.0  cm.  The  effect  of  the  boundary  at  c2.3  is  to 
generate  a  cylindrical  wave  (much  like  that  of  a  scattered 
plane  wave  incident  upon  a  Sommerfeld  right-angle  wedge). 
This  cylindrical  wave  occurs  as  an  implicit  contribution  to 
the  net  interference  pattern  at  /? — 75—125  cm.  The  net  pat¬ 
tern  is  expected  to  be  complicated  for  L  small. 

In  Fig.  5(c)  the  counterpart  of  the  L  =  15-cm  vertical 
extension  of  Sec.  Ill  is  plotted.  The  configuration  is  that  of 
Fig.  2(f).  Compared  to  the  curve  for  L  =  5  cm  in  Fig.  4, 
pronounced  radial  standing  waves  are  now  apparent.  The 
effects  of  reflections  from  the  ceiling  with  their  spacing  near 
/l,~47  cm  between  maxima  are  overwhelmed  by  the  much 
larger  reflections  from  the  cylindrical  boundary  to  form  nor¬ 
mal  standing  waves  with  /U/2  spacing  between  adjacent 
minima.  In  Fig.  5(a)  is  the  quite  similar  curve  for  L  =  95  cm, 
but  with  a  much  higher  standing-wave  ratio.  As  the  sheet 
attains  such  increased  heights,  its  effects  provide  a  closer  and 
closer  approximation  to  an  image  plane.  The  specular-reflec¬ 
tion  result  from  an  infinite  vertical  metal  plane  at  p  =  1.86m 
is  shown  in  Fig.  5(b);  it  is  obtained  from  Eq.  (2)  without  the 
last  term  (which  contributes  only  at  distances  very  close  to 
the  source  dipole).  It  is 
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where  p,  =  2pb—p  for  the  tank  of  radius  pb,  and 
St’{k2p,  k,)  is  given  by  Fq.  (3).  Of  course,  in  the  limit  of  pre¬ 
cise  adherence  to  image  theory,  the  boundary  sheet  needs  to 
be  infinite  and  planar,  not  finite  and  slightly  curved  Some 
effects  due  to  small  reflections  from  the  ceiling  are  evidert  in 
the  relative  magnitudes  of  successive  maxima  and  minima  in 
the  experimental  curves  [Figs.  5(a)  and  5(c)]  as  compared 
with  the  theoretical  curve  [Fig.  5(b)]. 


V.  THEORY  AND  EXPERIMENT 

The  configurations  of  Figs.  2(a)  and  2(b)  with  k2L<  1 
are  accurate  models  of  the  half  spaces  depicted  in  Figs.  2(a) 
and  2(b)  in  Ref.  7.  The  configurations  of  Fig.  2(b)  with 
k-,  L  >  1  and  2(c)— 2(g)  have  related,  albeit  more  complicated, 
theoretical  formulations. 

The  magnitude  of  the  perturbation  due  to  the  disconti  .- 
uity  between  Regions  1  and  3  where  z  >  0  [Fig.  2(a)]  is.  ac¬ 
cording  to  the  theory,  very  small.  The  importance  of  this 
calculation  is  in  its  prediction  of  the  relative  scattering  ability 
of  discontinuities  above  and  below  the  z  =  0  plane  of  Fig. 
2(a).  For,  if  the  radial  reflection  is  of  very  small  order,  the 


FIG.  5  Btn  vs  distance  in  Region  1  (a)  Measured,  configuration  of  Fig  2|gj, 
(b)  Theoretical  (specular  reflection),  |c|  Measured,  configuration  of  Fig  2lfl 
Arbitrary  relative  amplitudes 


oscillations  measured  in  the  EXp  pattern  [Fig.  3(a)]  must  be 
due  to  other  sources,  notably  the  reflections  from  the  ceiling. 
In  view  of  the  fact  that  the  skin  depth  at  1.5  GHz  is  very 
small  at  the  surface  of  the  vertical  metallic  layer  of  Region  3, 
and  the  fact  that  energy  is  dissipated  rapidly  with  distance 
from  boundaries  in  Region  1,  the  effects  of  the  finiteness  of 
the  model  lithosphere  in  Region  1  for  z  >  0  are  unlikely  to 
influence  the  EXp  component  significantly.  In  the  absence  of 
low-conductivity  discontinuities  in  the  denser  medium  (the 
presence  of  which  is  addressed  in  Ref.  1),  the  source  of  scat¬ 
tering  must  lie  in  the  upper  (z  <  0)  half  space.  A  tes'  of  the 
relative  scattering  abilities  may  thus  be  made  through  a  com¬ 
parison  of  the  effects  of  high-conductivitv  perturbations  for 
both  z  >  0  and  z  <  0. 

It  is  shown  in  Ref.  7  tha!  the  reflection  from  Region  3 
(p>pb,  z>0l  <s  very  small  even  when  this  is  a  metal.  It  fol¬ 
lows  that  the  reflection  from  a  vertical  metal  sheet  at  p  =  pb , 
z> 0  should  likewise  be  small.  No  significant  change  m  the 
measured  field  m  Fig.  3(a)  was  produced  by  such  a  sheet  No 
perturbative  effects  on  the  curve  of  Fig.  3(a)  were  observed 
upon  submersion  of  an  extensive  array  of  conducting  objects 
in  Region  1  (including  plates,  rods,  and  metal  cylinders!. 
Thus,  it  would  appear  that  the  very  small  reflection  predict¬ 
ed  theoretically  from  vertical  discontinuities  m  t^e  denser 
half  space  is  a  general  result  for  high-conductivity  objects  in 
a  half  space  'Region  1)  for  which  |A,j2  >  |A',j2. 

The  results  of  scattering  from  boundaries  at  p  =  p, , 
z  <  0,  as  show  n  m  Fig.  2(b),  make  it  clear  that  sufficiently  tall 
metal  objects  >n  air  have  large  reflection  coefficients  and  are 
therefore,  strong  generators  of  standing-wave  patterns  in 
Etp.  Measured  standing-wave  patterns  due  to  such  reflectors 
in  the  configurations  of  Figs.  2(e)— 2(g)  show  them  to  produce 
significant  standing  waves  comparable  to  those  of  more 
complicated  structures  in  the  half  space  z<0;  those  due  to 


3930 


J.  Appl  Phys.,  Vol.  55.  No.  1 1 . 1  June  1 984 


Brown.  King,  and  Wu 


3930 


-84- 


the  configurations  of  Figs.  2(c)  and  2(d)  suggest  that  dense- 
medium  comers  such  as  c2.3  may  be  comparable  to  short 
conducting  objects  in  the  region  z  <0  in  their  ability  to  re¬ 
flect  incident  lateral  waves. 

VI.  THE  MEDIUM-SCATTERER  COMPLEMENTARITY 

In  the  first  experimental  basis1  for  formula  (2)  of  the 
present  paper,  low-conductivity  (Styrofoam)  discontinuities 
in  the  dissipative  medium  of  a  pair  of  half  spaces  were  shown 
to  cause  significant  reflections.  In  that  study  the  reflections 
were  localized  to  the  vicinity  of  the  rectilinear  Styrofoam 
depressions.  In  the  present  study,  high-conductivity  (metal¬ 
lic)  extensions  in  air  are  shown  to  cause  reflections.  Here  the 
extensions  are  really  total  enclosures;  the  reflections  are 
more  systemic  (multiply  reflected  lateral  waves).  In  the  ear¬ 
lier  experiments,  isolated  Styrofoam  and  plastic  extensions 
in  air  produced  a  negligible  scattering  pattern;  indeed,  much 
of  the  experimental  technique  depended  on  this  fact.  In  the 
present  study,  highly  conducting  bodies  of  extensive  size 
with  vertical  boundaries  m  the  dissipative  half  space  are 
shown  to  produce  very  small  scattering.  For  either  localized 
or  extensive  scattering,  the  observations  suggest  that  a  sym¬ 
metric  role  is  played  by  the  medium  and  the  scatterer.  Scat¬ 
tering  is  maximized  when  a  high  (low/-conductivity  discon¬ 
tinuity  penetrates  a  low  (high)-conductivity  half  space. 


VII.  CONCLUSION 

In  confirmation  of  theoretical  predictions,"  measured 
scattering  by  objects  of  high  conductivity  in  Region  2  (z  <  0) 
is  significant.  On  the  other  hand,  the  scattered  field  from 
such  objects  in  Region  1  (z  >  0)  is  so  small  that  it  must  be 
inferred  indirectly.  Measurements  show  that,  relative  to  re¬ 
flections  from  ob:tacles  in  Region  2,  the  effects  in  Region  1 
are  very  snv-dl,  in  agr  *  with  theoretical  calculations. 
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APPENDIX:  REFLECTIONS  FROM  THE  CEILING 

Measurements  of  the  properties  of  lateral  electromag¬ 
netic  waves  in  an  indoor  tank  require  an  understanding  of 
the  nature  and  magnitude  of  reflections  not  only  from  the 
radial  boundary/;  =pb  —  1.86  m  of  the  semicircular  volume 
of  salt  water,  but  also  from  the  concrete  ceiling  at  a  height 
D~  2.5-2.75  m  and  from  four  copper  pipes  just  below  it.  Of 
primary  interest  is  the  eff  ect  of  such  reflections  on  a  simple 
traveling  lateral  wave  characterized  in  the  water  by 
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where  B  is  the  magnitude,  6B  the  angle  of  Elp  ( p, 0,  z).  In  Eq. 
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Here  C2  and  S2  are  Fresnel  integrals.  The  direct-field  terms 
that  involve  e‘k'r,  r  =  [p2  +  (z  —  d  )2]1/2,  have  been  omitted 
in  Eq.  (Al)  since  they  are  negligible  beyond  a  very  short 
distance  from  the  source.  Graphs  of  20  loglo|£lp(p,0,  z)J  as 
defined  in  Eq.  (Al)  are  shown  in  solid  lines  in  Fig.  Al  at 
f  =  600  MHz  and  in  Fig.  A2  at/=  1.5  GHz.  For  the  calcula¬ 
tions,  <7,  =  3.5  S/m  and  eXr  =  80. 

Also  of  interest  in  a  tank  of  finite  radial  extension  is  the 
effect  of  reflections  from  the  ceiling  on  a  standing  lateral 
wave  due  to  the  interaction  of  reflections  from  the  circular 
boundary  at  p  =pb  =  1.86  m  with  the  outward  traveling 
lateral  wave  from  the  source.  Since  these  latter  can  be  quite 
small,  they  could  have  an  amplitude  comparable  with  or 
even  smaller  than  the  amplitude  of  reflected  waves  incident 
on  the  tank  from  the  ceiling. 

Let  the  ceiling  be  approximated  initially  by  an  infinite 
highly  conducting  plane  at  the  height  D  from  the  surface  of 
the  water.  The  reflected  field  corresponds  to  that  of  an  image 
source  with  reversed  electric  moment  at  the  depth  d  in  an 
image  tank  of  salt  water  at  a  distance  2D  from  the  actual 
water.  The  radial  electric  field  on  the  surface  of  the  water  at 
z  =■  0,  above  the  point  ( p, 0,  z)  where  EXp  ( p, 0,  z)  is  to  be  cal¬ 
culated,  is 

2/7c,  D 


E\p[Pm~  “  e‘k'de'k'  r°  ■ 
2  ttK  | 


k2  e.k,d  e‘k'- r ° 


cos  0, , 


IA4) 


2  irk  j  i  o 

where  r0  =  (p2  +  4 D2)"1  and  0,  is  the  angle  of  incidence, 
cos  0,-2 D  /r0.  The  field  transmitted  into  the  water  is 

e‘k'  l2 k2  cos  0, 

E\p(p,0,z)~E\p(pm  —  sin:e)1/: 


(A5) 

icopQk\  COS2 0,  Jte‘k-r" 

irk i  k2cos0,  +  k,  r0 

e,k= 

=  A(0,)e‘0'e - .  (A6) 

ro 

In  Eq.  ( A6)  use  has  been  made  of  the  inequality  k  \  <  j  k ,  j 2  to 
simplify  the  reflection  factor;  A  ( 0 , )  is  a  real  magnitude. 

When  the  field  in  Eq.  (A6)  is  combined  with  that  in  Eq. 
(Al),  the  result  is 
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When  2 D  and,  hence,  r0  are  sufficiently  large, 
B2>A2(6t)/rl  so  that 
\E]p(p,0,z)  +  E%(p,0,z)\ 

~B  +  cos(k2  r0  +  9a  —  0B).  (A8) 

This  field  has  been  evaluated  at  /=  600  MHz  with 
ID  =  5.25  m  and  d  =  z  =  0.15  m.  It  is  shown  in  dotted  line 
as  curve  2  in  Fig.  Al.  It  represents  the  interference  pattern 
between  a  lateral  wave  traveling  along  the  air-water  bound¬ 
ary  and  a  singly  reflected  wave  from  a  metal  ceiling  at  the 
distance  D  =  2.625  m.  Actually,  the  field  incident  from  the 
image  source  is  largely  reflected  at  the  surface  of  the  water  so 
that  multiple  reflections  occur  that  involve  the  distances  2 r0, 
4r0,  etc.  Since  the  first  reflected  field  is  quite  small  compared 
with  the  lateral-wave  field,  the  much  smaller  higher-order 
reflections  can  be  neglected  in  thi«  qualitative  and  semi- 
quantitative  study. 

An  interesting  modification  of  the  field  reflected  from 
the  ceiling  is  to  assume  it  to  be  a  normally  incident  plane 
wave  obtained  from  Eq.  (A8)  by  setting  O,  =  tt/2  and 
r0  =  2D.  When  this  is  done,  Eq.  (A8)  becomes 

\E\P( pfi,  z)  +  Eclp( p,0,  z) | 

~B  +  (A  /2D  }cos(2A'2  D  +  0A  -  9 B ).  ( A9) 

Th’c  field  is  also  shown  graphically  in  Fig.  Al  by  curve  3  in 
dashed  line.  It  resembles  the  curve  obtained  with  the  dipole 
image  but  the  distance  between  successive  maxima  is  k2<  the 
wavelength  in  air,  and  not  a  distance  greater  than  k2  that 
Increases  with  angle. 

In  order  to  investigate  the  effect  of  reflections  from  the 
ceiling  on  a  standing-wave  pattern  of  lateral  waves,  it  is  ne¬ 


cessary  to  include  a  reflecting  boundary  that  provides  a  radi¬ 
ally  inward  traveling  wave.  This  is  most  simply  and  accura¬ 
tely  done  with  a  metal  image  plane  at  p  =  pb .  This  provides 
an  inward  traveling  wave  along  the  radial  line  <f>  =  0  appar¬ 
ently  originating  at  an  image  dipole  at  (2pb,Q,z).  The  unit 
dipole  moment  in  the  image  is  the  negative  of  that  in  the 
source.  The  field  is  given  by 


E\p(p„0,z) 


0>P0  e<kt{z 
2irk\ 


d)e,kiPf{k2p„ky) 


=  -  cA  (A  10) 

where  p,  =2 pb  —p.  When  Eq.  (A10)  is  combined  with  Eq. 
(Al),  the  magnitude  of  the  resulting  field  is 

\E\p(p>0,z)  + E\p(p,fi,z)\ 

=  [B2-2BCcos{dB  -0c)  +  C2]'n.  (All) 

When  p,  =  2pb  —  p  is  sufficiently  large  compared  with  p  so 
that  B 2  >  C 2 ,  Eq.  (A  1 1)  is  approximated  by 


| Elp ( p, 0,  z)  +  E \p ( p, ,0,  z)|  ~ B  -  C cos(0B  -  6 c\.  (A  1 2) 

Calculations  have  been  made  from  Eq.  (A  12)  at /=  1.5  GHz 
for  salt  water  with  <7,  =  3.5  S/m  and  elr  =  80  so  that 
kt  =  289.8  +  i71.2m-1  and£2  =  lO^m-1.  With/?fc  =  1.86 
m,  the  condition  B 2  >  C2  is  quite  well  satisfied  in  the  range 
p<1.0  m.  Specifically  at/?  =  0.1  m,  C2/B 2  =  17 X  10-4,  at 
p  —  1  m,  C 2 /B 2  =  0. 08 1 .  The  graph  ofEq.(A12)isshownin 
broken  line  at  the  top  of  Fig.  A2  together  with  the  solid  line 
curve  of  B  alone.  The  interaction  of  the  two  traveling  waves 
moving  in  opposite  directions  produces  a  typical  standing- 
wave  pattern  with  successive  maxima  or  minima  separated 
by  the  distance  kj 2.  The  standing-wave  ratio  (SWR|  at 


FIG  Al  Interference  patterns  due 
to  reflections  from  the  ceiling  and  a 
traveling  lateral  wave./=  600  MHz 
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fig  A2  Standing  wave  and  interference  patterns  due  to  reflections  from  a 
metal  plate  atp  =  1.86  m  and  from  the  ceiling: /=  1  5  GHz 


p~0.5  m  is  SWR~  1.25,  at/>~0.9,  SWR~  1.66. 

The  interaction  of  plane-wave  reflections  from  the  ceil¬ 
ing  with  the  incident  lateral-wave  field  has  been  calculated  at 
1  5  GHz  The  resulting  interference  pattern  is  shown  by  the 
broken-line  graph  at  the  center  of  Fig.  A2.  This  is  quite  simi¬ 
lar  to  the  corresponding  graph  .n  Fig.  Al.  but  the  amplitude 
of  the  reflected  field  has  been  made  relatively  smaller  by  a 
factor  1/2  That  is.  in  Eq  (A9)  the  amplitude  of  the  incident 
plane  wave  is  taken  to  be  A  /AD  instead  of  A  /ID  in  order  to 
make  it  comparable  to  the  amplitude  of  the  radially  reflected 
waves  considered  below.  As  before,  the  successive  maxima 
of  the  interference  pattern  are  separated  by  a  distance  close 
tO/l2. 

When  these  reflections  from  the  ceiling  are  combined 
with  the  reflections  from  the  metal  wall  at  p  =pb,  the  result¬ 
ing  field  is 

,  E]p  ( p,0,  z)  -r  £  \p  ( p,  ,0,  z)  +  E  \p  ( p,0,  z) ! 

~ B  —  C cos\0B  —  0C)  —  (A  /ID  )cos(2/^  D  +  0A  —  9B). 

(A  1 3) 

This  formula  assumes  that  B 2  >  C 2,  B :  >  (/4  /2Z)  |2,  and 
B 2  >  CA  /2D.CalculationsfromEq.(A13)(again with/1  /ID 
replaced  by  A  /AD )  at /=  1.5  GHz  are  shown  by  the  broken- 
line  curve  at  the  bottom  of  Fig.  A2  The  combined  standing- 
wave  interference  pattern  is  seen  ,o  have  successive  maxima 
that  are  separated  by  about  /i,/2  as  in  the  standing-wave 
pattern  at  the  top,  but  these  maxima  are  alternately  in¬ 
creased  and  decreased  by  the  reflected  field  from  the  ceiling 
with  its  interval  between  maxima  near  The  detailed  na¬ 
ture  of  this  type  of  pattern  necessarily  depends  on  the  rela¬ 
tive  magnitudes  and  phases  of  the  lateral  waves  traveling  in 


FIG  A3  Superposition  of  incident  lateral  wave,  lateral  wave  reflected  from 
vertical  metal  wall  of  height  L,  and  plane  wave  reflected  from  ceiling, 
/=  600  MHz 


the  horizontal  direction  and  the  waves  reflected  from  the 
ceiling  and  traveling  in  the  vertical  direction.  Either  of  these 
can  dominate  if  its  amplitude  is  significantly  greater  than  the 
amplitude  of  the  other  with  corresponding  potentially  very 
large  differences  in  the  shape  of  the  standing  wave  and  inter¬ 
ference  pattern. 

An  interesting  second  application  of  Eq.  (A  1 3)  is  to  the 
reflections  from  a  cylindrical  metal  wall  of  height  L  above 
the  surface  for  which  measurements  are  reported  m  Fig.  4  at 
/=  644  MHz  and  analytically  determined  graphs  are  m  Fig. 
9  of  Ref.  7  for/=  600  MHz.  Both  graphs  apply  to  a  cylindri¬ 
cal  Region  1  of  radius  pb  =  1.86  m  containing  salt  water 
with  (7,  =  3.5  S/m  and  elr  =  SO.  When  Eq.  (A  1 3)  is  applied 
to  the  standing-wave  data  shown  in  Fig.  9  of  Ref.  7  at/=  600 
MHz  and  with  2D  =  5.25  m,  the  broken-line  graph  m  Fig. 
A3  is  obtained.  The  plane  wave  from  the  ceiling  clearly 
dominates  with  only  small  variations  due  to  the  reflections 
from  the  cylindrical  metal  wall  of  height  L  =  5.2  cm  at  pb 
=  1.86  m. 
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Lateral  Waves  Near  the  Air-Sea  Boundary 
and  Atmospheric  Noise 
]  T.  deBETTENCOURT 

Considering  attenuated  atmospheric  radio  noise  useful  signal- 
to-none  ratios  are  obtained  with  lateral  wz.es  between  submerged 
horizontal  dipoles  tor  an  air-sea  model 

I  Introduction 

Lateral  electromagnetic  «vaves  traveling  along  the  air-sea  surface 
have  been  examined  in  |1]  for  use  as  a  means  of  communication 
with  submarines  using  a  variety  of  antennas  Here  we  consid-  the 
case  for  antennas  that  are  horizontally  polarized,  immerse  -  «n  the 
sea.  and  radially  disposed,  see  Fig  1(a)  This  is  u  'use.  beyond 
the  near  field  and  m  the  direction  0  along  the  a  nna  axis,  the 
rad.ai  component  £.p  m  a  cylindrical  coordinate  svste.n  (p,$,z)  is 
the  strongest  The  subscript  1  pertains  to  the  sea  (Region  1)  and 
suF  'ript  2  to  the  air  (Region  2)  Dipole  depths  are  d  and  z  for  the 
tre  ittmg  ano  receiving  dipoles  respectively  A  simple  but  accu- 
raic  formula  for  has  been  desenoed  m  [2]  along  with  its 
derivation  and  significance  Numerous  computations  have  been 
carried  out  and  the  relevant  curves  plotted  Rather  long  ranges  are 
indicated  from  the  standpoint  of  useful  field  strengths  m  the 
MF-HF  region  However  since  m  the  spectrum  of  frequencies 
below  ’0  MHz  or  so.  atmospheric  noise  may  be  a  limitation,  it  •> 
expedients  examine  some  aspects  of  this  question 


receiving  sites  is  neglected.)  Such  atmospheric  noise  is  statistically 
quite  variable,  depending  upon  the  location  on  the  earth,  time  of 
day,  season  of  the  year,  and  frequency.’  These  dependencies  have 
been  studied  for  years  and  charts  have  been  prepared  to  show 
variations.  The  charts  are  found  in  publications  such  as  CCIR  Report 
No.  322  [3], 

What  is  plotted  in  the  charts  is  the  value  of  the  median  external 
atmospheric  noise  factor  Flm  versus  frequency  for  given  4-h  time 
blocks  for  the  different  seasons.  This  factor  is  determined  from 
noise  voltages  induced  in  loops  (usually)  or  vertical  whip  antennas 
The  noise  field  behavior  is  assumed  in  the  theory  to  be  that  of  a 
surface  wave  near  the  receiver  The  theory  has  been  treated,  for 
example,  in  (4)  Here,  the  overburden  will  be  replaced  by  the  sea, 
the  geometry  is  shown  in  Fig.  1(b) 

The  atmospheric  noise  fields  are  essential'y  vertically  polarized  in 
Fig  1(b)  with  the  vertical  electric  field  strength  £v  -  jf"|  at  the 
surface  related  to  the  external  noise  factor  Fjm  as  follows 

£>-160&£jmkT8  (1) 

where  ftp  -  2ir/\c.  \0  is  the  wavelength  in  air.  k  is  Boltzmann  s 
constant.  T  is  the  absolute  temperature,  and  B  is  the  receiver  noise 
bandwidth  In  the  MK$  system,  £v  is  in  volts/meter  or  in  decibels 

£v(dB  >  1  jxV/m)  -  -125  56  -e  £jm(dB) 

+  20!og,0fKMj  +  10log,;Bkt„  (2) 

where  the  rms  value  of  £v  is  used  and  the  subscript  on  t  and  8 
means  frequencies  in  kilohertz  Night-time  summer  noise  fields  are 
largest  in  the  northern  hemisphere  in  general 

ill  Theory  of  noise  attenuation 

Referring  to  Fig  1(b)  there  is  in  the  air  a  small  horizontal  noise 
component  of  the  electric  held.  E2h.  in  addition  to  the  vertical  one 
£>,  The  wave  tilt  for  noise  fields  is  defined  at  the  surface  in  air  at 
P2  as  follows 


hS 

1 

1 

fz.l  “ 

N,, 

(M’  ■' 

where  N.,  is  the  refractive  index  of  water  relative  to  air  and  c „  is 
the  complex  relative  dielectric  constant  c„  -  c.,(l  -  yp,)  with  p.  - 
o./uC;  the  loss  tangent  and  o,  the  conductivity  in  siemens,  meter 
There  is  a  similar  wave  tilt  at  the  point  P,  at  the  depth  z  n  the 
water 


w, 


(•<) 


Thes-  'elations  assume  that  is  large  compared  with  unity 
which  is  true  for  sea  water  with  real  relative  dielectric  constant 
<„  -  80  and  loss  tangent  p,  -  t>Oo.A0/ 1.,  It  is  also  assumed  tnat 
atmospheric  noise  in  a  given  time  block  is  omnidirectional  in 
azimuth  It  follows  that 


II  Atmospheric  Noise 

C‘  the  various  components  of  noise  external  to  a  receiver  the 
most  important  source  is  that  due  to  thunderstorm  activity  in  the 
MF-HF  part  of  the  spectrum  (Man-made  noise  for  otherwise  quiet 
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(5) 


At  Z  -  0.  £,„  -  F2h  by  contmuitv  Thus  the  horizontal  component 
in  air,  E"h.  is  smaller  than  the  vertical  component  £?,  but  n  water 
the  horizontal  component  E?h.  far  exceeds  the  vertical  com,  onent 

f" 


’as  a  first  approximation  such  noise  is  azimuthalh  nondirechonat 
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Fig.  1.  Signal  and  atmospheric  noise  at  subsurface  point  P,  (a)  Signal  electrical  field  f,  at 
P,  (p.  £  z)  due  to  HED  at  P  (0  0.  d)  in  sea  water  (b)  Atmospheric  radio  noise  f "  at  P2  on  surface 
attenuated  to  f?  at  P,  in  sea  at  depth  z 


Fig.  2.  Lateral  waves  and  atmospheric  noise 


8ecause  of  (he  interest  m  the  radial  component  |fv|  of  the  lateral 
wave,  it  is  appropriate  to  concentrate  on  the  horizontal  component 
of  noise  in  the  water  in  the  antenna  direction  Since  both  the  lateral 
wave  |£0|  and  the  horizontal  noise  |£7r>l  decay  exponentially  with 
depth,  the  signalto-noise  ratio  ( 5/N)  at  the  receiver  is  determined 
at  the  surface,  down  to  depths  where  the  external  atmospheric 
noise  has  been  attenuated  to  the  level  of  the  internal  noise  oi  the 
receiver 

The  horizontal  noise  level,  from  (3).  has  a  field  strength 

-  if?.i/ic'i,rj  (6) 

8ut  for  sea  water  at  MF-Hf,  tne  loss  tangent  p,  is  large  so  that 

‘v  “  <vO  -  fPi)  =  -/60o,xo  (7) 


IV  Calculations 

Calculations  have  been  made  for  sea  water  ( t  v  -  80,  o.  •=  a  S/  rr>j 
The  vertical  noise  is  lor  the  worst  tune  conditions  of  summer-time, 
time  block  (2000-2400)  for  Eastern  USA,  it  40°  N  latitude,  to  tvpn 
results  The  values  of  7)m  have  been  converted  mto  f,  ** 
according  to  (1)  and  (2),  they  are  plotted  m  fig  2  as  the  uppermost 
curve  The  horizontal  component  at  the  sjrface  in  air  or  m  ihp 
water  is  the  next  lower  dashed  curve,  *  |£\,|„01V.  The  lowest 
dashed  curve  is  the  vertical  component  |£wn|  =  If^;  in  the  water 
only  Thp  noise  bandwidth  is  assumed  *o  be  10  Hz,  and  z  ■■  0 

The  solid  curves  for  f ^  are  the  field  strengths  of  the  |f.0i 
component  of  the  lateral-wave  held  generated  by  an  infinitesimal 
horizontal  electric  dipole  with  unit  moment  in  the  sea  as  calculated 
from  a  recently  derived  simple  formula  by  Wn  and  King  (2)  If  it  is 
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fig.  4.  Signa'-to-roi<e  ratio,  lateral  waves  no  a'  air-sea  boundary 


possible  to  enhance  the  unit  dipc’e  moment  (/A/-  1  A  •  m)  to  a 
more  practical  value,  then  useful  va'ues  of  S/N  will  result  A  typicJ 
lateral-wave  system  could  consist  of  /i  r*"  100  X  1000  -  10s  A  m 
The  curves  for  in  Fig  2  would,  in  th.s  case  be  raised  100  dB 
This  result  is  shown  in  Fig  3  Thus  at  a  frequency  high  as  1  MHz. 
useful  S/N  ratios  would  result 

The  resulting  signal-to-noise  ratios  have  been  plotted  as  >uf.c- 
lions  of  the  radial  range  p  in  Fig  A  Even  more  optimistic  values 
would  obtain  at  f  -  10'  Hz  (not  shown)  since  there  is  an  optimum 
at  that  frequency  ‘or  the  lateral  .save 

V  Conclusion 

Useful  signal-to-noise  ratios  are  obtainable  with  lateral  waves 
between  submerged  horizontal  dipc'es  for  an  air-sea  model  These 
results  infer  useful  commun. cation  to  submarines  using  lateral 
waves  limited  bv  attenuated  atmospheric  noise  for  shallow  depths 
for  greater  depths  lower  frequences  should  give  more  optimum 
Signal-to-noise  ratios,  th.s  will  be  reported  on  in  a  future  paper 
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Lateral  electromagnetic  waves  along  a  plane  boundary  between 
homogeneous  half-spaces  are  reviewed  The  electromagnetic  fields 
generated  by  vertical  and  horizontal  ebctrc  dipoles  near  the 
boundary  between  air  and  the  earth  (salt  or  fresh  water,  soil  ice 
etc )  are  summarized  in  terms  ota  new  unified  theory  of  lateral-  wave 
propagation  Complete  theoretically  determined  helds  are  dis 
played  and  compared  v.ith  measured  fields  at  f  =  600  v.rlz  relative 
to  the  boundary  between  air  and  salt  water  (o  -  3  5  S/m  i,  -  80) 
Near  intermediate  and  asymptotic  fields  are  related  graphicallv  to 
the  new  general  theorv  and  to  the  approximate  and  ro-t'inod 
tormulas  ot  Norton  and  Banos  as  well  as  to  the  Zenneck  iuvp 
Application  is  made  to  the  spec  ihc  problem  of  communication  with 
submerged  submarines  by  means  of  transmitters  consisting  of  elec¬ 
trically  short  monopoles  in  air  and  horizontal  traveling-wave  anten¬ 
nas  and  directional  arravs  m  se.-  water  The  properties  of  the 
antennas  are  evaluateo  m  the  frequence  range  IQ  $  /  $  30  kHz 
which  is  optimum  tor  receiver  depths  near  10  m  and  at  t  *  1  kHz 
which  is  optimum  for  depths  up  to  50  m  The  efte 1 1<  ot  reflections 
from  the  ionosphere  and  ot  the  earth's  curvature  are  not  included 


I  Introduction 

The  propagation  of  electromagnetic  waves  in  the  pres¬ 
ence  of  a  boundary  between  two  quite  different  materials 
like  air  and  earth  (salt  and  fresh  water,  soil,  sand  ice  etc  ) 
has  been  of  long-standing  interest  ir  classical  electromag¬ 
netism  It  has  application  in  all  radio  communication  be¬ 
tween  points  near  the  surface  of  the  earth  and  this  is  true 
whether  the  transmitting  and  receiving  antennas  are  both  in 
the  air  (broadcast  radio),  both  in  the  earth  (communication 
between  tunnels,  mine  shafts,  submarines),  or  one  is  in 
each  medium  (communication  with  submarines)  It  under¬ 
lies  geophysical  exploration  by  means  of  electromagnetic 
waves  generated  and  received  by  antennas  on  the  surface 
of  the  earth,  or  on  the  floor  of  the  ocean 


A  Surface  Waves,  Ze'ineck  Waves 

Surface  waves  along  cylindrical  conductors  of  infinite 
length  in  air  were  analyzed  by  Sommerfeld  in  1QSJ9  (1) 
Inside  the  cylinder  the  field  is  distributed  in  the  well-known 


manner  commonly  referred  to  as  skin  effect  Outside  the 
conductor  (he  electric  field  is  elliptically  polarized  with  a 
large  radial  and  small  axial  component  in  the  direction  of 
propagation  The  two  components  are  not  in  phase  The 
analogous  phenomenon  for  a  plane  surface  was  discussed 
by  Zenneck  in  1907  [2]  and  related  to  the  propagation  of 
radio  waves  over  the  surface  of  the  eanh  With  the  ex¬ 
istence  and  significance  of  the  ionosphere  still  unknown 
Zenneck  sought  to  explain  the  long  distance  propagation  of 
radio  waves  in  terms  of  a  surface  wave  that  decays  le>s 
rapidly  than  the  familiar  1/r  decrease  for  space  waves  The 
properties  of  radial  cylindrical  surface  waves  (Zenneck 
waves)  as  possible  solutions  of  Maxwell's  equations  are 
well  described  by  Barlow  and  CuMcn  [3]  Thev  give  formulas 
for  the  field  along  the  bounoary  between  a  conducting  or 
dielectric  half-space  (Region  1.  z  >  0,  o,.  c.)  with  complex 
wavenumber  k,  ■=  /?.  +  ia ,  =  *.{<„  -r  io/ui-)'  and  air 
(Region  2.  z  0)  with  wavenumber  k:  =  cu ( u -c  - )  The 
time  dependence  is  e~'“"  =  e'"'  If  the  condition 


|k,|-  »  k}2  or  jA,|'»9k  ,  (1) 


is  imposed,  the  following  considerably  simplified  formulas 
(which  serve  present  purposes)  are  obtained  m  the  cylindri¬ 
cal  coordinates  p.<t>.z 
In  Region  1 

B*-  ti0Adk''H\"(k:p) 


fl P  = 


IU3ll0k S 

~kT 


Ae'^H^ikep) 


(2) 


In  Region  2 


B2t  =  p0Ae-'(ki>/l->‘H':'(k2p) 
£>p  =  “(<>>/*!  )&« 


(3) 
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where  the  H’ s  are  Hankel  functions  and  A  is  an  amplitude 
that  depends  on  the  nature  of  an  unspecified  source  at  the 
origin  Note  that  the  neld  decays  exponentially  as  exp(  -  a.zj 
in  the  conducting  or  dielectric  half-space,  more  slowly  as 
exp[-a,(k2/|k,|J)z)  in  the  air  Clearly,  it  is  bound  quite 
closely  to  a  region  on  each  side  of  the  surface  -  =  0  When 
k2p  2  10,  the  asymptotic  forms  of  the  Hankel  functiors  are 
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(4) 


good  approximations,  i.e., 

«$>’(* 2p)  ~  (2/i7*2p)'/2exp[/(k2p  -  w/4)] 

^(kyp)  -  (2/vk2p)'/2 exp[i(k2p  -  3w/4)]. 

It  follows  that  when  k2p  >  10,  the  entire  surface-wave  field 
decreases  as  p_1/2  with  increasing  radial  distance  p  This  is 
the  essential  characteristic  of  the  Zenneck  wave. 

In  1909,  Sommerfeld  [4]  determined  the  complete  elec¬ 
tromagnetic  field  of  ?  vertical  dipole  on  the  surface  or  the 
earth  and  verified  trat  his  complicated  general  solution 
actually  contained  the  surface-wave  term  with  its  p" 1/2  rate 
of  decrease.  This  seemed  to  confirm  the  possibility  of 
attributing  long-distance  radio  transmission  to  the  Zenneck 
surface  wave.  However,  no  later  than  1935  Sommerfeld  [5] 
in  a  re-exami nation  of  his  theory  cone1  'ded  that  the 
surface-wave  term  could  not  be  separated  from  the  other 
terms  in  the  complete  solution  for  the  field  of  the  vertical 
dipole.  He  also  stated  that  there  were  no  possible  circum¬ 
stances  under  which  the  Zenneck  surface  wave  could  exist 
alone  or  even  form  the  principal  part  of  the  complete 
reprejentation  of  the  outward  traveling  waves  from  the 
dipole  Nevertheless,  the  existence  or  nonexistence  of  the 
Zenneck  surface  wave  continued  as  the  controversial  sub- 
ject  of  a  long  series  of  papers  Since  the  details  are  abh 
summarized  by  Banos  (6),  they  are  not  repeated  here  Use¬ 
ful  discussions  are  in  Hill  and  Wait  [71  and  Wait  and  Hill  [8] 


B  Surface  Waves  in  the  field  of  a  Ver'ical  Dipole  on  the 
Earth,  The  Formula  of  Norton 

Even  though  the  surface-wave  term  in  the  formula  for  the 
fieid  of  a  vertical  eiectnc  dipole  over  the  earth  has  no 
application  to  phenomena  now  attributed  to  reflection-- 
;rom  the  ionosphere  it  is  nevertheless  a  significant  term  m 
the  radiation  field  This  arises  from  the  'act  that  the  field  m 
the  absence  of  the  surface-wave  term  vanishes  along  the 
surface  of  the  earth,  i  e  when  ©  =  it/ 2  [9]  This  is  readil- 
understood  from  the  formula  tor  the  field  of  an  electncaliv 
short  vertical  dipole  with  unit  electric  moment  (/A {=  1 
A  m)  at  a  height  d  over  the  earth  [Fig  1(a)]  It  is 


(a) 


unit  wiicsl  dipole 


Rtqion  2  (pit) 
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Rtgion  I  Uafthl 


l  /  ot  (0,0) 
:/ 

U  ro’fr  V 


7  /  rn  i  rrr ; 


-e22(/>.  o-> 
E^(/>.cn 


’/MM////  t  r 

►■unit  horizontal  E,2(P.0*J 
dipolt  at  (0,d) 

r*  E^tp.xf 
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(b) 

Fig.  1.  (a)  Vertical  dipole  with  unit  electric  moment 
1  A  m)  at  height  d  over  earth  (b)  Unit  vertical  dipole  at 
surface,  unit  horizontal  dipole  at  depth  d 


rrapo  dk>' 
Arr  r 


4e(8)sin© 


where  8  is  measured  from  the  vertical  axis  and 


Ae( 9)  =  <?-  ,k‘dco,e  +  4/^co'9  (5) 

is  the  field  factor  The  plane-wave  reflection  coefficient 
Ur  =  !4rlexP('^er)  IS  defined  as  follows  in  terms  of  the 
square  of  the  complex  index  of  refraction,  N2  =  (k,/k ,)-  = 

«l/<2  =  +  '«’/«« 0 


cos 8  -  A(0) 
cos  0  +  A  ( 0 ) 


(6a) 


where  A(0)  is  the  normalized  surface  impedance  defined 
by 


A(8)  =  Zt(9)/f0  -  (N2  -  s,n-’9 )'/2/N2, 

?o  =  (MoAo)!/:  (6b) 

A!  normal  incidence  0  =  0  and  Z,(0)  s  Z;  =  iap0/k,  = 
(MoAi )’  2  T^e  magnitude  of  fp,  has  values  near  1  when 
8  =  0  and  n/2  and  has  a  deep  minimum  between  0  and 
7 r/2  at  the  Brewster  angle  Graphs  of  \f„\  and  if,,,  are  shown 
in  Fig  2(a)  and  (b)  for  a  range  of  values  of  N 2  appropriate  to 
earth  and  water  Tne  field  factor  Ap(8)sin0  is  shown  in 
Fig  3  for  a  dipole  on  the  earth  (d  c-  0)  It  is  seen  that  the 
field  has  a  maximum  between  0  =  60°  and  90c.  depending 
on  the  value  of  N,  but  vanishes  at  ©  =  ir/ 2  for  all  N  except 
N  =  ix,  the  value  for  a  perfect  conductor  for  which  the 
maximum  occurs  at  8  =  it/ 2  It  is  virtually  n/2  tor  a  metal 
surface  The  corresponding  field  patterns  for  a  quarter-wave 
monopole  on  the  earth  are  shown  in  Fig  4  Thcv  are  seen 
to  vanish  at  8  =  w/2  except  when  the  earth  is  replaced  bv 
a  perfec*  conductor  Note  that  the  larger  N  the  closer  to 
0  =  it/ 2  is  the  maximum  in  the  field  pattern  and  the 
steeper  is  the  drop  to  zero  at  0  =  it/ 2  This  means  that  a 
receiving  antenna  located  at  a  sufficient  height  can  experi 
ence  a  near-maximum  field  Actually,  the  field  at  0  =  it/ 2 
is  nc  zero  as  indicated  bv  the  space-wave  terms  but  is 
determined  by  a  surface-wave  term  which  must  be  added 
to  (4)  It  is  significant  only  when  8  is  near  or  at  ti/2 

In  order  to  make  Sommedeld's  complicated  solution  with 
its  complex  integrals  convenient  for  engineering  use,  Nor¬ 
ton  [10]  in  1936,  and  with  the  help  of  expressions  for  the 
ground-wave  potential  due  to  van  der  Pol  and  Niessen  [11] 
and  the  electric  field  due  to  Wise  [12],  reduced  the  surface- 
wave  term  to  simple  formulas  and  graphs  These  involved 
approximations  that  restricted  their  ranges  of  validity  He 
then  compared  the  fields  obtained  from  them  with  avail¬ 
able  experimental  results  in  order  to  determine  these  ranges 
He  was  careful  to  point  out  that  'when  the  theory  is  used 
*o  predict  the  field  intensity  in  other  frequency  and  dis 
tance  ranges  than  those  for  which  it  has  been  checked 
there  is  the  possibility  of  error  due  to  leaving  out  some 
factor  which  becomes  important  in  these  new  situations " 
A  useful  discussion  and  correction  of  Norton's  work  is  m  a 
paper  by  R  )  King  [13] 

Norton's  surface-wave  term  in  the  field  of  a  unit  (/AZ=  1 
A  •  m)  electric  dipole  in  Region  2  (air)  on  the  boundary 
(d  =  0)  with  Region  1  (earth)  is  [Fig  1(b)] 


fL(p.o) 


iup0 

2w  p  e 


(7) 


where 


Fe  **  1  +  i(np)'/2e  p  1  -  erf  (  -  /p1/2)j  (8) 
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and  the  numerical  dista  ace  is  defined  bv 

p-|p|eb-»*2p(*J/2*?)  (9) 

The  error  function  is 

erfU)  ~-Tf;fe~,>dt  (10) 

7T'  J0 

Norton  provided  graphs  and  tables  of  Fe  as  a  function  of  the 
magnitude  and  argumen  of  the  so-called  numerical  dis¬ 
tance  p  Their  quantitative  significance  is  considered  later 
A  useful  alternative  form  of  (7)  is  in  terms  of  the  Fresnel 
integral 

(ii) 

With  it,  (7)  becomes 


$r(k2p,k,)  =  i(l  +  /)  -  C2[k2p(k!2/2k\)] 

~  >S2[k2p(ki'2k-)]  (13) 

The  leading  term  for  very  large  values  of  k:p.  i  e  ,  wt-en 
k2p  »  n\k]/k]\,  is 


fL(p.o) 


o)u0  k[  e'klP 

2*  k)  p: 


(14) 
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Fig.  3.  Field  factors  of  vertical  electoc  and  magnetic  dipole^  on  conducting  earth,  d  -  0 
Note  that  /  -  -  / 


For  small  and  intermediate  values  of  k,p.  ie,  k,p  « 


The  Zenneck  surface  wave  is  explicitly  contained  m  (15) 
where  it  is  the  second  term  which  varies  with  distance  as 
p' Howevei,  as  predicted  by  Sommerfeld,  it  is  not  the 
dominant  term  since  it  is  multiplied  by  the  small  fatter 
k2/k,  As  p  increases,  the  valid  range  of  (15)  is  passed  and 
(12)  must  be  used  Finally,  for  sufficiently  large  p  where  it 
might  be  expected  that  the  p"’  ?  term  would  dominate 
over  the  p  term,  the  Fresnel  integral  contributes  major 
factors  such  that  the  p  ’  term  is  canceled  exactly  and  the 


p~ '  '2  term  becomes  a  p~:  term  as  in  (14)  Thus  the  Zen¬ 
neck  surface  wave,  while  present  formally,  is  onl>  a  rela¬ 
tively  small  part  of  the  complete  surface  wave 

The  problem  treated  by  Sommerfeld  -nd  evaluated  by 
Norton  concerned  propagation  over  a  plane  e-ici  <  An  ex¬ 
tension  of  this  work  to  the  spherical  earth  is  contained  in  a 
treatise  by  Bremmer  (14)  and  in  a  recent  paper  by  Hill  and 
Wait  (15). 

C  Approximate  Formulas,  Numerical  Results 

Following  the  work  of  Norton,  which  addressed  punianU 
the  problem  of  surface-wave  communication  between 
vertical  antennas  .n  the  air  on  the  surface  of  the  earth, 
interest  turned  to  the  pioblem  of  communicating  with 
submarines  Extensive  studies  were  carried  out  relating 
especially  to  the  electromagnetic  fields  generated  by  hori 
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Fig.  4.  Vertical  field  pattern  ot  X/4  monopole  on  a  conducting  earth  or  water  Note  that 
I " 


zontal  and  veitical  electric  and  magnetic  dipoles  in  the  sea. 
This  work  included  an  extensive  series  of  papers  by  Wait 
(16J  ami  reports  by  Banos  and  Wesley  which  culminated  tn 
the  exhaustive  book  by  Banos  (6]  in  1%6  '.n  this,  the  entire 
problem  is  reformulated,  general  integrals  ±re  obtained  for 
the  potential  functions  and  expressions  for  the  components 
of  the  electromagnetic  field  in  both  region;.  These  are  then 
simplified  to  obtain  sets  of  iliummating  approximate  for¬ 
mulas  valid  in  restricted  nonoverlapping  ranges  of  the  vari¬ 
able;  and  parameters  referred  to  as  the  asymptotic,  inter¬ 
mediate,  ana  near-field  ranges.  They  are  defined  as  follows. 

near  field  k2p  <  1  c  |fc,p| 

intermediate  fieid  l*2p(*5/2kj)|  <  1  <  k2p 
asymptotic  field  1  •«  |#c2p ) |.  (16) 

Extensive  graphs  of  the  components  of  the  electric  field  of  a 
horizontal  electric  dipole  as  calculates  from  Banos’  ap¬ 
proximate  formulas  are  in  King  and  Smith  [17]  for  wide 
ranges  of  the  material  parameters,  the  frequency,  and  radial 
distance.  Their  quantitative  significance  is  considered  later. 

Electromagnetic  waves  are  highly  attenuated  in  sea  water 
except  at  very  low  frequencies,  for  which  practical  distance-, 
are  in  the  near  field.  According^,  the  problem  of  com¬ 


municating  with  submarines  was  studied  primarily  ;n  terms 
of  near-field  or  quasi-static  formulas  [18], 

When  high-speed  computers  became  available,  attention 
was  directed  to  the  numerical  evaluation  of  the  Sommer- 
felci  integrals  [1 9J— [22]  and  extensive  systematic  calculations 
were  made  of  tne  fields  of  horizontal  electric  dipoles  in 
air -bounded  media  ranging  from  sea  water  to  dry  earth  over 
a  wide  range  of  frequencies  [23]-[?s],  [17,  ch,  11],  and  in 
rock-bounded  sea  water  [2C],  These  have  been  compared 
with  calculations  from  Banos’  approximate  formulas  [17,  ch 
11],  Extensive  measurements  of  electromagnetic  fields  due 
to  antennas  in  sea  water  [27]  and  lake  water  [28]  have  been 
made  and  compared  with  the  appropriate  numerical  results 
and  with  Banos'  approximate  formulas. 

If.  A  Nzw  Representation  of  an  Old  Theory 

Although  the  electromagnetic  fields  generated  by  vertical 
and  horizontal  dipoles  above  and  below  the  boundary 
between  two  quite  different  material  media  have  been 
formally  available  in  term?  )l  general  integrals  for  manv 
years,  ?.  clear  understanding  of  their  characteristics,  similari¬ 
ties,  and  differences  has  been  difficult  to  obt&m  because  of 
the  complexity  of  the  formulas.  Following  Sommerfeld, 
these  nave,  in  general,  been  expressed  in  terms  of  deriva¬ 
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tives  of  the  Hertz  potentials.  A  somewhat  different  insight 
is  obtained  from  the  explicit  integrals  for  the  components 
of  the  electric  and  magnetic  fields.  For  the  horizontal  elec¬ 
tric  dipole  these  are  given  in  [17,  pp.  617,  618];  for  the 
vertical  electric  dipole  in  [29,  eqs.  (26)-(3l)].  An  example  of 
the  type  of  integral  involved  is  the  radial  component  of  the 
electric  field  at  a  depth  z  in  Region  1  (earth)  of  a  horizontal 
unit  electric  dipole  (/A<?- 1  A  ■  m)  located  at  the  depth  a 
also  in  Region  1  [Fig.  1(b)] 


”  jO  +  ')  ~  C2[*,p(*;,/2A;)j 
-«z[*zp(  *5/2*0]  (22) 

C2(y)  +  /Sj(u)  -  /U(2rrr)"AV'df  (23) 

*1  “  +  iot/a)  k]  -  w*pct0-  (24) 


fi p(p.*.*)  “  -^cos*fjf  {*fo(Ap)  ~(Ai/2)[A(Xp)  -4(Ap)]}YfV»*-«A<A 

+  j* {(-riQ/2)[Jo{\p)  ~  k&P)} -(k\P/2y>){Jo(\p)  +  ^(Ap)]}d^--'Adx)  (17) 


where,  with  p,  «  p2  -  p0,  P  -  (y2  -  y,)/(y2  +  Yi),  Q  “ 
(*0i  “  *rYi)/(^Y2  +  *?Yi).  y/  “  *?  -  The  location  of 
the  dipole  at  (0.0,  d)  and  the  point  (p,d.z),  where  f!p  is 
evaluated,  are  shown  in  Fig.  5.  The  formulas  for  the  other 


Region 2  on.  1  *o-  °2  1  "j5  ‘c 


fig.  S.  Radial  componeni  of  electric  field  at  due  fo 

*-directcd  dipole  at  (0.0.  d). 


five  components  of  the  electromagnetic  field  are  similar,  as 
are  the  formulas  for  the  three  components  of  the  rota- 
tionally  symmetric  field  of  a  vertical  dipole  at  (0.0,  d). 


A.  New  Simple  Formulas 

A  careful  study  of  all  of  the  general  integrals  in  the  light 
of  the  known  properties  of  the  field  from  numerical  calcu¬ 
lations.  approximate  formulas,  and  measurements  has  shown 
that  they  can  be  evaluated  in  closed  form  subject  to  quite 
simple  and  readily  satisfied  conditions.  They  are 

|k,|  >3 k2  p  5d  p  ^  5z  jfqpl  >  3.  (18) 


With  (18),  the  surface-wave  parts  of  the  three  components 
of  the  electromagnetic  field  of  the  vertical  electric  dipole 
[29]  and  of  all  six  components  of  the  field  of  the  horizontal 
electric  dipole  [30]— [32]  can  be  expressed  in  terms  of  the 
following  radial  functions: 


'(*2P.*.)-“ 


P* 


k.\kip) 


•^(*2P,*l) 


(19) 


g(*2P-*i)-  f(k2P,k,)~ 


(20) 


Note  that  when  A2p  >  3,  g(k2p,k.)  -  f{k,p.k.)  since 
j//A2p,|  is  then  negligible  compared  to 

ikj  J_ 

P  ~  pi 

Note  also  that  when  k2p  t*>  |A:/Jkj| 

f(k!p.kx)  ~  g[kiP.ky)  ~k]/k:,p:  (25) 

since 

(kr:/k,)(ir/kjp)'/-exp[-ikip(k</2k-)]^(k.p.k  ) 

-  ( >kJP )  ^(Ai/A.p  ) 

Similarly 

h(k.p.k})  —  1/p:.  (26) 

When  the  source  dipole  is  located  at  depth  d  in  Region  1 
(earth,  water,  etc.),  each  component  of  the  electromagnetic 
fieto  >ists  of  two  distinct  parts.  The  distinguishing  fea¬ 
ture  of  the  terms  in  the  two  parts  are  the  factors  exp (ik.r) 
and  exp(;A,p).  Each  term  associated  with  the  direct  field 
includes  an  exponential  factor  with  the  wavenumber  k  = 
/},  t  ra,  and,  therefore,  the  attenuation  factor  exp(-a  r) 
Each  term  associated  with  the  lateral  wave  field  includes 
the  factor  exp (ik2p).  For  all  practically  available  materials 
that  form  the  surface  of  the  earth,  the  attenuation  constant 
a,  is  significant  and  the  direct  field  decays  rapidly  with 
distance.  Only  quite  dose  to  the  source  is  the  magnitude  of 
the  direct  field  comparable  with  that  of  the  lateral-wave 
field.  Here  it  can  produce  an  interference  pattern.  This  is 
observable  for  low-conductivity  lake  water  and  for  sait 
water  at  very  high  frequencies.  Formulas  that  include  the 
direct  field  of  each  component  are  given  in  [29]-[32].  They 
will  be  indicated  only  by  a  letter  D  and  not  written  ex¬ 
plicitly  since  they  are  of  no  significance  in  even  short-dis¬ 
tance  propagation  over  the  earth.  When  the  source  is  on 
the  surface  in  Region  2  (air),  there  is  no  direct  field;  the 
lateral  field  is  the  entire  field. 

The  three  components  of  the  rotationally  symmetric  elec¬ 
tromagnetic  field  of  a  vertical  electric  dipole  in  Region  2  on 
the  surface  and  in  Region  1  at  any  depth  d  ~s>  0  are  jiven  in 
Table  1.  The  six  components  of  the  field  of  a  horizontal 
electric  dipole  at  depth  d  >  0  in  Region  1  are  listed  in  Table 
2,  These  latter  are  conveniently  separated  into  a  field  of 
eiectric  type  consisting  of  £„,  F.t,  and  B^  with  an  angular 
dependence  cos<#>  and  a  field  of  magnetic  type  that  in¬ 
cludes  Bpi  Bv  and  with  an  angular  dependence  sin£. 
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Table  1  Electromagnetic  Field  of  a  Vertical  Electric  Dipole  with  Unit  Moment  1 A  •  m) 
On  or  Below  the  Surface  Between  Region  1  (z  >  0,  Earth.  Water,  etc,) 
and  Region  2  (z «  0.  Air);  A  “  up o/2rr 


Component  of 
the  Field 

Dipole  in  Region  2  at  (0,0.0), 
i.e„  on  Surface 

Dipole  in  Region  1  at  (0,0.  d). 
i.e.,  at  depth  d 

tVp.rr) 

-Ak;'f{k1p.k,)dl>Vi't 

-Ak]k;}f(k2P.k,)dl^z  +  d)  +  o;f 

f u(P.*) 

Akjk^glkjp.k^e^1'1 

Ak]k;,g(k2p.k<)dk:'dl'i’~a)+  D), 

*l“_,Mp.*) 

fjp(P.O) 

f*fp.0) 

f.vfP-0) 

*?KJ£„(p,0) 

k\kX‘C^p.O) 

flj»(P-0) 

S*  (P-0) 

e*(P.O) 

Table?,  Electromagnetic  Field  of  a  Horizontal  Electric  Dipole  with  Unit  Moment  (/Ar'-  l  A  •  mj 
On  or  Below  the  Surface  Between  Region  I  (z  2  0  Earth  Water,  etc.) 
and  Region  2  (z  ^  0,  Air),  A  -  up-J2v 


Component  of 
the  Field 

Dipole  m  Region  t  at  (0  0  tf). 
i  e .  at  depth  d 

f.„(P  d.z) 

-  Ak.k, 

■glk'P  k,)dl‘°dl 

"  •*«>**  -  d;( 

fv(p  Z) 

Ak-'k:‘nk.p  Mr*  V‘"“,’cos<>  -  o;f 

fi<«(p  <>.Z) 

-A«  A. 

k-gl A  p  A  (d*  V 

‘•/-tf,co S4--  D9\, 

flv(P  o.z) 

-  Aw  A 

A  '  h(A  .p,  A.)rv*-V,',,'d,S!n^  -  Dp\, 

8t,(p  £  z) 

-iAu‘  'A  ..A-  - 

^  _  2  _  _2_ 

e,‘^V‘','“/'sln^  -  D,\, 

p-  p  A.p 

f|«(P  $.Z) 

Akd„ 

•7>(.A.,p.A1)e‘-'VM,’rf’sin$,  +  d£( 

f2(>(p.$.0) 

fz,(p.«.0) 

k\kJ*Eu(p.<ti.O) 

8j»(p.*,0) 

8*(p.  <#>.0) 

S2p(P.'f>.0) 

Sv(p,*,0) 

^.(p.-f-.O) 

S„(p.  <f>,0) 

fj^P.'f’.O) 

E*(p.t.O) 

All  six  components  of  the  field  of  a  horizontal  electric 
dipole  as  computed  from  the  new  formulas  (that  are  ex¬ 
pressed  only  in  terms  of  simple  functions  and  Fresnel  in¬ 
tegrals)  have  been  compared  with  corresponding  numerical 
evaluations  of  the  general  integrals  [30l~(32]  with  excellent 


agreement  over  the  entire  range  permitted  by  the  condi¬ 
tions  (18).  The  formula  for  each  component  is  continuous 
and  agrees  with  the  asymptotic,  intermediate,  and  near-held 
formulas  of  Banos  [6]  in  the  ranges  where  the  latter  are 
good  approx  mations.  Since  the  complete  new  formulas 
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include  the  direct  field,  interference  patterns  between  tne 
surface-wave  field  and  the  direct  field  are  observed.  These 
occur  only  very  near  the  source  unless  the  conductivity  of 
Region  1  is  quite  low.  Extensive  graphs  of  such  patterns  are 
in  [30]. 

B.  The-  fields  of  Vertical  and  Horizontal  Unit  Dipoles  for 
the  Air- Sea  Water  Boundary  at  /  -  600  MHz 

In  order  to  present  a  complete  picture  of  the  properties 
of  the  components  of  the  electromagnetic  field  of  vertical 
and  horizontal  dipoles  and  compare  them  with  fields  mea¬ 
sured  in  a  model  tank,  the  frequency  f-  600  MHz  was 
chosen  with  Region  1  salt  water  (<r,  -  3.5  S/m,  c„  -  80, 
k,  -  jS,  +  re t,  -  129.4  +  <64.1  -  144 Ad**  m_1)  and  Re¬ 
gion  2  air  (k2  -  An  m-1).  Graphs  of  the  magnitudes  of  the 
components  of  the  electric  field  computed  from  the  for¬ 
mulas  in  the  first  column  of  Table  1  for  the  vertical  dipole 
in  air  and  from  Table  2  for  the  horizontal  dipole  in  salt 
water  are  shown  in  Fig.  6.  For  the  horizontal  dipole,  the 


Fig.  6.  Components  of  electric  field  ffp.z)  of  unit  vertical 
electric  dipole  (/A 1  A  -  m)  in  air  (Region  2,  z  <  0),  and 
f(p.$.z)  of  unit  horizontal  electric  dipole  in  sea  water 
(Region  1.  z  >  0)  near  the  surface  (z  -  0).  (Subscript  nota¬ 
tion;  first,  field  in  Region  1  or  2;  second,  component  of  field; 
third,  source  dipole  in  Region  1  or  2.  fourth,  vertical  or 
horizontal  dipole.] 

complete  field  including  contributions  from  the  direct-field 
terms  are  shown;  also  shown  are  the  parts  due  to  only  the 
lateral-wave  terms.  Small  interference  patterns  occur  where 
the  magnitudes  of  the  direct  and  surface  waves  are  com¬ 
parable.  No  gr?phs  are  shown  for  the  vertical  dipole  when 
it  is  in  salt  water  since  (as  is  readily  verified  from  Table  1) 
the  fields  in  this  case  are  insignificant  compared  to  the 
fields  of  the  same  dipole  in  air  because  of  the  very  small 


Fig.  7.  Components  of  magnetic  field  Hlp.z)  of  unit  verti¬ 
cal  electric  dipole  in  air  and  H(p,$.z)  of  unit  horizontal 
electric  dipole  m  sea  water 


factor  (k’:/k\).  For  the  case  at  hand,  |k-!/k;'|  «*  Q0Q76  0r 
20 1 og!0 1 |  a  —  42.4  dB.  Graphs  of  the  components  of 
the  magnetic  field  are  shown  in  Fig.  7.  On  the  graphs,  the 
electrical  distances  |k,pi  -  3.  k2p  =  1,  and  k,p  =  |k:/k\l 
are  indicated.  Note  that  |k,p|  >  3  (p  »  2  cm)  is  the  range  of 
accuracy  of  the  formulas  for  the  fields,  k.p  *»  1  (p  «  8  cm) 
is  the  boundary  between  the  near  and  intermediate  ranges, 
and  k»p  -  |k;/k}|  (p  -  10.5  m)  is  the  boundary  between 
the  intermediate  and  asymptotic  fields.  It  is  seen  that  the 
direct  field  is  generally  significant  only  in  the  near  field,  i.e., 
when  k2p  <  1,  or  p  <  8  cm  at  f  -  600  MHz. 

Curve  ©  in  Fig.  6  is  the  vertical  electric  field  in  air  on 
the  surface  at  (p,0)  due  to  a  vertical  electric  dipoie  in  air 
and  on  the  surface  at  (0,0).  It  is  denoted  by  |£2/p.0)|A 
where  the  first  subscripts  indicate  the  z-component  in 
Region  2  and  the  second  pair  of  subscripts  indicates  a 
vertical  dipole  in  Region  2  also  on  the  surface  The  crosses 
along  the  curve  were  obtained  from  Norton's  "ground-wave 
term''  (7)  using  his  tabulation  of  the  function  Fp  defined  in 
(8).  The  associated  radial  component  is  represented  by 
curve  (2)  +  @.  It  is  smaller  than  the  z-component  by  the 

factor  k-,/k,.  Curve  Q)  +  @  is  reproduced  in  Fig.  8 
togethti  with  the  magnitudes  of  the  separate  parts  of  the 
formula.  These  include  the  term  /Jexp(/k2p)  ((/k2/‘p)  - 
1  /p2]  which  is  dominated  by  1/p2  when  p  is  small,  by  1/p 
when  p  is  large.  Also  included  is  the  Fresnel  integral  term 
|BF|  which  conforms  precisely  to  the  Zenneck  wave  when 
p  .<  1  m.  When  p  >  30  m,  the  Fresnel  integral  term  has  the 
asymptotic  form  given  following  (25).  This  includes  a  't/p 
term  that  cancels  the  1/p  term  in  \3P\  and  a  term  kf/k2p2 
which  determines  the  asymptotic  field.  The  two  vertical 
lines  k2p  “  1  and  k2p  **  |k1/k2|2  are  also  shown.  These  are 
the  approximate  demarcation  lines  of  the  near  field  [k2p  < 
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Fig.  8.  Radial  electric  field  fP(p.z)  at  surface  (z  -  0)  ol  sea  water  clue  to  vertical  electric 
dipole  (/Ar'»  1  A  •  m)  m  air  on  surface  (d  -  0)  of  water  (Referred  to  1  V/m  at  p  *-  25  on ) 


1,  fp(p,  0)  ~  1/p2],  the  intermediate  field  [1  <  k2p  < 
l*iAzi2<  fp(P,0)  -  1/p),  and  the  asymptotic  field  [\k}/k2\2 
<  k2p  <  oo;  fp(p,0)  -  1/p2)  which  characterize  the  field  of 
the  vertical  electric  dipole  when  the  dipole  and  the  point  of 
observation  are  on  the  surface  in  air  (Region  2).  Note  that  in 
this  case  there  is  no  direct  field  and  the  formulas  in  Table  1 
give  the  complete  field. 

Curve  (3)  +  (3i)  in  Fig.  6  represents  |f,/p,0)|2v.  That  is, 
the  z-component  of  the  electric  field  m  Region  1  due  to  a 


vertical  dipole  in  Region  2  on  the  boundary  z  =  0.  Curve 
(D  +  (3D)  represents  |flp(p,0,0)|1h  -  |£2p(p,0,0)|m,  i.e., 

the  radial  electric  field  at  the  boundary  due  to  a  horizontal 
electric  dipole  iti  Region  1  at  (0,0).  It  includes  the  contribu¬ 
tion  of  the  direct-field  terms,  it  is  reproduced  in  Fig  9 
together  with  its  constituent  parts.  These  include  the  direct 
field  CP,  which  decreases  exponentially  with  distance;  the 
terms  CP2  which  decrease  as  1/p'  for  small  values  of  p,  as 
1/p  for  large  values,  and  the  Fresnel  integral  term  which 
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decreases  as  1  /p1/J  when  p  is  not  too  large  and  then,  for 
large  values  of  p,  as  (rfcz/p)  +  \k}/k\p2).  When  k2p  <  1, 
the  direct-field  term  is  significant  and  combines  with  the 
surface-wave  term  in  an  interference  pattern.  In  general, 
|£1p(p,0,0)|1h  decreases  as  1/p3  'n  the  near  field,  as  1/p  in 
the  intermediate  range,  and  as  1/p2  in  the  asymptGtic 

range.  Cur/e  @  +  is  the  magnitude  of  the  complete 

component  |ft,(p,0,0)j,h  (including  the  direct  field)  of  the 
horizontal  dipole  source;  curve  @  +  @  is  the  lateral- 
wave  part. 

Curve  (D  +  (5D)  in  Fig.  6  is  for  |F1*(p.*r/2.0)|u,,  i.e.,  for 
the  transverse  component  of  the  electric  field  in  Region  1 
due  to  a  horizontal  electric  dipole  also  in  Region  1  near  the 
surface.  It  decreases  as  1/p3  for  small  values  of  p  and  as 
1/p2  m  both  the  intermediate  and  asymptotic  ranges  so 
that,  while  initially  larger  than  |ftP(p,0,0)|;h  by  a  factor  2,  it 
rapidly  decreases  to  much  smaller  values  as  p  increases. 
Curve  (f)  +  (5i)  is  the  lateral-wave  part  of  |f^(p,w/2,0)|lh. 
i.e.,  the  field  without  the  contributions  by  the  direct-field 
terms. 

in  Fig.  7  for  the  magnetic  field,  curve  ©  is  for  the 
complete  magnetic  field  H p  -  8*/^  °*  the  vertical  dipoie 
(there  is  no  direct  field),  curve  ©  is  for  the  same  compo¬ 
nent  for  the  horizontal  dipole  including  the  direc'-field 
terms.  8P  is  associated  with  Et  and  £p,  curves  ©  and  © 
are  for  Wp  -  Sp/p0  and  Hr  -  6>/p0  associated  with  £p 
Note  that  £p,  0P,  and  fl>  have  the  directional  factor  sin  9. 
£p,  Et.  and  8 p  the  factor  cos<f>. 

It  is  evident  from  these  figures  and  Tables  1  and  2  that 
the  largest  field  (both  £,and  £p)  along  the  surface  in  air  -s 
generated  by  a  unit  vertical  dipole  in  air  This  also  generates 
the  largest  £lp  in  Region  1.  The  corresponding  field  o(  the 
unit  horizontal  dipole  in  the  water  is  smaller  by  the  factor 
k  ,/k„  The  field  of  the  unit  vertical  dipole  in  the  water  1? 
smaller  by  the  factor  (k2/k,)‘. 


C.  Elliptical  Polarization 


The  lateial-wave  electric  field  in  both  regions  is  ellipti- 
cally  poiarized  with  a  component  of  the  electric  field  in  the 
direction  of  propagation.  Specifically  from  Table  1  for  the 
vertical  dipole  on  the  surface  in  Region  2 


-_  fhiihEJA 

k2f(k2p,k,) 

Up,z)~  -■^f(k2p.k,)ell>’e*'* 

fkjSjkiPj^) 

k\f{k2p,k}) 


(27) 


(23) 


At  distances  k2p  >  10,  g(A2p,A,)-  f(k2p,kj  so  that  the 
instantaneous  values  of  the  electric  vectors  are 


£2(p,0;f)-  Re{K(p)e-,9‘((,-0) 

-  [ pe_,“'  -  f|A1/A:2|e-""'-<,’>] }  (29) 

F,(p,z;  f)  »  Re  { ff(p)e_'s*<ff  /> 

•[pe~‘ot  -  2|*2/*c1|e“'<“'*,')]}  (30) 

where  8,  -  tan- ’  (a,/0,)  and  K(p)exp[- idK(p,z)]  *> 
-  (upQ/2rrky)f(k2pl  ft,)  exp  (ik2p)  exp  (ikvz).  These 


equations  reduce,  respectively,  to 

l*z/*il2fL{p.°<  t)  -  2|*2/*1|£2,(p.0.  f)£2p(p, 0.  f)cos8. 


+  f|p(p, 0;  t)  -  sin2 8,  -  0  (31) 
I*»/*zI2£Up.A-0  "  2\ki/k2\E,'(p.z;t)E,p{p.z;t)cos8, 

+  £2p(p,z;  t)  -  sin2 8,  -  0.  (32) 


VVIll  I  IV  I 

6  -  j  tan-1 


2|fe;/*ilcos  8, 


-  j  tan- 


1  -  \k’,/ki\ 

1  k2pi  k2 

\k,\2  ~  |fc,|*  “  |R,|v(2 

,  2 k2fi}  £  _  At  ,  £ _ 

i*il2  ~  2  |*.|*‘  ~  2 


(33) 


k. 


(34) 


The  fast  steps  in  (33)  and  (34)  apply  to  salt  water  for  which 
/?,  -  a,  **  | k.j/  y/J ,  These  equations  indicate  that  the  lateral 
wave  that  travels  radially  outward  along  the  surface  z  “  0  in 
Region  2  consists  of  a  linearly  polarized  transverse  magnetic 
field  6:c(p.  0)  and  an  elliptically  polarized  electru.  held 
with  the  major  axis  inclined  slightly  Irom  the  plan*  per¬ 
pendicular  to  the  direction  of  propagation  p,  smcc  !£.,/£.„! 
-  |A,/A2|.  Similarly,  the  wave  that  travels  vertically  down¬ 
ward  into  Region  1  consists  of  a  linearly  polarized  trans 
verse  magnetic  field  Bt(,(p.z)  and  an  ellipticalls  polarized 
electric  field  with  its  major  axis  inclined  shghtlv  from  the 
plane  perpendicular  to  the  direction  of  propagation  z.  smte 
If >/fvl  ~  l*./M 


D.  Comparison  with  Measurements 

Since  the  general  integrals  for  the  fields  of  unit  dipoles 
near  a  plane  boundary  between  different  media  are  exact 
solutions  of  Maxwell  s  equations,  they  require  no  exper. 
mental  verification.  The  approximations  involved  m  the 
representation  of  these  integrals  by  simple  formulas  arc 
quantitatively  clear  and.  in  the  range  specified  for  them, 
corroborating  measurements  are  not  essential.  However, 
both  the  general  integrals  and  their  approximate  representa¬ 
tions  are  idealizations  in  the  sense  that  they  apply  to  two 
homogeneous  and  different  semi-infinite  half-spaces  with  a 
smooth  plane  boundary.  In  order  to  have  them  as  useful 
tools  in  the  practical  experimental  study  of  the  propagation 
of  electromagnetic  waves  along  the  boundaries  of  finite 
regions  that  may  have  irregularities,  obstacles,  and  discon¬ 
tinuities,  it  is  desirable  to  investigate  experimentally  the 
degree  in  which  conditions  can  be  provided  in  the  labora- 
toiy  that  approximate  the  ideal.  Accordingly,  a  series  of 
experiments  has  been  carried  out  to  observe  the  radial 
electric  field  due  to  a  horizontal  electric  monopole  (with 
image  in  a  vertical  ground  plane)  just  below  the  surface  of 
salt  water  in  a  small  indoor  tank.  These  are  described  in 
(33).  Results  relevant  to  the  present  work  are  the  measure¬ 
ment  in  amplitude  and  phase  of  the  radial  component 
£lp(p,<f>,z)  due  to  a  horizontal  electric  dipole  at  depth  d  in 
salt  water.  The  aspects  of  interest  are  the  field  distribution 
along  the  radial  line  <p  -  0  (which  should  have  the  form 
exp  (ik2p)/p  in  the  intermediate  zone),  the  field  pattern  as 
a  function  of  <j>  (which  should  have  the  form  cos<f>  for  a 
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Fig.  10.  Measured  magnitude  and  phase  of  £v(p,0,z)~  exp(r*.,p)/p  (intermediate 
range) 


4> 


Fig.  11  Measured  lateral-wave  field  pattern'  of  a  short  bare 
monopole  and  a  two-element  arras  of  insulated  traveling- 
wave  antennas;  p  -  0.8  m .  z  ■»  d  -  0.5  cm.  f  -  600  MHz 

snort  bare  dipole),  and  the  amplitude  as  a  function  of  the 
combined  depths  of  the  source  and  receiving  dipoles  (which 
should  behave  like  exp  [-^(z  +  cf)]  exp  [ip,(z  +  d)) 
Xexp[/*2p]>.  Measured  graphs  of  the  amplitude  and  phase 
along  the  radiai  line  <J>  -  0  are  shown  in  Fig.  10,  the  mea¬ 
sured  field  pattern  is  in  Fig.  11,  and  the  decrease  in  ampli¬ 
tude  and  change  in  phase  with  depth  are  shown  in  Fig.  12. 
All  of  the  measured  graphs  are  in  good  agreement  with  the 
theory.  A  small  standing  wave  due  to  both  the  finite  size  of 
the  semi-circular  tank  and  small  reflections  from  the  ceiling 
is  the  principal  difference  between  measurement  and  the¬ 
ory.  Also  of  interest  and  shown  in  Fig.  11  is  the  measured 
directional  field  pattern  of  a  two-element  array  of  horizon¬ 
tal  traveling-wave  insulated  monopoles.  The  antennas  are 
described  in  (33). 


f.  Summary 

Surface  waves  along  the  plane  boundary  between  two 
half-spaces  characterized  by  the  wavenumbers  A,  and  k2 


with  i&i/k,|?  »  1  can  be  excited  by  suitable  sources  in 
either  region  near  the  boundary.  With  the  direct  field,  they 
constitute  the  entire  field  along  the  surface  in  Region  2  and 
at  all  points  in  Region  1.  Their  essential  characteristics  are 
contained  in  the  formula  A(k2/k,)/r(p)exp(/A._,p)exp|/f«>(z 
+  cO).  This  indicates  that  a  source  at  a  depth  d  in  Region  1 
at  p  -  0  generates  a  lateral  wave  that  propagates  vertically 
upward  to  the  surface  [exp (/A,d)  -  exp(-a.cf)exp(/)3,c/)). 
then  proceeds  radially  outward  along  the  surface 
[exp(;A  ,p)).  and  finally  propagates  vertically  downward  to 
the  point  of  observation  at  the  point  (p.Q.z)  [exp (ik.z)  = 
exp(-a,z)exp(//J,z)).  If  the  source  is  at  the  surface,  d  =  0. 
the  wave  proceeds  directly  along  the  surface.  The  radially 
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outward  traveling  wave  decreases  in  amplitude  according 
to  F(p).  This  includes  three  regions,  a)  the  near  field. 
*2p<1,  f(p)~VP*  tor  a  vertical  dipole  in  Region  2, 
F(p)  ~  1/P5  for  a  horizontal  dipole  in  Region  1,  b)  the 
intermediate  field,  1  <  k2p  <  \k^/k2\2,  f(p)  ~  1  /p  for  elec¬ 
tric-type  field  (£,,£,,5,),  f(p)  ~  1/p2  for  magnetic-type 
field  (8p,BItEc);  c)  the  asymptotic  field,  !A,/A2!J  <  k2p, 
F(p)  -  1/p3.  The  amplitude  factor  A(k2/kj  is  greatest  for 
the  field  of  a  vertical  dipole  on  the  surface  in  Region  2, 
smaller  by  a  factor  (A2/*i)  for  a  horizontal  dipole  in  Region 
1,  and  smallest  by  a  factor  (k2/k,)2  for  a  vertical  dipole  in 
Region  1. 

The  complete  fields  due  to  dipoles  in  Region  1  include  a 
set  of  direct-field  terms  with  the  factors  exp(/A,r,)  or 
exp(/A,r2),  where  r,  ■»  [(z  -  d)2  +  p3]1/2  and  r2  -  {(z  +  cO2 
+  p3)V3.  These  are  generally  significant  only  in  the  near 
field  when  Region  1  is  at  least  moderately  dissipative  For 
very  pure  lake  water  at  high  frequencies,  the  direct-field 
terms  are  significant  much  further  out.  They  combine  with 
the  lateral-wave  field  to  produce  an  interference  oattern 
For  long-distance  transmission  over  the  earth's  surface,  the 
direct-field  terms  can  usually  be  ignored. 

The  theory  has  been  presented  for  a  perfectly  noncon¬ 
ducting  Region  2.  If  Region  2  is  somewhat  conducting  (rock 
instead  of  air),  all  formulas  remain  valid  with  A ,  «  /?,  +  ia 
complex  The  first  inequality  in  (18)  becomes  |A,|  ^  3(AJ 
the  other  are  unchanged 

F.  Limitations 

The  simplified  theory  which  has  been  summarized  in  the 
preceding  sections  is  a  complete  and  quantitatively  accu¬ 
rate  representation  of  electromagnetic  surface  waves  along 
the  boundary  between  two  half-spaces  that  satisfy  the 
specified  conditions  When  applied  to  practical  situations 
such  as  propagation  over  the  earth,  the  geometry  of  two 
half-spaces  with  a  plane  boundary  may  not  be  an  adequate 
approximation  In  particular,  for  large  distances,  the  curva¬ 
ture  of  the  earth  must  be  considered.  There  are  no  com¬ 
parably  simple  formulas  for  the  propagation  of  surface 
waves  over  a  spherical  earth.  However,  methods  for  correct¬ 
ing  the  fields  over  a  plane  earth  so  they  apply  to  a  spherical 
earth  are  available  (34).  [35] 

A  further  complicating  factor  m  problems  relating  to  the 
propagation  over  the  earth  is  the  presence  of  the  iono¬ 
sphere  [36],  In  effect,  this  changes  the  two-medium  prob¬ 
lem  into  one  involving  three  media  with  the  air  bounded 
both  above  and  below  so  that  multiple  reflections  can 
occur,  Since  the  surface  wave  is  significant  only  within  a 
few  wavelengths  of  the  air-earth  interface,  it  may  be  pre¬ 
sumed  that  its  general  form  remains  valid  with  a  superim¬ 
posed  reflected  field  from  the  ionosphere  except  when  the 
height  of  the  ionosphere  is  less  than  one  or  two  wave¬ 
lengths.  An  analysis  of  the  three-layer  problem  specifically 
to  determine  its  relation  to  the  surface  wave  in  the  two-layer 
problem  is  in  progress. 

In  the  following  example  of  the  application  of  the  new 
simple  formulas  for  the  surface  wave,  no  account  is  taken 
of  the  curvature  of  the  earth  or  of  the  presence  of  the 
ionosphere. 

III.  The  Lateral-Wave  Field  of  Practial  Antennas; 
Application  to  Communication  with  Submarines 

The  electromagnetic  fields  represented  by  the  formulas  in 
Tables  1  and  2  and  the  graphs  in  Figs.  6-9  are  generated  by 
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idealized  extensionless  dipoles  with  unit  electric  moments. 
/A/*- 1  A  •  m.  Here  /  is  a  uniform  current  in  amperes  in  an 
infinitesimal  length  Lt.  Practical  antennas  in  Region  2  may 
be  bare  vertical  monopoles  and  arrays  cf  such  monopoles 
on  the  surface  or  horizontal  traveling-wave  antennas  (Bev¬ 
erage  antennas)  or  arrays  of  such  antennas  close  to  the 
surface.  Useful  antennas  for  Region  1  are  insulated  travel¬ 
ing-wave  elements  either  used  singly  or  in  arrays  designed 
to  provide  a  radially  progressive  field  with  a  maximum 
vertically  upward.  In  order  to  describe  and  compare  the 
properties  of  such  antennas,  they  will  be  treated  specifically 
as  applied  to  communication  with  submarines. 

A.  Communication  with  Submarines 

Radio  communication  with  submerged  submarines  by 
means  of  electromagnetic  waves  is  made  difficult  by  high 
attenuation  in  sea  water.  Since  the  amplitude  of  a  trans 
mitted  signal  decreases  exponentially  with  the  distance  of 
travel  through  the  water  [exp(-a,r).a,  -  (w;uo./2)'  ”),  it 
is  essential  that  the  path  in  the  water  be  short  and  the 
frequency  low  so  that  a,r  is  not  too  large.  The  shortest 
distance  is  m  transmission  vertically  downward  into  the 
ocean  hence,  obvious  locations  for  the  source  are  on  an 
aircraft,  the  space  shuttle,  or  a  satellite  Less  obviously  but 
no  less  effectively,  vertically  downward  transmission  can  be 
achieved  with  lateral  waves  All  components  of  the 
Izteral-wave  field  propagate  along  the  surface  of  the  ocean 
withoul  exponential  attenuation  until  directly  over  the  sub¬ 
marine  and  then  travel  vertically  downward  so  that  the 
entire  exponential  attenuation  is  in  the  factor  exp(-a.z) 
for  a  vertical  or  horizontal  transmitting  antenna  on  the 
surface  or  in  exp[-a.(z  +  c/))  for  a  horizontal  transmitting 
antenna  at  the  depth  d  The  attenuation  constant  a  av  a 
function  of  frequency  and  the  magnitude  ot  exp(-a  s)  as  a 
function  of  the  total  depth  s  ■*  z  +  d  with  the  frequencv  as 
the  parameter  are  shown  in  Fig.  13  for  salt  water  The 
advantages  of  the  lower  frequencies  are  obvious 

In  order  to  determine  the  optimum  frequencv  lor  long¬ 
distance  communication  with  submarines,  it  is  not  suffi¬ 
cient  to  examine  only  the  decrease  in  amplitude  with 
depth.  It  is  also  necessary  to  consider  the  decrease  in 
amplitude  with  radial  distance  This  differs  considerably  for 
the  several  components  of  the  lateral-wave  field  Except 
quite  near  the  source,  the  largest  component  is  flp,  it  is  the 
most  useful  for  long-oistance  communication  f,p(p,0)  due 
to  a  unit  vertical  dipole  on  the  surface  in  air  is  greater  than 
f1p(p,0,0)  due  to  a  unit  horizontal  dipole  in  the  sea  at  the 
surface  by  the  factor  (A,/'A2).  £lp(p,0)  due  to  the  vertical 
dipole  also  has  the  advantage  that  in  the  near  field  it 
decreases  only  as  1/p3  and  not  as  1/p3  as  does  f)p(p,0,0) 
due  to  a  horizontal  dipole.  For  both  dipoles  the  inter¬ 
mediate  field  is  characterized  by  1/p,  the  asymptotic  field 
by  1/p3.  Graphs  of  |flp(p,0)|2l.  as  a  function  of  radiai 
distance  from  p  -  0.1  m  to  10000  km  with  the  frequency  as 
the  parameter  are  shown  in  Fig.  14  for  a  unit  vertical  dipole 
in  air.  The  corresponding  graphs  of  |fip(p,0,0)|lh  for  a  unit 
horizontal  dipole  in  sea  water  are  in  Fig  15.  The  boundaries 
k2p  «  1  and  k2p  -  \k2/k\\,  respectively,  between  the  near 
and  intermediate,  and  intermediate  and  asymptotic  regions 
are  indicated.  These  are  importani  since  the  desirable  range 
is  always  the  intermediate  one  where  the  field  decreases 
slowly  as  1/p  with  distance.  The  limits  of  this  range  to¬ 
gether  with  the  amplitudes  of  the  radial  electric  field  in  sea 
water  just  below  the  surface  are  listed  in  Table  3  against  the 
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Table  3  Intermediate  Ranges  in  Distance  and  Amplitude 


f 

Intermediate  Range 

Vertical  Dipole  in  Air 
20log10|£v(p,0)| 

Horizontal  Dipole  in  Sea  Water 
20log10|£v(p. 0,0)| 

10 

5000  to  beyond  10000  km 

-327  to  -335  dB 

-428  to  -434  dB 

10J 

500  to  beyond  10000  km 

-277 to  -306 

-366 to  -394 

105 

50  to  beyond  10  000  km 

-227  to  -276 

-306  to -354 

10J 

5  to  beyond  10000  km 

-177 to  -246 

-248  to  -314 

105 

500  m  to  beyond  10000  km 

-127to  -216 

-188  to  -274 

106 

SO  m  to  3000  km 

-77  to  -176 

-128  to  -225 

107 

5  m  to  30  km 

-27  to  -107 

-68  to  -144 

108 

0.5  to  300  m 

23  to  -38 

-8  to  -66 

fig.  13.  Decrease  in  amplitude  with  depth  s  -  2  -  d  m  sea  water,  attenuation  constant 
a.  as  a  (unction  of  frequence 


f  m  meters 


f  in  meters 

0)1  »  IX  KOO 


fig.  14.  Magnitude  of  f^(p.O)  due  to  vertical  unit  electric 
dipole  m  air  above  the  surface  of  sea  water. 


fig.  15.  Magnitude  of  i'^p.O.O)  due  to  horizontal  unit 
electric  dipole  in  salt  water  just  below  the  surface  with  an 


frequency.  In  order  to  extend  outward  to  10000  km  and 
inward  to  50  km,  the  best  frequency  lies  between  1  and  100 
kHz.  This  frequency  range  encompasses  amplitude  ranges 
from  -276  to  -127  dB  for  the  unit  vertical  dipole  in  air  and 
from  -354  to  -168  dB  for  the  unit  horizontal  dipole  in  salt 
water,  all  referred  to  1  V/m. 

The  decrease  in  amplitude  with  radial  distance  is  one  of 
the  important  quantities  in  long-distance  communication. 
The  other  is  the  decrease  in  amplitude  with  depth  in  the 
sea  water.  This  involves  only  the  distance  z  from  the 
surface  to  the  antenna  of  the  submarine  for  the  vertical  unit 
dipole  in  air,  the  combined  distance  z  +  d  (including  the 


depth  z  of  the  submarine's  antenna  and  the  depth  d  of  the 
transmitting  unit  dipole)  for  the  horizontal  dipole  in  sea 
water.  What  is  the  optimum  frequency  for  a  preassigned 
depth?  This  is  readily  determined  when  the  radial  range  is 
restricted  to  the  intermediate  zone  where  the  frequency  is 
low  enough  so  that  k ,  -  (»«ji0o,)l/2.  With  (wjin/2wA,)  = 
608 
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fig.  16.  Magnitude  of  E^ip.z)  at  depth  z  and  p  *■  5000  km  due  to  vertical  electric  dipole 
in  air  on  the  surface  of  sea  water  as  a  function  of  tl  e  frequency  with  z  as  parameter 
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Fig.  17.  Magnitude  of  f-^lp.O  z)  at  depth  z  and  p  -  5000  km  due  to  horizontal  elec  trie 
dipole  at  depth  d  in  sea  water  a'  a  function  ol  frequence  with  /-da s  parameter 


If  d|f,p(p.z)t/o.'  is  equated  to  zero,  it  turns  out  that  the 
depth  for  maximum  field  is  given  by  a.z  -  3  for  the  vertical 
dipole.  a,z  -  4  for  the  horizontal  dipole.  It  follows  that  the 
maximizing  condition  is  fz'  -  9/wp;<j.  for  the  vertical.  Iz~ 
-  16/wpoO, for  the  horizontal  dipole  Graphs  of  |flp(p.z)|>( 
and  |flp(p,0,z)|.hare  shown  in  Figs.  16  and  17  for  p  -  5000 
km  as  a  function  of  frequency  from  0.01  to  ICO  kHz  with  z 
or  z  +  d  as  the  parameter.  The  field  at  the  surface  (z  -  0. 
z  +  d-  0)  is  also  shown,  together  with  the  locus  of  maxi¬ 
mum  field  for  each  value  of  z  or  z  +  d.  It  is  seen  that  the 
greater  z  or  z  +  d,  the  lower  must  be  the  frequency  if  the 
maximum  field  tor  the  particular  value  of  z  or  z  +  d  is  to 
be  available.  On  the  other  hand,  the  magnitude  of  the 
available  maximum  decreases  significantly  as  the  frequency 
is  lowered.  It;  general,  for  depths  in  the  ocean  of  less  than 
50  m,  frequencies  in  the  range  from  1  to  30  kHz  are  most 
useful. 

B.  The  Field  of  Vertical  Antennas  in  Region  2  (Air)  on  the 
Surface  of  Region  1  (the  Sea) 

The  electromagnetic  fields  represented  by  the  formulas  in 
Tables  1  and  2  and  the  graphs  in  Figs.  6-9  are  generated  by 
idealized  dipoles  with  unit  electric  moments,  IIS/-  1  A  m, 
where  I  is  the  uniform  current  in  amperes  and  AZ  is  the 
length  in  meters.  Practical  vertical  antennas  on  the  earth  are 
usually  bare  monopoles  of  length  h  and  radius  a.  For 
antennas  with  the  electrical  lengths  k2h  <  *r/2,  the  distri¬ 


bution  of  current  for  calculating  the  radiated  field  is  ade 
quately  approximated  by 

/,(z)  -  sink .(/i  -  z)/Z0 sink,/)  (35) 

where  Z0  is  the  driving-point  impedance.  In  calculating  the 
field  in  the  equatorial  plane,  the  antenna  can  be  repre¬ 
sented  by  an  equivalent  monopole  with  the  uniform  cur¬ 
rent  /,( 0)  and  an  effective  length  hp  defined  by 

l*(0)hc  -  fhl,(z)  dz.  (36) 

•'0 

The  electrical  effective  length  is 

“jfft[sink,(h  -  z)/sink:h]k}dz  -  tan(k  h/2) 

(37) 

For  an  electrically  short  antenna  with  (k2h)7  «  1 ,  he~  h/2. 
If  the  antenna  is  sufficiently  top-loaded 

he  -  h.  (38) 

The  field  in  the  equatorial  plane  of  the  vertical  monopole  it 
well  approximated  by  the  field  of  the  unit  dipole  multiplied 
by  l,(0)he.  Directivity  in  the  equatorial  plane  can  be 
achieved  with  arrays  of  monopoles  in  the  usual  manner. 

A  practical  vertical  antenna  designed  to  excite  surtace 
waves  along  the  surface  of  the  sea  is  the  Vlf  antenna  at 
Cutler,  ME,  USA  (36).  It  operates  in  the  frequency  range 
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from  10  to  30  kHz  and  consists  of  two  base-driven  verticai 
monopoles  erected  on  a  peninsula  with  an  extensive  radial 
ground  system  that  ends  in  the  ocean.  The  distance  be¬ 
tween  the  two  antennas  is  of  the  order  of  b  -  1.9  km,  but 
since  this  is  only  0.064  to  0.192  wavelength,  the  field  pat¬ 
tern  is  a  broad  oval  that  does  not  differ  greatly  from  a  circle 
when  the  two  antennas  are  driven  in  phase.  Each  element  is 
298  m  high,  but  the  six  huge  diamond-shaped  panels  of 
conductors  that  serve  as  the  top  load  are  arranged  in  an 
umbrella  fashion  with  an  outer  height  of  243  m.  The  effec¬ 
tive  length  of  the  array  with  dual  operation  is  only  hf  -  147 
m  at  f  “  14  kHz  and  he  -  151  m  at  28.5  kHz.  These 
correspond,  respectively,  to  electrical  lengths  of  k2hc  - 
0.043  and  k2he  -  0.090.  The  associated  radiation  resistances 
are  R,  »  AOk2h7c  -  0.074  and  0.32  0.  With  a  total  current  of 
2000  A  equally  divided  between  the  two  elements,  the 
effective  electric  moments  are  l(0)he  -  2.94  x  10s  A  •  m  at 
f-  14  kHz  and  /(0)h,  -  3.02  x  10s  A  •  m  at  f-  28.5  kHz. 

The  radiated  powers  are  P.  -  -  0.30  and  1.28  MW. 

It  is  evident  from  Fig.  1b  that  the  frequencies  from  14  to 
28.5  kHz  are  near  optimum  for  depths  of  the  order  of 
z  «  10  m  when  p  -  5000  km.  The  field  decrease'  very 
rapidly  at  greater  depths  unless  lower  frequencies  are  used 
This  means  that  a  submarine  or  its  antenna  must  rise  to 
within  10-20  m  of  the  the  surface  Let  it  be  assumed  that 
submarines  make  use  of  a  trailmg-wire  antenna  with  an 
effective  length  for  reception  of  the  order  oi  1  km  and  that 
■  the  sensitivity  of  the  receiver  is  sufficient  to  detect  voltages 
across  its  terminals  as  small  as  00i  pV  This  means  that  the 
exciting  fields  along  the  antenna  must  be  no  smaller  than 
10* 5  pV/m  or  -220  dB  referred  to  1  \ /m  From  Fig  16  it  is 
seen  that  the  field  at  p  -  5000  km.  z  -  10  m.  is  -  270  dB  at 
f 14  kHz  and  -279  dB  at  f-  28  5  kHz  for  electric  mo¬ 
ments  of  1  A  ■  m.  For  the  moments  2  94  X  10.5  A  •  m  and 
3.02  X  10s  A  •  m.  the  field?  are  increased,  respectively,  by 
109  and  110  dB  to  the  values  -161  and  -169  dB  which  are 
large  enough  to  be  detected.  At  depths  greater  than  z  -  10 
m.  the  field  strength  decreases  rapid  y  Specifically  at  p  - 
5000  km  and  z  ~  20  and  30  m,  Fig.  1b  shows  that  the  fields 
are  reduced,  respectively,  to  -201  and  -241  dB  at  /■*  14 
kHz  and  to  -209  and  -280  dB  at  /«  28.5  kHz  These  for 
z  -  30  m  are  below  the  limit  of  detectibilitv 

It  may  be  concluded  that  for  distances  up  to  50QC  km  and 
receiver  depths  of  the  order  of  10  m,  top-loaded,  electri¬ 
cally  short,  vertical  monopoles  like  those  at  Cutler,  ME, 
operate  effectively  at  frequencies  between  10  and  30  kHz 
with  currents  up  to  2000  A.  If  useful  signals  are  to  be 
received  at  greater  depths,  e.g.,  up  to  z  -  40  m,  much 
greater  currents  and  much  higher  and  more  directive  anten¬ 
nas  are  required.  In  view  of  the  already  large  physical  size 
of  the  Cutler  system,  no  significant  increase  seems  practical. 

Due  to  corona,  a  significant  increase  in  voltage  and  current 
is  also  ruled  out.  Actually,  Fig.  16  shows  that  in  order  to 
reach  depths  of  40  to  50  m,  a  frequency  no  higher  than  1 
kHz  should  be  used.  A  decrease  in  frequency  from  10  to  1 
kHz  would  involve  an  increase  in  the  dimensions  of  an 
antenna  like  that  at  Cutler  by  a  factor  of  10.  This  is  not 
realistic.  Hence,  for  communicating  v/ith  submarines,  verti¬ 
cal  dipoles  are  generally  practical  at  radial  distances  p  up  to 
5000  km  only  if  the  depth  of  the  receiving  antenna  is  not 
deeper  than  z  -  10  m.  This  conclusion  does  not  include 
possible  reflections  from  the  ionosphere— which  might 


substantially  increase  the  signal— nor  the  effect  of  the 
curvature  of  the  earth  which  reduces  the  signal 


C.  The  Field  of  Horizontal  Antennas  Near  the  Air- Sea 
Surface 


1)  The  Wave  Antenna  or  Eccentrically  Insulated  Antenna 

on  the  Surface  in  Air:  An  alternative  to  a  high  (bu1  electri¬ 
cally  short)  vertical  monopole  with  an  extensive,  nondirec- 
tional  top  load  for  exciting  surface  waves  is  the  directional 
Beverage  or  wave  antenna.  This  is  made  up  of  a  short 
vertical  monopole  of  height  d  with  a  top  load  that  consists 
of  a  very  iong  horizontal  wire  of  length  h  parallel  to  the  sea 
or  eaith.  This  is  connected  to  the  sea  or  earth  by  a  vertical 
wire  and  a  series  resistor  so  selected  that  the  current  on  the 
horizontal  wire  is  a  traveling  wave.  In  effect  this  antenna  t? 
an  eccentrically  insulated  wire  lying  on  the  surface  of  the 
sea  or  earth.  The  effective  thickness  of  the  air  insulation  k 
the  height  d  A  complete  analysis  of  this  antenna  fer  both 
transmission  and  reception  in  terms  of  the  accurate  theorv 
of  the  horizontal-wire  antenna  [37],  (38).  is  in  [3Q]  The 
formulas  for  the  wavenumber  ktmfit*  iat  of  the  current 
/,(x)  **  M 0)exp(/k,x)  on  the  horizontal  wire  and  the  char¬ 
acteristic  impedance  Z(  in  /,(0)  «  V^/Z,  are  given  m  (3~j 
Significant  gam  can  be  achieved  when  the  antenna  w  near 
the  optimum  length  «  ?r/(/3(  -  k  )  This  is  vnrv  large 

except  when  d  is  small  and  the  horizontal  wire  t*.  quite 
close  to  the  surface  of  the  sea  or  earth  The  directwits  ta- 
be  increased  further  if  a  number  of  wires  with  thr  same 
length  are  arranged  parallel  to  one  another  at  th'  same 
height  and  spaced  by  X./2  in  an  upward-downward  di¬ 
rected  broadside  arrav  of  traveling-wave  element*.  Spacing-, 
less  than  \:/2  can  be  used,  but  the  directivity  i'  reduced 
The  disadvantage  of  such  an  arrav  is  the  very  large  area 
required  (hundreds  of  square  kilometers  m  the  IC-39-kHz 
range)  for  wires  in  air  close  to  the  surface  of  th<  -ra  or 
earth. 

2)  Insulated  Antennas  in  the  Sea.  Instead  of  locating  a 
horizontal  traveling-wave  antenna  at  a  small  height  d  above 
the  surface  of  the  sea.  it  is  possible  to  place  it  at  a  small 
depth  d  in  the  sea.  For  this  purpose,  it  should  consi'i  of  a 
conductor  (radius  a,  length  h)  enclosed  m  an  insulating 
sheath  (outer  radius  b)  and  driven  at  x  -  0  agamst  a  bare 
monopole  of  length  X,/4  (where  X,  is  the  wavelength 
in  sea  water)  and  impedance  Z0.  8ecause  ot  the  rapid 
exponential  decrease  of  the  current  along  bare  conductor' 
in  salt  water,  longer  antennas  offer  no  advantages  and  have 
essentially  the  same  impedance.  The  conductor  is 
terminated  at  z  -  h  in  a  similar  monopole  in  series  with  an 
impedance  Z.  This  impedance  is  adjusted  so  that  Z  ~  Z;  * 
Zc  and  the  current  on  the  horizontal  wire  is  a  pure  travel¬ 
ing  wave,  /,(x)  -  (,{0)exp(/ktx),  0  «  x  <  h,  with  /,(0)  => 
V£/(Zf  +  Z0).  Here  the  wavenumber  *,-/),+  iat  and 
the  characteristic  impedance  Zc  are  given  by  (17,  p  15) 


*r 


1  + 


H$'(k,b) 


ktb\n(b/a)H?'{kxb) 
60( At/*2)  In  (b/a)  G. 


v.’ 


(39) 

(40) 


At  radial  distances  pg  that  are  large  compared  to  the 
length  h,  i.e.,  pg  »  h!,  a  typical  component  of  the  field  of 
the  antenna  is  well  approximated  by 
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[^1p(fl0,$0«^)]1M  m  ^V>(P0'A)»^) 

x  j!'*'lt(x‘)e-k>''<0i*°dx'  (41) 


where  £1t,(f>o,^o,z)  is  the  field  of  a  unit  horizontal  dipole  at 
the  origin.  Since  the  bare  terminating  sections  in  sea  water 
are  very  short  compared  to  the  length  h,  a  simple  and 
satisfactory  approximation  is  to  carry  the  integration  in.(41) 
only  from  0  to  h.  That  is, 

[^1p(Po>^0'^)]joi  “  (^o)  (^2) 


where  the  effective  iength  is 

hM  -  fhe"'«t-k><°i*o>dx' 
Jo 


;|-j  _  *}«»♦„> j 

kt  -  k2cos^o 

(43) 


Of  primary  interest  is  the  magnitude  of  the  field  in  the 
direction  of  maximum,  4>0  »  0.  With  kt  -  j8,  +  iat,  the 
magnitude  of  the  effective  length  is 


|M0)|  -  [l  -  2e'®lhcos{y34  -  k,)h  +  e",**h],/i 

x[<*i  +(Pi  ~  *?)*]  '  •  (44) 

This  has  a  maximum  near  {#,  -  k  )h  »  it  or  h  -  */($,  - 
k _ ).  where 

|h,.(0)|mJ,  ~  (1  +  e-^aj  +03,  -  fc,)*] ' '  •  (45) 

Let  the  antenna  consist  of  a  conductor  with  length  h  and 
radius  a  »  0.735  cm  in  a  thm-walled  air-filled  plastic  tube 
with  radius  b  »  4.41  cm  so  that  b/a  -  6  and  In  { b/a)  » 
1  792  When  operated  in  sea  water  (o,  -  4  S/m)  at  f »  14 
kHz,  k  —  2.92  X  10  4  m '  k.  **  /?  +  /a  «  (iuj 10)  •  * 
O.bbd"'1  «*  0.47(1  +  /)  m-',  so  that  k,b  -  0.66  X  4.41  X 
10"  •V'4  -  2.91  x  10' :e"  ’.  The  small  argument  forms  of 
the  Hankel  functions  give  Hj.”(k,b)-  1  +  (2 r/w)  (05772 
+  ln(k,b/2)J  -  0.5  -  <2.325  -  2.38e"' \  k,bH'/'(k.b)  - 
-2 ;/ff  -  —  /O 636.  It  follows  from  (39)  and  (40)  that 


k,  -  /3,  +  ia,  -  5,11  X  10'V°°',J 


-  (5.10+  r0.36)  X10-4  m'1  (46) 


Zf  -  188.2  +  <13.4  a. 


(47) 


With  a,  -  0.36  X  10' 4  m"’  and  /?,  -  5.1  X  10'4  m'\  it 
follows  that 


V 

(0«-*z) 


g  X  104 
(5.1  -  2.92) 


14.4  km 


(48) 


Also 


K(o) 


1  +  e~a‘ 


o(  h 


[«? +(/*i-  *2)1 1/1 

1  +  e-OS18 


[(0.36)2  +(2.18)1 


V? 


X  104  -  7.2  km.  (49) 


The  radial  electric  field  of  the  traveling-wave  antenna  in 
the  direction  -  0  is 


Mpo-ML  “  l,{0)he(0)^(Po.0.z)d.0^'d. 


(50) 


With  Fig.  17  at  z  -  10  m,  f  -  14  kHz, 

20 logto !£|P ( Pc* 0, *) !inl  -  20log)0  [/,(0)nf(0)e'^j 

-340dB.  (51) 

Let  the  current  in  the  element  be  /,( 0)  -  100  A.  and  the 
depth  d  of  the  antenna  be  1  m,  so  that  exp(-a,cf)  -  0.625 
Then,  with  pg  -  5000  km,  z  » 10  m, 

20 log ic I f ip ( Po - 0, 2 ) |, nl  -  113  -  340  »  -227 d8 

for  a  single  traveling-wave  element.  For  100  such  elements 
spaced  at  25  m,  there  is  an  additional  gain  of  40  dB  so  that 
20log,0|f,p(po,0,z)|3m  is  -187  dB  referred  to  1  V/m  at 
f-14  kHz.  At  f—  26.5  kHz,  exp(-a,ef)  ■»  0.51  and  the 
corresponding  values  are  105  -  345  -  -240  dB  for  one 
element  and  -200  dB  for  ICO  elements  with  z  -  10  m.  In 
spite  of  the  very  extensive  broadside  array  (consisting  of  100 
parallel  traveling-wave  antennas  each  of  length  14.4  km  (or 
7.48  km  for  28.5  kHz)  at  tbe  depth  o’  ■*  1  m  separated  by 
o.stances  of  25  m  so  that  an  area  of  2.5  X  14.4  (or  7  48]  km 
is  required)  carrying  a  total  of  10J  A.  the  electric  field  a! 
/k  -  5000  km,  z  «  10  m,  is  substantially  smaller  than  that 
generated  by  the  electrically  short  vertical  monopoles. 

Unlike  the  vertical  monopole,  the  horizontal  subsurface 
array  can  be  enlarged  to  operate  at  1  kHz,  the  frequency 
preferred  for  communicating  with  receivers  at  depths  in  the 
30-50-m  range  With  a  -  0.735  cm,  b  -  4.41  cm.  the  rele¬ 
vant  quantities  at  /*•  1  kHz  are:  k,  -  2.09  X  10" 5  m-’, 
k,  -  0.178e"/4  -  0.126(1  +  /)  m'1,  k,b  »  00078e”''4, 
HJ‘’(k,b)  -  0.5  -  r'3.16  -  3.20e"’4’,  'k,bH\"(k  b)  - 

-  r0  636  so  that 

k,  -  /?,  +  /a,  -  (4,07  +  rO.24)  x  10,“5  m"’  (52) 

Zf  -  209.7  +  <12.5  [2  (53) 

hm  **  159  km  bp(0)  “  84  4  km  (54) 

With  these  values,  the  field  at  p-  ■*  5000  km  and  the  depth 
z  ■*  20  m  due  to  a  unit  horizontal  dipole  at  the  surface  is 
obtained  from  Fig  17  to  be  -368  dB  referred  to  1  V/m  For 
an  array  of  100  traveling-wave  antennas  each  at  depth  d  =  1 
m.  of  length  h  -  153  km,  and  carrying  100  A.  the  field  is 

20logi;|flp(pc..0.z)U  » 

20 log, o  [104  X  84.4  X  10J  x  e'0’26]  -  368 

-  177  -  368°  -191  dB.  (55) 

At  z  -  30  m,  the  field  is  -201  dB,  and  at  z  =  40  m,  -211 
dB.  These  are  all  greater  than  the  minimum  detectable' 

-  220  dB.  The  corresponding  values  at  i  »  14  kHz  with  the 
vertical  dipoles  in  air  are:  -201,  -241,  and  -279  dB,  of 
which  only  the  field  at  depth  z  -  20  m  is  detectable.  Thus 
an  array  of  100  horizontal  traveling-wave  antennas  at  depth 
d  -  1  m  can  be  constructed  in  an  area  of  159  X  2.5  km  to 
generate  a  much  greater  field  than  that  available  from  the 
largest  practical,  vertical  top-loaded  monopole.  A  large 
amount  of  power  is  required  since  the  input  power  to  each 
element  is  P,  -  )/,(0)|2Pf  -  2.10  MW  or  a  total  of  P,K  =  210 
MW.  However,  if  communication  with  submarines  at 
depths  up  to  50  m  and  at  distances  up  to  5000  km  is 
required,  an  array  can  be  constructed  in  an  area  of  150 
square  miles  of  the  ocean  to  achieve  the  purpose. 

For  long-distance  communication  with  submarines,  the 
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best  frequencies  for  receiving-antenna  depths  of  the  order 
of  10  m  are  in  the  10-20-kHz  range  and  the  preferred 
transmitters  make  use  of  well-designed  vertical  top-loaded 
monopoles  in  air  like  those  at  Cutler,  ME.  for  depths  up  to 
SO  m,  the  best  frequencies  are  near  1  kHz  and  a  possible 
transmitter  makes  use  of  an  extensive  upward-directed 
broadside  array  of  optimized  insulated  traveling-wave  an¬ 
tennas  in  the  ocean  near  its  surface. 
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Tht  components  of  the  lateral-wave  field  generated  by  vertical  and  horizontal  antennas  near  the 
plcne  interface  between  air  and  earth  (soil,  water,  etc.)  are  determined  at  points  near  the  surface  in 
air  and  at  all  points  in  the  earth.  This  is  the  field  incident  on  anti  scattered  from  inhomogexeities 
and  objects  in  the  earth. 


I.  INTRODUCTION 

The  detection  and  localization  of  buried  of  submerged 
objects  or  mhoiaogeneities  in  a  dissipative  hair-space  from 
measurements  of  a  scattered  electromagnetic  field  ire  of  cur¬ 
rent  interest.  Investigations  on  this  subject  have  been  devot¬ 
ed  primarily  to  plane  waves  incident  on  ihe  surface  of  the 
earth  from  the  air  above  at  an  arbitrary  angle,1,2  This  study  is 
concerned  with  the  incident  fields  generated  by  horizontal 
and  vertical  antennas  on  the  surface  of  the  earth.  The  com¬ 
plete  fields  of  such  antennas  can  now  be  expressed  in  simple 
and  accurate  form  thanks  to  the  availability  of  new  formu¬ 
las1^  that  are  excellent  approximations  of  the  rigorous  gen¬ 
eral  integrals. 


THE  ELECTROMAGNETIC  FIELD  OF  INFINITESIMAL 
HORIZONTAL  AND  VERTICAL  ELECTRIC  DIPOLES 
WITH  UNIT  ELECTRIC  MOMENT 


The  components  of  the  electromagnetic  field  at  (p,d>j) 
in  cylindrical  coordinates  of  an  infinitesimal  horizontal  elec¬ 
tric  dipole  with  unit  moment  IA1  —  1  A  m  at  the  surface  of 
the  earth  in  air  (Region  2,  z< 0)  over  a  dissipative  half-space 
(Region  1,  r>0)  are  (see  Fig.  1) 

i- 


Elp(p,fa)=  --‘yp  cos  6  e'k'Tg\k2 p,kx) 
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-Sul  Mz)  = 
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FIG.  I.  Cotnpocentt  ef  electric  field  due  to  unit  electric  dipole  in  earth  or 
water  very  near  the  surface  (<f~0). 
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and 


Sr(k3p*i)  =  l[l+il-C2(klp/2k2,)-iS2(klp/2k7).  (5) 
Here  C2(u)  and  S2(«)  are  Fresnel  integrals  defined  by 

C2(u)  +  iS2(u)  =  £  (2rrt )~  >' V'nf.  (6) 

The  field  at  the  surface  z~ 0  in  air  is 


E^pA  0) «  S^ip  j,  0)  =  (a>/k,)Bu(pM  (7a) 

Eu{pA0)  =  EXi(p,<i>,Q)=  -  [co/kx\B2fi(p,S,0),  (7b) 

Eu{p,<f>,  0)  -  [k\/k\]EXz{p,m  (7c) 

Du(Pm  =  Bu[p,m  (7d) 

All  of  these  formulas  are  excellent  approximations  subject 
only  to  the  following  conditions: 

|*,|>3*2.  |A,p!>3,  p2>z2.  (8) 


The  corresponding  expressions  for  the  rotationally 
symmetric  field  of  an  infinitesimal  vertical  electric  dipole 
with  unit  moment  in  sir  on  the  surface  of  the  dissipative  half¬ 
space  are  given  by 

E,ApA=  -~~etk'‘f{k2p,ki)  =  [<o/kx\Bxi(PA  (9) 

2itAj 

^t^g(k2p,kx).  (10) 

2  frfc  j 
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-  zjpd = [u/k^pdi  [in 

E,Jp^{h7i/kl)El,{p,0}.  {12} 

Note  that  tteffald  of  the  vertical  dipole  iss  ftasiicaofpsad 
x  only,  that  of  the  hcriiontni  dipole  of p,  4  end  z.  Tbs  fields  of 
s  unit  horizontal  dipo’ejust  above  or  just  below  cue  surface 
kx  ranted  co  these  of  a  unit  vetlval  dipole  ta  stir  just  above 


the  surface  es  follows! 

Ei  phifife)  =  ».  -  cos  #  ]£,„;>,&  113) 

E\*\?£A  *-«  i  -  (V*;!3  cos  #  3 Eifirlpzh  (w? 

£,«ip'fa)  *  «*  -P  pA  {13) 

^(?A0) «  [  -  &/*,?  COS  #  j^f/o.O),  (16) 

Eits  I  pr#.0)  —{  —  cos  4  }£^  (ya.O),  {17} 

5^iM0i  -  f(Mh) 005  *  m 


III.  THE  FIELD  OF  HORIZONTAL  ANTENNAS  OF  FINITE 
LENGTH  WITH  OPEN  ENDS 

A  practical  antenna  is  a  center-driven  horizontal  dspcle 
of  half-length. A  and  radius  c,  located  in  air  &i  an  electrically 
small  height  d over  She  dissipative  half-space  (Fig.  2).  Actual¬ 
ly,  such  an  antenna  is  equivalent  lean  eccentrically  insulated 
antenna  lying  on  the  surface  of  the  half-space."9  The  effec¬ 
tive  thickness  of  the  insulation  is  d,.  The  current  in  such  an 
antenna  is  given  by7 

/.  (*■)  =  . 

sin  kLh 

X/,(0)--  Vo?,,.  (19) 

The  complex  wave  number  is 
kL  —piL  +  iaL 

=  Jt[j  ,  2  [  _J _ K.\2kxd) 

H  Hid /a)  l  [2kxd  ?  2kxd 
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FIG.  2.  Honzotiul  elccincdipoie  atbaghtrf over  the  earth.  (»)  Top  view,  (b) 
Side  view. 
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The  input  iaipedanc*  is 

■Zfei  —  IP 5  —  Ze  tan  kjjt, 
l/ibcxt 

a,  = 

2  zz2 

fy2  *=  120s'  Cl.  (22) 

At  moderate  distastes  from  the  dipole,  the  approxima¬ 
tions  p‘  ~  f/)?  +  Jt’2  —  2pk‘  -f  cos 6\'!2~p  ~x  cos  6  in 
phases  zzdp'~p  io  amplitudes  can  be  used.  With  these  ap¬ 
prox  .nations.,  the  geld  of  the  entire  dipole  is  given  by 


rs 

lEiJpdzVlHA-ZJprfJj  Jxi*‘ 


xr,v«.^ 

■With  Eq.  (19)  th§  integral  is 

/T(9).Vft:d  )s  JiEL  |  sin  *A(n  -  i.xr"} 
sin  kLn 

xr‘Me«^ 

24,(0),^  /  co$[kzh  cos  d  1  —  cos  /ctA> 


(23) 


.  sma^h  \  ki~k  \  ecs 


:os  kth\ 

Ja  / 


(24) 


Note  that  when  the  antenna  is  electrically  short  so  that 

klh2<t  1,  |ii|A2<3, 


/,(0}AO*)~ 


2/xj0)kc  kjh2  —  k\h~  cos2  6 
kLh  2(k  l  —  k  j  cos'  4 ) 


(25) 


The  complete  held  in  Region  1  and  th  e  field  along  the  surface 
in  Region  2  of  the  horizonUi-wirc  antenna  are  given  by  Eos. 
( 1  «H  Id)  and  Eqs.  (7aH7cl)  multiplied  by  Ix  (OjA/0(d )  as  given 
L-i  Eq.  (24). 


iV.  THE  FIELD  OF  A  HORIZONTAL  ANTENNA  OF  FINITE 
LENGTH  TERMINATED  IN  GROUNDED  VERTICAL 
MONOPOLES 

An  alternative  arrangement  of  the  horizontal  electric 
dipole  over  earth  or  salt  water  is  with  the  ends  grounded  by 
vertical  conductors,  each  of  length  d  in  air  and  of  sufficient 
length  isi  tlse  earth  or  salt  water  to  be  effective  ground  con¬ 
nections  with  negligible  impedance.  When  this  is  the  case, 
the  current  on  the  terminated  horizontal-wire  antenna  is 


/.M- 


4(0)003  *L(ft-ls'l) 
cos  kLh 


—  Ix(h  )cos  kL(h  —  |x'|).  (26) 


When  this  expression  is  substituted  in  Eq.  (23)  to  obtain  the 
field  of  the  horizontal  part  of  the  antenna,  the  integral  is 
readily  evaluated  to  give 
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f’  Jpi  *  h2-2/>ticci  $  -  {p'*,0) 


I  yA  2phC*»  $  ~fJ»hCOJ  $ 


FIG.  3.  Radial  distunes  from  vertical  eJnssits  1  and  2  to  Sdd  point 
(MS- 


2/#} 

(At  sm  kLh  —  k2  cos ^  sin(&2/r  cos  <5 }' 
k\~k\ cos2  *5)  „ 


Note  that  when  the  antenna  is  electrically  short  with 

*§A^l,!A-i|AJ<l, 

(  k\h~k\h  cos- &\ 

\  k\-k\  cos- $  / 

—  2/,{A]A~2/,|0)h.  .  {28j 

The  complete  field  of  the  horizontal  element  is  given  by  Eqs. 
(laHl^j  and  Eqs.  (7a)-{7d)  multiplied  by  Ix{h  ]Mh{6 )  as  giv¬ 
en  in  Eq.  (27?. 

Each  of  the  vertical  elements  aix—  ±h,y  =  0,  con¬ 
sists  of  a  part  of  leng  a  d  in  air  and  a  part  of  length  /  in  the 
earth  or  salt  water.  Let  each  be  electrically  short  in  the  re¬ 
spective  medium;  that  is,  let 

(M  )*’<!.  '  (29) 

The  current  in  the  vertical  elements  in  air  is  essentially  con¬ 
stant  m  amplitude  over  the  length  so  that  the  electric  mo¬ 
ments  are  It\h  ]d  —  Ix(h  ]d  at  x  =  !t,  y  =  0,  and 
/,( —  h  )d  —  Ix(  —  h  ]d  =  —  I,\h  )d  at  x  =  —  h, y  =  0. 

The  radial  electric  field  of  a  vertical  electric  dipole  with 
unit  moment  is  given  in  Eq.  (9).  The  radial  electric  field  of  the 
two  vertical  monopoles  with  equal  and  opposite  electric  mo¬ 
ments  is  i 


FIG.  4.  Range  of  calculation  of  field  of  horizontal  half-wave  dipole: 
0.75  </><  1.5  m,  0“ <ri<90“.  Areas  of  primary  interest:  —  0.25  <*<0.25  m. 
0.75  <y<  1.25  m;  and  0.75  or  <  1.25  m.  —  0.25<y<0.25  m. 

[■^iptP^)]vA  -Ex„\pA 

X (*•*»*  «**  _e-  ik* 2Jjh  y] 

—  iElp  ( pp\Ix  ( h  )d  sm{k2h  cos  6 ).  (30) 

It  has  been  assumed— as  indicated  in  Fig.  3 — that  p  is  suffi¬ 
ciently  large  so  that  the  radial  distances/?  j  and p2  to  the  point 
( p,0 )  are  well  approximated  byp ,  ~pz~~p  in  amplitudes  and 
by  Pi  =p-h  cos  6,pz=p  +  h  cos  6  in  phases.  The  other 
components  are  obtained  in  the  same  manner.  It  is  readily- 
shown  that  the  contributions  to  the  field  by  the  short  vertical 
sections  in  the  earth  or  salt  water  are  negligibly  small.*' 
Thus,  the  complete  field  due  to  the  two  vertical  dipoles 
is  given  by  Eqs.  (9}— { 12)  with  each  component  multiplied  by 
ilx(h  ]d  sin \k2h  cos  d> ).  The  complete  field  due  to  the  hori¬ 
zontal  and  vertical  elements  can  be  expressed  as  follows,  first 
for  the  field  at  any  depth  in  Region  1,  then  for  the  field  on 
the  surface  z  =  0  in  Region  2.  In  the  formulas  lx  ( h  ]  has  been 
set  equal  to  1  A.  The  subscript  CA  indicates  the  field  of  the 
complete  antenna. 


- - -  ~gik2P,ki]Mi,[i  )cos  0  +  idf(k2p,kt)sm[k2k  cos  i  )j, 

[£i*(p.M]  ca  =  ~^elk''h(k2p,ki\Mh(<f>)sint, 
irk] 

[£u(P,^^)]ca  =  e<k,*(  ~f%ptky]Mh{<i>  )cos  &  +  idg[k2p,kl)sm(k2h  cos  <h  )\ 

LTTK  j  \  Ki  / 

[■®|p(/>i&Z)]cA  =  [j114(/7»^»2)]ca> 

[■5i*(/7.<M]ca  =  —  [£|p(p,<M]cA> 
i u 


[*u(M*)]ca  =  ~e^eM 
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[£v(M0)]ca  =  [Elp{p,mw,  [2MMO)3ca  =  [-B.p(MO)]ca.  (37) 

[£w(M0)3ca  =  [£w(MOJ]ca;  [5„(M0)3ca  =  [£»(MO)]ca.  (38) 

{EM; 0)]ca  =(*?/Al)[£lr(MO)]cA;  [i?2,(M0)]cA  =  [2?„(MO)]ca.  (39) 


Note  that  the  vertical  elements  contribute  only  to  Ep,  Es, 
and  BP  so  that  E+,Bp,  and  3,  are  determined  entirely  by  the 
horizontal  part  of  die  antenna.  Except  for  the  relatively 
small  differences  between  )  as  given  by  Eq.  (24)  and 
Ms  {<(> )  as  given  by  Eq.  (27),  these  components  are  like  those 
of  the  open-ended  horizontal  dipole.  Depending  on  the 
height  d,  the  contributions  to  £p,  Et,  and  Bt  by  the  vertical 
elements  may  be  relatively  smay  or  very  significant. 


1 

V.  THE  CALCULATED  FIELD  OF  THE  HORIZONTAL 
HALF-WAVE  DIPOLE 

The  components  [ Ep ( p,d.Q) ]HX  and  [EJ p,6, 0) ]  ,1A 
have  been  calculated  [from  Eqs.  (la)  and  (lb)  with  Eqs.  (23), 
(24),  and  7,(0)  =  1  A]  over  the  range  0.75<p<1.5m, 
0"<^<90*.  as  indicated  schematically  in  Fig.  4.  Here  the  area 
of  primary  interest  for  the  components  E6(p,d>, 0)  and 


FIG.  5.  E„  along  x  axis.  E,  along  y  axis:  field  of 
horizontal  half-wave  dipole,  (al  <7,-2  S/m. 
f„  =  80.  (b)  a ,  =  0.5  S/m.  c„  =  80. 
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Bp(Pm= is 

0.75<y<1.25m,  — O.25oc<0.25  ns.  The  corresponding 
area  for  the  components  Ep{prf, 0)  and  £*{p,4, 0) 
=  [kl/co)Ep(p,i,Q)  is  0.75<*<1.25  m,  ~  0.25<y<0.25  m. 

Graphs  of  Ep  ( p,0,0)  and  £*  ( p,  jt/2,0)  in  both  amplitude 
and  phase  are  plotted  as  functions  of/?  in  Fig.  5(a)  for  cr,  =  2 
S/m,  eir  —  80  and  in  Fig.  5(b)  for  crt  =  0.5  S/m,  eu  =  80. 
Note  that  Ep[p,ir/2,0)  and  Et(p, 0,0}  are  both  zero.  The 
magnitude  of  F^fp.O.O!  is  substantially  greater  than 
Et(p,v/ 2,0).  Both  comjTcnents  have  amplitude  that  de¬ 
crease  with  increasing  radial  distance  and  phases  that  are 
linearly  increasing  as  required  for  an  outward  traveling 
wave. 

Corresponding  graphs  of  £p(l,4,0)  and  £*(1,4,0)  are 


shown  in  Fig.  6.  Since  the  radius  p  =  1  m  is  a  surface  of 
constant  phase  for  the  outward  traveling  waves,  the  phases 
9P  and  Q4  arc  both  constant  as  4  is  varied.  The  amplitudes  of 
the  two  components  are  very  different  in  their  dependence 
on  4<  £P(1,4,G)  has  its  maximum  at  4  =  0  and  decreases  to 
zero  at  4  =»  90*;  £*(1,4,0)  is  zero  at  4  =  0  end  increases  to  its 
maximum  at  4  =  90*.  It  is  seen  that  in  the  range  from  70*  to 
90*,  j£*(l,4.0j|  is  almost  constant,  whereas  |£p(l,4,0)j  de¬ 
creases  almost  linearly  to  a  sharp  null  at  4  =  90*.  The  fields 
in  the  range  from  4  =  90*to4  =  U0*arc  readily  obtained  by 
symmetry.  Also  shown  in  Fig.  6  are  the  fields  at p  —  0.75  m. 
They  behave  like  those  at  p  —  1  m,  but  with  larger  ampli¬ 
tude.  Figure  6(b)  also  shows  the  fields  at  p  =  1.25  m  and 
p—  1.5  m. 


FIG.  6.  E,  and  E&  as  functions  of  i\  field  of  hori¬ 
zontal  half-wave  dipole.  («)  a,  =  2  S/m,  f ,,  =  80. 
(b)  <7,  =  0.5  S/m,  f,,  =  80. 
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FIG.  7.  Ep  along  radial  lints:  field  of  terminated  half-wavi  dipole.  (a|  Mag¬ 
nitude.  ib)  Phase. 


VI.  THE  CALCULATED  FIELD  OF  THE  TERMINATED 
HORIZONTAL  HALF-WAVE  DIPOLE 

The  components  [£^(/o,<J,0)]CA  and  [£2<s|pA0)]CA 
as  given  by  Eqs.  (37)  and  (38)  with  Eqs.  (31)  and  (32)  have 
been  calculated  over  the  range  0.‘,5</o<  1.5  m,  0C<<3  <90°  as 
indicated  schematically  in  Fig.  4.  Graphs  of  £p(p,<5,QJ 
=  ;£p(  p,<4,O)|exp(/0p)  arc  shown  in  Fig.  7  along  radial  lines 
with  6  as  the  parameter  and  in  Fig.  8  as  a  function  of  6  for 
four  radial  distances.  Since  the  amplitude  of  £p  ( p,i, 0)  is  due 
to  contributions  from  the  long  horizontal  part  and  the  two 
short  vertical  terminations  which  are  a  half-wavelength 
apart  and  driven  180°  out  of  phase,  a  complicated  psitem  is 
to  be  expected.  In  the  specific  case  under  study,  2 h  —  A2/2 
and  d  =  0.025/1 Since  the  field  of  a  unit  vertical  element  is 
greater  than  that  of  a  unit  horizontal  element  by  a  factor  A,/ 
k2  and  since  2 k2h~ir,  \k^d  |  ~0.6ir,  the  contributions  from 
the  two  vertical  terminations  are  larger  in  magnitude  than 
the  contribution  from  the  horizontal  element.  It  follows  that 
large  fluctuations  in  amplitude  are  to  be  expected  over  the 
range  of  <6,  and  also  over  that  part  of  the  range  of  p  where 
f{k2p,ky)  differs  significantly  from  g(A:;p,&,).  At  large  dis¬ 
tances,  these  functions  are  essentially  equal.  Such  changes  in 
amplitude  are  evident  in  both  Figs.  7(a)  and  8(a).  On  the  other 
hand,  with  the  approximation  involved  in  the  use  of  Eq.  (23), 
all  waves  travel  outward  from  the  origin  so  that  the  phase 
varies  linearly  with  radial  distance  along  each  radial  line  as 
shown  in  Fig.  7(b).  However,  the  contours  of  constant  phase 


<f>  m  degrees 


FIG.  8.  as  a  fur,. non  of  6.  field  of  terminated  half-wave  dipole  iai  Mag¬ 

nitude.  (bl  Phase. 

are  not  exactly  circles  since  the  phase  varies  with  6  as  shown 
in  Fig.  8(b).  The  contributions  by  the  currents  in  the  vertical 
iinninations  can  be  reduced  greatly  by  making  them  much 
shorter. 

Since  the  component  Et(p,6, 0)  =  .£„(/?, tf,O),rxp!/0#' 


P  <n  meters . 

FIG.  9.  Et  along  radial  lines,  field  of  terminated  half  wave  dipole 
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FIG.  10.  E,  m  a  function  of  6\  field  of  terminated  half-wave  dipole 


depends  only  on  the  current  in  the  horizontal  part  of  the 
antenna,  its  properties  are  much  simpler  than  those  of 
Ep{p,<!>, 0).  The  magnitude  is  shown  in  Fig.  9  along  radial 
lines  with  6  as  parameter.  The  phase  is  not  shown  since  it 
varies  linearly  with  radial  distance.  E4[  p, 6  fi)  as  a  function 
of  <p  with  p  as  the  parameter  is  shown  in  Eg.  10  in  both 
amplitude  and  phase.  The  phase  Q4  is  independent  of  6  since 
circles  are  contours  of  constant  phase.  These  curves  are  very 
similar  to  those  in  Figs.  5  and  6  for  the  open-ended  horizon¬ 
tal  dipole.  Since  the  current  amplitude  in  the  terminated  an¬ 
tenna  is  greatest  at  x  =  ±h,  the  effective  electric  moment  is 
substantially  greater  and  E4  is  almost  double  that  for  the 
open-ended  antenna  with  the  same  length  and  maximum 
current. 

VII.  CONCLUSION 

The  complete  electromagnetic  field  parallel  to  the  sur¬ 
face  of  salt  water  has  been  determined  when  the  source  is  a 
horizontal  electric  dipole  either  with  open  ends  or  grounded 
at  its  ends.  The  dipole  is  in  the  air  at  a  small  height  d  above 
the  water.  The  components  actually  evaluated  are  the  tan¬ 


gential  components  Ep(p,$, Oj  and  E4(p,j>$)  of  the  electric 
field.  The  associated  tangential  components  of  the  magnetic 
field  are  given  by  B4(p,$,G)  -  (kl/a)Ep{p,$,0)  and 
3p(p,4>,0)  =  —  {kt/a]E4[p,#,0}.  The  vertical  components 
•EL  ( pdfl)  and  3^  ( p,$, 0)  are  not  required. 

The  field  of  the  open-ended  dipole  is  simpler  than  that 
of  the  terminated  dipole  since  the  currents  in  the  vertical 
terminations  of  the  latter  generate  a  significant  field  consist¬ 
ing  of  the  three  components  Ep£s,  and  B4.  The  combined 
field  of  the  horizontal  and  vertical  members  of  the  complete 
antenna  can  be  quite  complicated  if  the  height  d,  and  with  it 
the  length  d  of  the  vertical  elements,  is  sufficient  to  make  the 
contributions  from  them  comparable  to  that  from  the  hori¬ 
zontal  element. 

At  close  range  Ep  and  it*  are  comparable  in  magnitude. 
At  distances  for  which  k2p>l,Ep  is  significantly  greater 
since  it  decreases  only  as  l/p  whereas  E4  decreases  as  1  /p2. 

The  cylindrical  components  £„  and£*  are  individually 
simpler  than  the  related  Cartesian  components  Ex  and  Ey. 
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Scattering  of  lateral  waves  by  burled  or  submerged  objects.  II.  The  electric 
field  on  the  surface  above  a  buried  insulated  wire 
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The  electric  field  on  the  surface  of  the  earth  in  an  area  above  a  buried  insulated  conductor  is 
determined  when  the  active  source  is  &  horizontal  dipole  also  on  the  surface  of  the  earth  at  some 
distance  away.  This  is  accomplished  by  first  evaluating  the  current  induced  in  the  wire  by  the 
lateral-wave  field  incident  from  the  transmitter  and  then  calculating  the  reradiated  field  just 
above  the  surface.  Two  orientations  arc  considered.  The  field  at  the  center  of  the  buried  conductor 
is  (1{  parallel  to  Elplp,0p)  and  (2)  parallel  to  Eu\p,v/ 2,z).  In  an  area  above  the  conductor,  the 
incident,  scattered  and  total  fidds  are  evaluated  for  the  conditions  of  a  laboratory  model.  It  is 
concluded  that  the  method  is  potentially  useful  for  locating  buried  or  submerged  regions  with 
significantly  different  wave  numbers  from  that  of  the  surrounding  earth. 


i.  INTRODUCTION 

The  problem  of  interest  is  to  determine  the  nature  of  the 
interference  pattern  generated  by  the  superposition  of  an  in¬ 
cident  lateral  wave  with  the  field  scattered  by  a  buried  object 
or  region  with  different  electrical  parameters.  The  incident 
lateral-wave  field  is  maintained  by  a  horizontal  dipole  in  the 
air  (Region  2,z<Qf  wave  number  *2)  just  above  the  surface  of 
the  earth  (Region  l,z>0,  wave  number*,);  the  total  field,  i.e., 
the  incident  plus  scattered  fields,  is  to  be  observed  in  the  air 
also  just  above  the  surface  of  the  earth. 

Note  that  this  problem  is  related  to  that  treated  by  Tuan 
and  King,1-5  but  the  incident  field  is  now  a  lateral  wave  gen¬ 
erated  by  a  horizontal  electric  dipole  on  the  surface  of  the 
earth  and  not  a  plane  wave  incident  at  an  arbitrary  angle.  It  is 
also  related  to  the  problem  analyzed  by  King  and  Shen,3  but 
in  that  the  scattering  antenna  is  in  the  air  above  the  surface  of 
the  earth  and  the  incident  field  is  a  plane  wave  arriving  at  an 
arbitrary  angle. 

The  scattering  object  to  be  studied  in  this  paper  is  a 
horizontal  insulated  conductor.  This  provides  a  scattered 
field  that  is  readily  calculated  and  combined  with  the  inci¬ 
dent  field  to  obtain  a  total  field  that  exhibits  interference 
phenomena.  These  are  potentially  useful  in  locating  a  buried 
object  from  measurements  made  on  the  surface  of  the  earth. 

II.  THE  INCIDENT  FIELD 

The  incident  field  is  that  described  in  Part  1/  It  is  gener¬ 
ated  by  a  horizontal  electric  dipole  parallel  to  the*  axis  with 
its  center  at  the  origin  of  the  x0,  y0  coordinates  in  air  just 
above  the  surface  of  the  earth  or — in  the  laboratory  experi¬ 
ment— just  above  the  surface  of  salt  water.  Of  particular  in¬ 
terest  are  the  two  areas  shown  in  Fig.  1(a)  of  which  Area  I  is 
symmetrically  located  along  thex0  axis,  Area  II  is  symmetri¬ 
cally  located  along  the  y0  axis.  Since  the  axis  of  the  driven 
dipole  is  parallel  to  the  x  axis,  it  follows  that  E^ip.fij}  and 
B  ?J(p,&z)  are  the  principal  components  of  the  incident  field 
in  Area  I  with  <f>  near  zero,  E  B  in  Area 

II  with  near  it/ 2.  Note  that  along  the  respective  axes 
EftlpM-EftlxM  E^\p,rr/2A-  -  E%( ftjfez).  The 
expressions  for  these  fields  at  radial  distances  p  from  the 


source  snd  at  depth  z  below  the  surface  are 
E  =  “  Gfct*2p>*,)cos  <f>  e‘k,t 

=  (*>/*,)££(?, <M.  (1) 

EfZtprfj)  =  2 Gh  [ktf.kjsin  <f>  e'-,t 

t 

=  -(co/kx\BTP\p,<f>A  .  (2) 

with 


2irk\ 

g[k&,ki)-g0(k2p,kx)eik* 


(3) 


F  i!h--±. _ L _ t±(JL  Y'* 

L  p  P 1  *jp3  A,  \  A,p/ 

Y*,  (41 

h  (k&.kj  =  h0[k:p,kl)eik'p 

(  1  ,  /  *1  *,/2 
V  V  2 A,  (M3/* 

Xe',kip/2kt'y[kj>,kl))e‘k*  (5) 

where 

y[k^,kx)  =  J(1  +  0  -  C2{k \p/2k])-  iS2[k \p/2k\),  (6a) 


C2(u)  +  iS2{u)  =  jT(2zrr  )~meudt. 


(6b) 


In  Eq.  (3),  I,  (0)  is  the  x-directed  current  at  the  center  of  the 
transmitting  antenna  and 


W)  = 


2 kL  /  cosjkjh  cos  <t> )  —  cos  kL  h\ 
sinALA\  A|  —  Ajcos2^  / 


(7) 


The  last  formula  applies  to  an  insulated  dipole  of  half-length 
h  and  with  open  ends.  This  will  be  used  as  the  source 


III.  THE  CURRENT  INDUCED  IN  A  BURIED  INSULATED 
CONDUCTOR  BY  THE  RADIAL  ELECTRIC  FIELD 


When  an  insulated  conductor  with  length  21  is  located 
at  depth  d  in  the  earth  within  the  area  close  to  the  x0  axis,  as 
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FIG.  1.  Twolocauons  of  *  buned  insulated  conductor  relative  to  a  transmit¬ 
ting  dipole  on  the  surface  of  the  earth,  (a)  Orientations  of  scattering  antenna 
in  areas  of  interest,  (b)  General  orientations  of  scattering  antenna. 


shown  in  Fig.  l(b)ontheupper!eft,thesubtendedang]e  ±<f> 
and  with  it  sin  <f>  arc  small  so  that  the  component 
£ )  =  E Iffip.tW ]sin  4,  is  small  compared  to 
E^[pt<f>4)  —  £“(p,0«4f)cos$.  It  follows  that  the  current 
induced  in  the  conductor  is  due  primarily  to  E  ™lp,<f>rf ).  For 
simplicity  let  the  center  of  the  conductor  be  located  on  the 
plane  y0  =  0  at  the  distance  x0  —  p—pc  from  the  center  of 
the  driven  dipole.  The  distance  along  the  conductor  from  its 
center  is  s'  which  extends  from  s'  -  —l  to  s'  —  /.  The  con¬ 
ductor  subtends  the  angle  $ '  with  the  plane  y0  =  0.  It  is  par- 

- * - - . - I 


allel  to  the  boundary  surface?  =  0  and  lies  in  the  plane?  =  d. 

The  radial  incident  electric  field  at  the  center  of  the 
conductor  is 

£>c.CW}  =  -  GsS*c.kyi'-eik'd-  (8) 

The  radial  field  at  a  distance  s'  along  the  conductor  is 
E^ipjrd )  =  -  GgJlk&kJ cos  ^  (9) 

The  distance p  can  be  expressed  in  terms  ofpc  and  s'.  Thus, 
p  =  ipl  +  s’2  +  Ip'd  cos  <f>  yn~pc  -f  s'  cos  <f> '.  (10) 

The  component  of  the  radial  electric  field  along  the  buried 
conductor  is 

£,=££(0,^) cosr  — 15) 

~E™iPcfi4)vxrJkl,'t0i*'-  (ID 

It  is  this  field  that  induces  the  current  in  the  conductor. 

An  insulated  wire  in  a  Region  1  with  ]&,j>3&,  (where  k, 
is  the  wave  number  of  the  insulating  sheath)  behaves  like  a 
transmission  line  with  the  complex  wave  number  kL  and 
characteristic  impedance  Zc.  Owing  to  the  proximity  of  the 
air-earth  boundary  at  the  distance  d  from  the  insulated  wire, 
there  is  a  significant  downward  reflected  wave  that  interacts 
with  the  current  in  the  conductor.  The  reflection  coefficient 
for  the  electric  field — which  is  perpendicular  to  the  plane  of 
incidence — is 


f  _  k,  —  k2 

J  mr  “  ,  .  M 

+  £2 

when  kt  is  large  compared  to  k2.  The  reflected  field  is  thus 
equivalent  to  that  of  an  image  conductor  at  z  =  —  d  with 
currents  in  the  same  direction  as  in  the  buried  conductor. 
Hence,  k  'L  and  Z '  must  be  approximated  by  the  values  for 
two  coupled  insulated  antennas  excited  in  phase.  These  are5 

#»'(&,&)-+ TOM  )V/2 

k,b)n[b /a\H"\kfi)  )  ’ 


:  £  —  &,^1  +  ■ 


(12) 


x;.2£lw 

2 irk) 


(13) 


In  these  formulas  a  is  the  radius  of  the  conductor  and  b  the 
outer  radius  of  the  insulating  sheath. 

The  increment  of  current  at  $  in  the  insulated  conductor 
with  open  ends  due  to  an  incremental  voltage  E,ds'  at  s'  is 


r  _  —  iE,ds  (  sin&l(/  +  r')sin  kj(l-s) 

Z;  \  sin  2  k'LI 

l  +  s'<l  +  s<2/; 

'  =  sin  k'L[l  —  r')sin  k'L[l  +  s) 

'  Z;  \  ivnlk'J 

0</  +  j</  +  j'. 


(14) 

(15) 


The  current  due  to  the  field  along  the  entire  length  is 


/,= 


Z 

With  Eq,  (11), 


'  sin  2*  *  /(^  k  ~  f‘  ^ak^l+ 5‘^s'  +  sin /:[(/  +  s)J E,  sin  k  £(/ -  r')<*'j. 


(16) 
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I, - k'L{l-s)[  e^^'smkKl+fW 

Zi-sinTk'J  \  J-i 

+  sin  k  1(1  +  s)^***'  sin  k  £(/  -  i'Kis'j. 

With  h  —  /  -f  s'  in  the  first  integral  and  u  =  / — s'  in  the  second  integral,  Eq.  (17)  can  be  expressed  as  follows: 

I,  =  k  i  (/  -  S)e- *>'“*  *’  f +< V**" “  *•  sin  k  L«  du 

Z1  sin  2*1/  \  Jo 

—  sinA£{/  +  s)e/it,'‘:“<,‘^0  e~‘it',co>*‘ sink'Ludts^. 


(17) 


(18) 


These  integrals  are  in  the  form 

f  „  .  ,  ,  tf*{a  sin  bx  —  bcos  bx)  .... 

J  a2  +  b  * 

With  Eq.  (19)  and  considerable  rearrangement,  the  following 
final  formula  is  obtained  for  the  current  induced  by  the  radi¬ 
al  electric  field: 


/,= 


ik’LEl^ipc,0,d]cosi' 
Z‘c(k?-k\ cos^'l 


•  gtk  J  col  4  •  _  ^ 


sin(*l  +  *2ccsd')/\ 


sir.  2  k'Ll 


> 


_  ( ”"(**■  -^cosiyy  _  ,k  .,i 

V  sin  2*1/  J  j' 

The  induced  current  is  seer,  to  consist  of  three  traveling 
waves.  Two  advance  in  the  positive  s  direction,  the  one  with 
the  phase  velocity  [a>/k2  cos  <j> '),  the  other  with  the  phase 
velocity  («//?!).  The  third  wave  travels  in  the  negative  s 
direction  also  with  the  phase  velocity  [eo/P'L).  The  ampli¬ 
tudes  are  so  disposed  that  /,(  +  /)  =  0.  Of  particular  interest 
is  the  direction  6 '  =  0  of  maximum  E™\pe,$,d)-  For  this 
orientation,  s  =  x  and 

I  ...  (  sin [kl+k2)l\  liit 

Z'e(k?-k\)  [  V  sin2 k’J  ) 

-  (  sin(fci  ~k^\-  -'*!*] 

\  sin  2*1/  /  j 


(21) 


I - - - - - - 

IV.  THE  CURRENT  INDUCED  BY  THE  TRANSVERSE 
ELECTRIC  FIELD 

When  the  buried  conductor  is  located  at  a  depth  d  in  the 
earth  with  its  center  in  the  plane  x0  =  0  in  the  area  along  the 
y0  axis  as  shown  in  Fig.  1(b)  on  the  lower  right,  the  transverse 
incident  electric  field  at  the  center  of  the  conductor  is 

E%{pe,n/ 24)  =  2G*0(*^f,*1)<r'W‘,d.  (22) 

The  transverse  incident  field  at  a  distance  s'  along  the  con¬ 
ductor  is 

£?&,<!>, d )  =  2GAo|*a0,*,)sin  <f>  e‘k*e,h'd.  (23) 

The  distance  p  can  be  expressed  in  terms  of  pc  and  s'  as 
follows: 

p  -  [p2c  t s'2  -  2 p,s'  cos(tt/2  +  <j> ')] "2 
-  (p\  +5’J  +  2p(s'  sin  <t>  ’) 1,2 
—pt  +  s'  sin  ©  (24) 

The  component  of  E'l%\p,$,d )  along  the  axis  of  the  buried 
conductor  is 

E,~E  uip,4>,d  )cosi?r/7  -  a  +  <f> ') 

~£  ,ir/2,d  )cos  6  '«**  *  .  |25l 

It  is  this  field  that  induces  the  current  in  the  buried  conduc¬ 
tor. 

The  current  due  to  the  field  along  the  entire  ktigth  is 
given  by  Eq.  (16)  with  Eq.  (25).  It  is 


—  iE  \™lpc  ,ir/l,d  )cos  i ' 


Z;  sin  2*1/ 

+  sin  *  !(/  +  s)J  un4sin*l(/- *&}• 


|sm  *  !(/  -  r)J"  e1^  “n  *  sin  *  !(/  +  s’)ds' 


126) 


The  integrals  in  Eq.  (26>  arc  like  those  in  Eq.  (17>  with  sin  <b '  appearing  in  place  of  cos  '  in  the  exponents  It  follows  with  Eq 
(20)  that 


_  ik  'JWpef^U )cos  $ '  rg,VMW<.  /  rin(*  1  -f  k2  sin  £  *}/ \ 
Z'c{ki-k\  sinV’)  L  V  sin  2*1/  f 

_  f  sin(*l  -*2sin^,)/y_rt.,j 
V  sin  2*1/  f  j 


(27) 
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This  is  the  induced  current  when  the  conductor  is  located 
with  its  center  at  depth  d  below  they0  axis.  Of  primary  inter¬ 
est  is  the  field  in  the  direction  <f>  —  ir/2  with  <f>'  *=  0,  Here 
EfZlp,<f>,d)  has  its  maximum  and  the  buried  conductor  is 
oriented  to  have  its  axis  along  that  maximum.  Here  s~x 
and 

/  -  ^fpc,rr/2,d)(l 
*  Z'ek l  {  2cos k'Ll  j 

-iE'?j\p',-n/l4)  cos  k 'Lx  ~  cos  k ’J 
Z'ek'L  cos  k'Ll 

This  expression  has  been  derived  in  an  earlier  paper.6  It  rep¬ 
resents  a  pure  standing  wave.  Note  that  the  incident  field  has 
the  same  amplitude  and  phase  at  all  points  along  the  conduc¬ 
tor. 


V.  THE  DIRECT  SCATTERED  FIELD  JUST  BELOW  THE 
SURFACE  OF  THE  EARTH 

The  currents  Eqs.  (20)  or  (21)  and  Eqs.  (27)  or  (28)  gen¬ 
erate  the  scattered  or  reradiated  field.  Of  interest  is  the  field 
on  the  surface  (z=  —  0)  in  air  in  an  area  above  the  buried 
conductor,  but  it  is  first  necessary  to  calculate  the  field  on  the 
surface  (z  ~  +  0)  in  the  earth.  This  can  be  evaluated  from 
the  known  distribution  of  current.  For  simplicity  let  this  be 
done  when  the  buried  conductor  is  oriented  for  maximum 
induced  current,  i.c.,  parallel  to  the  x  axis  so  that  the  current 
Eq.  (21)  applies  to  the  region  along  the  x0  axis  (Area  I),  the 
current  Eq.  (28)  tc  the  region  along  the >•„  axis  (Area  II)  The 
scattered  field  at  z  =  +0  due  to  an  x -directed  dipole  with 
current  Ixdx’  at  the  point  (x',04 )  has  the  following  compo¬ 
nents: 


J 


•r-.™,  dx'  (  ei*1'  .  1  3 2 

OSH**?, 0)=*  —  —  +  -77; — 

4jt  \  r  k\  dx‘  r  / 


me J.dx'  ,kJ  \(.  (x-x')2\  /  /.  3(x~x’)2\  1  (,  3(x-x')2M 

~Sr  [Tl1 - ~j+*7V - — J-Jpl - ~JJ’ 


i£yw.o)=  -  St ‘iLO.  J — 

"  5  '  4jt  *2  dxdv  r 


iopjtdx  .,ti,  y\pc-x'\(  k\  3 /*,  3'\ 

“  4^  L  ? 


where 


(29) 


(30) 


r«  ({x-xf+Z  +  rf2)172-  (31) 

and  xy  are  coordinates  referred  to  the  pomt  \pc,$c,  01  on  the  surface  directly  above  the  center  of  the  scattering  clement  In 
terms  of x^y^x  =  x0- pc  cos  <4,  andy -ya-pc  sin  tpe .  In  Area  I,  when  <f>c  ~0,x  =  xo-pc  andy  =  y0>  in  Area  II,  when 
i>(  =  jr/2,x=x„  and  y  —  y0— pc. 


r 


The  field  reradiated  by  the  entire  antenna  is 

V.  (32) 

4ir  J-i  \  r  k\  ox  r  l 

E^xy.O)  «  f  /,  (x‘)  (33) 

Arrk]  J-i  dxdy  r 


where 


TT't***  -Be^*  -Ce-lk‘1*) .(34a) 
Z  c{k  L  —  Xj| 


with 


e  *in(A:  £  -f-  Ar2)/  „  an[k'L-k2)! 

D  as  ■  -p-  ■  - C  »  - — . - 

m2kl!  sin  2 k'Ll 

for  the  conductor  along  the  x0  axis,  and 


(34b) 


1  iE™[pe, n/24 )  ccs  k  ‘Lx’  —  cos  k  'Ll 


Z'ki 


CQsk'J 


(35) 


for  the  conductor  along  the  y0  axis. 

If  use  is  made  of  the  fact  that  (P/dx*  =  tf/dx'2  tn  the 
second  term  in  Eq.  (32),  and  st  is  integrated  twice  by  par^, 
noting  that  /„  ( ±  / )  =  0,  the  result  is 


X — — dx  +c,(/), 
r 


(36) 


where 

c  ;/)-  -*qpo 


4irk  j  dx'  r 


4?r*t\  r„  rv  J 


with  r„  *=  ((/  — x)2  +y2  4-d2]172,  and  rv  =  ((/  +  x)2 
•hy2  +  d7]UJ.  The  last  form  follows  with  the  equation  of 
continuity,  viz.,  dIM  (x')/dx'  —  iaq\x')  =  0,  where  <?(x')  is  the 
charge  per  unit  length  on  the  conductor  at  x\ 

The  second  derivative  of  the  current  in  Eq.  (36!  is  readi¬ 
ly  evaluated  using  either  Eq.  (34a)  or  (35).  In  both  cases  the 
second  term  in  the  integrand  in  Eq.  (36)  consists  of  terms  of 
the  form  (&,/£, )2/»(x‘),  ( k  L/kxfIx  (x').  Since  !A2/&,!2<  1  and 
ik  1,  these  terms  are  negligible  and  Eq  (36!  reduces 

to 
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riCtI,  ft.  icofi0  C*  r  ...  e*>V,  .  ne.  With  Eq.  (34a)  or  (35),  81  x  \x')/dx'  includes  only  terms  with 

-is(*«y.°!  4^-  }J*{X]-^X  +Cx  ’  the  factor  k2  or  k  £.  Thus,  when  compared  with  Eq.  (38),  Eq. 

(39)  has  the  factors  k2/ki  or  k  'L/kx  mdy/r.  Both  of  these  are 
With  d/dx  —  —  d/8x  in  Eq.  (33),  an  integration  by  small  and  their  product  makes  Ey?'{xy,0)  small  compared 
s  results  in  with  £  “!(x,y,0).  It  follows  that  E  is  the  component 

__  io)fi0  f1  dlx{x‘)  8  f  e*,r\,  ,  of  the  scattered  field  that  is  of  interest  in  locating  the  scatter* 

i-  \*>y<  I  —  gy\  r  )  ing  object  This  is  true  for  either  location  of  the  buried  insu- 

(  lated  wire. 

_  mo  j  dlx{x‘)  y  d  (  ^k'r\^x'i  (39)  It  remains  to  evaluate  the  first  term  in  Eq.  (38)  with 

4nk\J-t  dx'  r6r\  r/  Ix  (x'j  given  by  Eqs.  (34a)  and  (35).  These  are 


parts  results  in 


nAk.r  +  k^)  Jk,,+  k  J*1)  Ak,r-k  J,*')  \ 

- — - B— - Cl— - jdx', 


where  B  and  C  arc  given  in  Eqs.  (34b)  and  where 

D  =  -^1 
1  4irZ  '(k  ?  —  k  %)’ 


r<  {  Jk,r  Ak\r  +  k  ix",  ik,r  -  *  i x*|  \ 

!  =  K'iStocV/U  \dA  - - - - - - Jdx', 

J-i\  r  2  cos  kLl  l 


P2 _ 

4t rZ’k'L 


The  associated  values  of  cx  (/ )  in  Eq.  (37),  for  lx  (x')  in  Eq.  (34  a),  are 
cu{l)  =  E™lpc,Q,d)DlClxn 


Cu (/ )  =  TrI  [ ^e'V ~kl  (Be'k  11  -  Ce ~ L' ) ]  -1--  -  [k2e-ik>'-k’L(Be-ikV-Ce‘kV)]  ,44b) 

*  I  rll  r2l 


For  /„  (x')  in  Eq.  (35),  the  corresponding  formulas  are 
**.(/)-  EiJSipc,ir/2.d)DiClx(l),  (45a) 


n  ~~  ^  L  f  r  in  ,  w'KV'>!,77i  ,,, 

TT“| - + -  tan k l  (45b) 

V  ru  rv  J 

It  is  seen  from  Eqs.  (40).and  (42)  that  there  are  two  types  of 
integrals  to  be  evaluated.  These  are 

/,(*,)  (46) 

and 

f*  -4V+V) 

- - dx',  (47) 

J-l  T 

and  similar  integrals  JL  with  k2  replaced  by  ±k'L.  The  sec¬ 
ond  integral  can  be  reduced  to  the  form  of  the  first  subject  to 
the  following  inequalities: 

d*<!2;  y*<!2;  *,/>  1;  k]>k\-,  k\>k£.  (48) 


-k'L(  exp (/k,r„)  exp(ik,r;,) 


•jtan  k'i 


These  require  the  buried  wire  to  be  long  compared  to  its 
depth. 

It  is  shown  in  Appendix  A  that  Eq.  (47)  can  be  approxi¬ 
mated  by 

'  ’  f'  eik<>' 

e'M  - — dx\  *</, 

■W-J  —r- *-{  r>  ’(49) 

r  /»'*■'  j  — _ fit’  r-i/ 

J-i  r 


where 


kyi — P\ 2  +  —  -Jk\  —  k\.  (50) 

In  effect,  the  transformation  is  equivalent  tox'-*x,  x'</,  and 
x'— ►/,*'>/  in  the  exponential  (but  not  in 
r  =  [(x  —  xj2  4-y2  +  c’2]1'2)  with  a  simultaneous  change  in 
wave  number, =  (it 2  -  k\)V2.  Since  *  |  <jA,l2,  this 
is  a  small  change  that  would  be  negligible  in  the  amplitude 
but  is  significant  in  the  phase.  Physically  this  approximation 
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is  related  to  the  fact  that  the  principal  contribution  to  the 
field  at  x  is  due  to  the  nearest  part  of  the  current  in  the  buried 
conductor,  namely,  that  at*'  =  x.  Since  this  does  not  involve 
only  a  vertical  distance,  there  mast  be  a  simultaneous  correc¬ 
tion  in  the  effective  wave  number. 

The  integrals  [Eqs.  (46)  and  (49)3  are  generalized  expo¬ 
nential  integrals  as  shown  in  Appendix  B.  Specifically, 


•/j(fci)  ~  ^  +  ^(6i^4j,D2),  (51) 

/#2)  =  ^[E{Sx2tA}2,Un)  +  E{8n>AM).  '52) 

Similar  integrals  occur  with  k2  replaced  by  ±  k  'L .  They  are 

h(  ±  *i)  =  e±,k'LX[E(8iLA,L,VlL)  +  E  [SlLAM]. 

(53) 


In  these  formulas. 


5j  —  O\/0i,  6\ 2  —  <X\i/P\2, 

A  i  =  An  -  Ajv/F+d7; 


and 


U2=Px{!  +  x); 
ki  =P\  +Wi; 


Un=0n[l-x)- 

Uu.=Pn(l+x)\ 


<5,t 

Ail  —  P\i  Vy*  +  <fz; 

uXL=PlL(i-xy, 
UlL  —PilW  +  X)'* 


l  —  V*i  ~  kt 
—  P\L  +  ‘atL- 


~k\ 

~P\1  +  1CZ12> 

The  complete  expressions  for  Eq.  (38)  are 

CW)  =  £  ?;(pe  ,0,d  ]DX  j  e,k-*[E  {Sx2rA  n,Uu)  +  E(8nAM] 

-  [£e"cix  +  Cc-'*1,][£(<5li^;i,t/It)  +  £(5,i^li,C/2i)3  +  CXx(l))>  x<l, 

for  Ix  (x'J  given  in  Eq.  (34a)  and 

££‘(*J>,0)  =  E™\pt>*/2,d)D2(\E{8lAx,Ul)  +  E(8,JVU2)] 

-^^{E(8XLAL>ViL)  +  E[dXLAXLtU2L))  +CIX(/)\  *</, 

COS  K  Ll  J 

for/,  (x’|  given  in  Eq.  (35).  Formulas  for  the  range  ]x|  >  /  are  like  Eqs.  (59)  and  (60)  with  x  where  it  appears  explicitly  in 
the  three  exponentials  in  Eq.  (59)  and  in  the  cosine  in  Eq.  (60)  replaced  by  /. 


(54) 

(55) 

(56) 

(57) 

(58) 


(59) 


(60) 


VI.  TKS  SCATTERED  FIELD  IN  AIR  JUST  ABOVE  THE 
SURFACE  OF  THE  EARTH 

The  direct  reradiated  field  from  the  buried  insulated 
wire  is  partly  transmitted  into  the  air,  partly  reflected  back 
into  the  earth.  Direct  comparison  with  the  numerical  evalua¬ 
tion  of  the  exact  integrals7  has  shown  that  the  electric  field  in 
the  air  directly  above  a  buried  unit  dipole  is  accurately  given 
by  the  direct  field  multiplied  by  the  plane-wave  transmission 
coefficient.  It  is  to  be  expected  that  this  can  be  generalized  to 
small  angles  from  the  vertical.  The  plane-wave  transmission 
coefficient  when  the  electric  field  is  perpendicular  to  the 
plane  of  incidence  is 


i - - 

{k2/kx)2  is  small  and  r2~(x'  —  x)2  +y2,  jt  follows  that 


2d 


d  +  i[(x' -x\2+/}m'  (62) 

Because  l2>d 2,  the  direct  field  at  any  point  =  0)  is  due 
primarily  to  the  part  of  the  buried  wire  directly  below 
(xj?  =  0) — that  is,  the  part  near  at'  =xso  long  as  *'</.  When 
x  >  /,  x'~l.  Thus,  extending  the  approximation  in  Eq.  (49), 

2d 


/~ 


d  +  iy’ 
2d 


x<l, 

x>l. 


(63a) 

(63b) 


or 


/= 

2  cos# 

(61a) 

cos  0  +  [{k2/kx)2  —  sin3#  j in’ 

/= 

2d 

(61b) 

d +l(k2/k,)2:2  -  (x-  ~  x)2  - y2} 1/2 ' 

since  cos 8~d/r  and  sin d  =  [(*' -x)2  +y*]ll2/r.  Since 

- - - - - I 


d  +  /[(/-Jc)2+/]1/J’ 

These  are  constants  in  the  integration  with  respect  to  x'. 
Hence,  the  transmitted  fields  are  given  by  Eqs.  (59)  and  (60) 
multiplied  by  2d  /(d  +  iy)  when  /  and  by  Eqs.  (59)  and  (60) 
with  x  =  1  in  the  exponentials  and  cosine  and  multiplied  by 
2d /{d  +  i[(l  —  x)2  +  y2]'12}  whenx>/.  The  complete  final 
formulas  for  the  direct  scattered  field  just  above  the  surface 
of  the  earth  are 


££W,o)=j 


(  2dDxE™!pc,0,d) 


d+iy 


!-){e^(£(<$12, 


v4|2>^i2)  +  P  (*5,2^4, 2*^22)! 


-(Be“iJ,  +  Ce-'*i*)[^(51i.^,L^u.)  +  £(fiu.^,z»^)3  +<?„(/)},  *</,  (64; 
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£gW>)  =  (  If*1'  *  £fo^„,cyi 

-tae*tf+Cf“‘yJ[£(«14^ttI£7u.)  +  l(fftt^ttfI4t) ]  +c„{/)},  *>/, 

when  the  cm  rent  is  given  by  Eq.  (34a).  The  corresponding  expressions  for  the  current  in  Eq.  (35)  are 


r*3cau  /2d»aE|5iJpr,«r/W)yr-<e  ,  Ffl  ,  ^<c  ,  rrM 

££T(*J'.0)  =  ^ - j\[E{5i^i.Ut)  -jr  £  (Mi.£fj)J 

-—j[E[$lLyA-lL,Uu.)  +  +  ^2*(0 

*£.* 


cos 


ij,  X<1, 


a,  (  2dD£TM*M)  Vric  ,  .  *,c 

-^.L^ic^a)--E(5.a^»c.^}  +  ClJC(/)]f  *>/. 


(66) 


(67) 


VJ1.  THE  TOTAL  ELECTRIC  FIELD  IN  THE  AIR  JUST 
ABOVE  THE  SURFACE  OF  THE  EARTH 

The  electric  field  incident  from  the  transmitting  an¬ 
tenna  in  Region  2  (air)  is  obtained  directly  from  the  bound¬ 
ary  conditions  Etpip,<f>,Q)  =  E^lp.4,0)  and 
Eu\p,6fi)  =  E^lp.#,  0)  with  Eqs.  (1)  and  (2)  at  z  =  0.  The  x 
component  is 

E%tp,<t,  0)  =  E%lp,t,  0)cos  4>  +  £&M,0)sin  4> 

=  —  Ggik-p.kjcos2#  +  2(7/i(A:^?.A:I)sinV-  (68) 

In  Cartesian  coordinates,  p  —  yjx%  +  y£,  cos^ 
=*oA/*o  +)%,  and  sin  d>  -y^x l  +f0- Hence, 

^(Wo.0)  -  TT~~T7  [*o*(*j>/*o  +  'A,kx) 

[xt  +yS) 

-  2 yih  (k2j?0  +>£,/:,)] ,  (69) 

where  the  amplitude  G  is  defined  in  Eq.  (3).  Since  interest  is 
in  the  distribution  of  the  field  relative  to  the  scattering  ob¬ 
ject,  the  xy  coordinate  system  with  origin  at  the  point 
\pc,<pc,  0)  directly  above  the  center  of  each  scattering  an¬ 
tenna  is  used.  As  shown  in  Fig.  1(a),  when  the  antenna  is 
located  in  Area  I  with  =  0 ,x0  =  x+pc  and;>0  =  y;  when 
located  in  Area  II  with  —  rr/2,  x0  =  x  and y0  =  y  +  pc .  In 
all  of  the  calculations,  pc  has  been  set  equal  to  1  m. 

The  scattered  fields  on  the  surface  in  Region  2  (air)  are 
given  by  Eqs.  (64H67).  The  total  fields  in  the  two  locations 
with  the  associated  induced  currents  Eqs.  (34a)  and  (35)  are 

Elixyfi)  =  Ei£(xy,0)  +  Eg'{xy,  0),  (70) 

where  it  £f(x,y,0)  is  given  by  Eq.  (69)  and  ££f(x,y,0)  is  ob¬ 
tained  from  Eqs.  (64)  and  (65)  with  Eq.  (8)  for  the  current  Eq. 
(34a)  in  the  buried  antenna  with  center  at  x0  =  pe  =  1  m, 
y0  =  0,  and  from  Eqs.  (66)  and  (67)  with  Eq.  (22)  for  the  cur¬ 
rent  Eq.  (35)  in  the  buried  antenna  with  center  at  x0  =  0, 

y0=pc  =  la. 

The  properties  of  the  total  field  at  any  point  (x»y,0)  as  a 
function  of  the  depth  d  of  the  buried  antenna  are  readily 
determined,  Thus, 

|£L(*J>.0)1  =  |££(*,v,0){l  +Ke-a^**^}  |, 


i - - - - - — - — 

where  Kd*^E  ^‘{xy,0)/E  %(xy,0).  Or 

I^LKv.O)!  =  |££f(*j'.Q)| 

x{[i  -f /fe-a,dccs{^  +  £,r/)]2 
+  K  2e  ~  la'i  sin2(^  +  E\d  )},/2 
=  |£^,0)|{1  +  2Ke-*cotW+Pxd) 

+  Kie-2a,jyi2  (71) 

Evidently,  the  total  field  varies  periodically  wither/.  Thus, 
there  are  maxima  near  (4>  +  )  =  nw  with  n  even,  viz., 

|£y*^0)UH££(*J',  0)1(1  +Ks-°>d),  (72) 

and  minima  near  (4 +P\d )  —  nx  with  r.  odd,  viz., 

~  |^^,0)|  (1  —Ke~a,d ).  (73) 

It  is  seen  that  the  amplitude  of  the  oscillation  decreases  ex¬ 
ponentially  with  depth  as  exp(  —  a  id)  —  exp(  —  d/d,)  where 
d,  is  the  skin  depth. 


FIG.  2.  Wave  number  k  ’L  =  p  'L  +  ia'L  for  induced  current  on  insulated 
scattering  rod:  Area  I. 
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F1G.  3.  Elcc’ric  field  in  sir  oyer  insulated  scattering  rod  at  depth  d  in  salt 
water:  Area  I. 


VII!.  CALCULATES  FIELDS  FOR  THE  LABORATORY 
MODEL:  AREA  I 

Of  interest  in  the  air  above  a  buried  scattering  object  are 
the  incident  lateral-wave  field,  the  scattered  field,  and  the 
total  field — which  is  the  only  one  actually  measured  and 


FIG.  4.  Eketns  field  directly  over  intuit  ted  scattering  rod  (y  =  Oj:  Area  I. 


used  in  locating  buried  objects.  Calculations  have  been  made 
of  these  fields  in  Area  I  at /=  3C0  MHz  for  the  horizontal 
half-wave  transmitting  dipole  described  in  Sec.  V  of  Part  I* 
and  a  metal  scattering  rod  of  length  21  —  33.4  cm,  radius 
a  s=  0.1 59  cm,  encased  in  a  nyrofeam  insulating  sheath  with 
Outer  radius  b  —  0.413  cm.  The  specified  length  was  chosen 
in  order  to  have  a  scattering  rod  of  constant  length  near 
resonance,  viz.,  f}  'L  fr/2  for  all  values  of  the  depth  d  in  the 
range  0<tf<8  cm. 

Graphs  of^j,  and  a'L  in  the  wave  number  k  'L  of  the 
current  in  the  scattering  rod  as  a  function  of  the  depth  d  are 
shown  in  Fig.  2.  Since  k  'L  varies  with  d,  the  length  2 1  —  33.4 
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FJG.  5.  Contour  die  gram  of  scattered  electric  field  on  surface  above  insulat¬ 
ed  acatter cr  of  length  2/ >=33.4  cm  at  depth  d  in  salt  water 
(*,  =>  66.5  -t-  (35.6  m-1):  Area  I.  (a)  d  »  1.5  cm.  (b)  d  =•  4.5  cm 
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cm  is  chosen  so  foast^i  is  near  its  mminsuat  :ad£j|/£  j?/3L 
Tie  icfolint  ctsdium  k  satlf,  fcate r  with  relative  pcrSiittivitf 
e!(.  =•  80  ami  ecwiacih,  w  o,  a*  2  S/a  for  one  set  «)f  data, 
o', = 0.5  S/a  for  a  yy-cod  «s  of  &ss. 

Csasider  fist  tlv  Sia  at  tbc  point  xej  ^  0  directly 
above  foe  cenMi'  of  the  y.sttering  rod  ss  a  wactfoa  of  its 
depth  «f  when  foe  mediim  v>.  salt  water  tvjth  foe  cdudustiv- 
ines  <?,  a  2  and  0.5  S/to.  This  is  shown  in  Fig.  3.  Use  inci¬ 
dent  litemi-wavt  field  -s  mdipeadent  of  d  bat  is  greater 
vhen  the  conductivity  h  asitlrv  due  to  for  feitor  £  *  la  the 
denominator  of  the  ampStwk  6  gtyca  by  Eq.  (3j.  The.  magni¬ 
tude  of  for.  scattered  field  decreases  with  depth,  but  is  also 
modified  by  the  coupims  of  foe  insulated  rod  te  the  iasge, 
especially  wah  the  lows  cosdoetjv&y.  I  he  magnitude  of  the 
total  field  oscillates  about  foe  incident  field.  The  distance 
between  the  maaimua  and  tnicimuxa  values  depends  on  tiu. 
wteracuoa  of  foe  scattering  antenna  with  its  image  end 


differs  lulMlaettilly  Sroa  A  ,/2»  the  value  h  would  have  for  a 
large  plssar  scattemg  c bject. 

is  Fig.  4  foe  total  «sctric  field  along  foe  x  ass  dhroetly 
over  foe  ioatteiiss  r«d  is  shova  for  cru  =  2  S/m  with  s.  skin 
depth  2.3  cm  ca  foe  right,  o,  --  0.5  S/ra  with  i.  skin 
cfik&5u  *  9.6  esnos  the  Irft  The  variable  is  the  distance  x 
front  foe  point  direct??  over  the  center  of  the  scattered  foe 
parameter  is  the  depth  d.  Also  shown  {in  broken  Hne)  is  the 
inddent  field  The  effect  of  the  scattered  field  ia  distorting 
foe  isdfoat  field  is,  of  course;,  modi  greater  when  the  scat¬ 
ters  is  in  the  medium  oflowc?  conductivity  where  all  depths 
are  smaller  than  foe  shm  depth.  In  the  medium  with  higher 
conductivity,  the  effect  of  the  scattered  field  decreases  rapid¬ 
ly  at  depths  greater  than  the  skin  depth,  but  is  still  significant 
at  twice  foe  skin  depth.  Actually  more  important  than  the 
skin  depth  is  foe  phase  af  the  scattered  field  relative  to  that  of 
foe  incident  field  as  determined  by  foe  depth  of  foe  scatterer. 


FIG.  6.  Electnc  field  in  ax  above  insu¬ 
lated  scattering  rod  of  length  21  =  33.4 
cm  at  depth  d  in  salt  water  (cr,  «*  2  S/ml: 
Area  I.  (*)  d  »  2  cm.  (b)  d  «  4.5  cm. 
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feVds  are  in  phaiit.  »t*s  cffce  ts-tal 

fe  g^tiie?  thair  that  of  tilt  iacideji?  &S2;  .■»£-£»  then  -<re 
^wr-.ia  (if  phase,  the  magnitude  the  tet*?  Mu  ,f 

scdsced,  below  that  of  the  incident  field  Sifiest  tbs  isisdcal 
field  ft  affdgresrive  wave  traveling  lengthwise,  over  tfcs  *  ad, 
whereas  the  current  in  the  scattering  rod  is  a  ^itspHtar-d 
sv^apositksn  of  a  traveling  wave  with  the  wave  number  k2 
and  a  standing  wave  with  the  wave  number  k’L,  the  uifTer- 
ences  between  the  phases  of  the  incident  and  scattered  field 
over  the  length  of  the  red  vary.  This  accounts  for  the  asym  - 
metric  patterns  and  the  fact  that  the  transition  from  a 
“mountain"  to  a  ‘“valley”  in  the  total  field  is  not  uniform 
ov?r  the  length  of  the  wire  so  that  there  is  always  an  observ¬ 
able  effect  although  this  can  be  quite  small  {as  with  e/ — 3.25 


cm)  compared  to  the  high  "mountains"  at  greater  depths  and 
the  deep  “vallc/s”  at  smaller  depths. 

A  more  detailed  study  of  the  total  field  over  Area  I  has 
been  carried  out  specifically  with  d  =  2  cm  with  a  deep  “val¬ 
ley”  over  the  scatterer  and  with  d  =  4.5  cm  for  <r,  «=  2  S/m 
and  d  —  4.0  cm  for  Cj  =  0.5  S/m,  both  with  a  high  '‘moun¬ 
tain"  over  the  scatterer. 

Contour  diagrams  of  the  magnitude  of  the  scattered 
field  in  Area  I  with  d—  1.5  cm  and  d  =  4.5  cm  for  <7,  =  2  S/ 
m  are  snpwh  in  Fig.  5,  For  both  depths  the  scattered  field 
increases  steeply  directly  over  the  scattering  rod.  The  largest 
i>ld  is  directly  over  the  center  of  the  rod.  Similar  diagrams 
can  be  when  er,  =  0.5  S/m. 

The  total  field  with  <?,  =2  S/m  is  shown  in  Fig.  6(a)  for 


FIG.  7.  Uieciric  field  in  air  above  insulated  scat- 
teruig  rod  of  length  2/  =  33.4  cm  at  depth  d  in 
salt  water  {a,  ■=  0.5  S/m):  Area  I.  |a;d~  2  cm. 
(b)  d  =»  4.0  cm. 
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d = 2  cm  aad  in  Fig.  6(b}  for  d  —  4.5  cm.  la  these  curves,^  is 
the variableandx  theparameter  on  theleft,  aad  vice  van  on 
the  right  In  Eg.  6{a)  die  magnitude  of  the  fidd  vs  character¬ 
ized  by  a  deep  and  very  narrow  “valley”  over  the  insulated 
conductor  since  the  incident  and  scattered  fields  are  nearly 
oat  of  phase.  In  Eg.  6{b)  the  “valley”  b  replaced  by  a  high 
narrow  “mountain”  since  the  incident  sad  scattered  fields 
are  almost  in  phase.  The  valley  and  mountain  are  symmetric 
iny  but  asymmetric  in  x  because  the  phase  and  magnitude  of 
the  incident  field  vary  along  the  length  of  the  scattering  rod. 
Similar  curves  for  a,  =  0.5  S/m  are  in  Eg.  7.  It  is  evident 
from  these  diagrams  that  measurements  made  of  JJ^  (x,y,Q}l 
with  a  receiving  dipole  moved  along  the  surface  •  ,-f  the  water 
should  clearly  indicate  the  presence  and  location  of  the 
buried  object.  Alternatively,  a  receiving  loop  can  be  used  to 
manure  |32_,(*  j\Q}|  with  substantially  the  same  results.  This 
follows  from  Eos.  (1}  and  (2). 

IX.  CALCULATED  FIELDS  FOR  THE  LABORATORY 
MODEL:  AREA  I! 

The  field  over  the  insulated  conductor  when  located  in 
Area  II  differs  from  that  in  Area  I  in  the  following  ways.  The 
component  of  the  electric  field  parallel  to  thex-directed  scat- 
terer  u  primarily  £„  instead  of  Ep .  Since  £#  decreases  with 
radial  distance  much  more  rapidly  than  EP,  the  incident 
field  is  smaller  even  at  one  wavelength  from  the  transmitting 
antenna.  The  current  induced  in  the  scattering  rod  is  due 
primarily  to  E4  and  this  is  practically  constant  in  amplitude 
and  phase  over  the  entire  scatterer.  Consequently,  the  in* 
ducal  current  consists  almost  entirely  of  a  simple  standing 
wave  with  a  nearly  constant  phase  along  tfc»  entire  length  of 
the  rod.  As  a  result,  the  scattered  fidd  ar.d  its  interference 
pattern  with  the  incident  fidd  are  simpler.  Figure  8  for  Area 


FIG,  t.  Etearte  fidd  m  *ir  over  lasotued  scattering  rod  at  cirpth  d  m  salt 
water:  An*  II. 


II  corresponds  to  Eg.  3  for  Area  I  with  oy  =  2  S/m.  The 
amplitudes  of  all  of  the  fields  are  seem  to  be  substantially 
smaller.  Hgure  9  illustrates  the  interference  patterns  geu cr¬ 
ated  by  the  scattered  field  on  the  surface  above  the  scattering 
rod  with  the  depth  d  as  the  parameter.  In  Eg.  9(a),  as  in  Fig. 
4,  the  field  is  represented  lengthwise  directly  above  the  scat¬ 
tering  rod.  It  is  symmetric  in x.  In  Fig.  9(b),  the  field  is  shown 


FIG.  9.  Electric  field  over  ieralaud  scattering  rod'  Area  II  (»)  /  «  0  (b) 

XmO. 
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aloag  a  line  perpendicular  to  and  crossing  above  the  center  of 
the  scattering  rod.  It  corresponds  to  Fig.  6  at  x  ~  0  for  a 
wider  range  cf  values  of  d.  Depending  on  the  depth  d,  the 
scattered  field  augments  or  decreases  the  incident  field  to 
form  sharp  "mountains5’  or  deep  "valleys.”  Note  that  these 
are  asymmetric  in  y. 

It  is  seen  that  the  general  nature  of  the  field  in  Area  U 
resembles  that  in  Area  L  Except  quite  close  to  the  transmit¬ 
ter,  the  amplitude  cf  the  incident  field  is  smaller  because 
decreases  S3 1/p2,  Ep  as  \/p  after  the  initial  ranges  with  1/p3 
decreases.  In  general,  is  to  be  preferred. 

X.  CONCLUSION 

The  application  of  lateral  electromagnetic  waves  gener¬ 
ated  by  a  dipole  lying  on  the  surface  of  the  earth  or  sea  to 
locate  a  buried  or  submerged  object  has  been  analyzed  in 
detail  when  the  scattering  obstacle  is  an  insulated  metal  rod 
near  resonance  at  the  operating  frequency.  It  h  clearly  dem¬ 
onstrated  that  a  significant  change  in  the  electric  field  over 
the  volume  occupied  by  the  scattering  object  is  observed  and 
that  this  is  sufficiently  localized  to  permit  an  accurate 
bounding  of  the  area  above  the  object.  It  is  anticipated  that  a 
somewhat  smaller  response  will  occur  when  the  buried  rod  is 
bare  metal.  The  scattering  from  objects  like  a  metal  disk  or 
any  region  with  a  wave  number  that  is  significantly  different 
from  that  of  the  ambient  medium  will  be  investigated  quanti¬ 
tatively  since  the  method  has  definite  promise  for  discover¬ 
ing  and  locating  underground  oil  fields.  Note  that  the  ap¬ 
proach  in  this  paper  is  quite  different  from  that  of  Mahmoud 
et  al*  for  the  infinitely  long  cylinder. 

ACKNOWLEDGMENTS 

The  author  wishes  to  thank  Professor  T.  T.  Wu  for  his 
evaluation  of  the  integrals  in  the  Appendices,  Ms.  B.  H. 
Sandler  for  carrying  out  the  numerical  calculations,  and  Ms. 
M.  Owens  for  correcting  the  manuscript.  This  research  was 
supported  in  part  by  the  Joint  Services  Electronics  Program 
under  Contract  NG0014-84-K-0465  with  Harvard  Universi¬ 
ty. 

APPENDIX  A:  EVALUATION  OF  AN  INTEGRAL 


la  order  to  evaluate  Eq.  (40)  consider  first  the  integral 


where 

k^=k2ork^  andr=l(x'  —  x)3+/  +  dJ]1/2.  Let 
xJ  =  x  +  +  sinh  dx'  —  V/  +  d 1  cosh  <j>  d<f>, 

r  =  >/(fz  +  d1K£’j“hV+  1)  =  Vy*  +  dz  cosh  <4. 

It  follows  that 


J-  V+Jb *1 

r 

=  eu“f  expfr'jk*  —  k*  <xnih6)d9 

«  mf’HPUk  T  -  *  ^TTd1).  (A3) 

It  follows  formally  that  with  k  =  0, 

f  ^—dx‘  =  iriHiaKkiJ?  +  d*).  (A4) 

J-m  r 

Therefore,  with yjk\  —k*  substitute! for  klt 

J*  «P 

=  - k2^/+'dl).  (A5) 

With  Eq.  (A3),  it  also  follows  that 

f  ”»«/*■ (a6| 

J-m  r  J- .  r 

This  transformation  applies  when  k~k2ork  —  ±k‘L. 

Subject  to  the  conditions  (48)  which  require  /  to  be  large 
compared  with  y  and  d  (which  occur  in 
r  as  [(x'  —  xj*  +  y*  +  d  *]* n),  it  can  be  assumed  that  Eq.  ( A6) 
is  a  good  approximation  when  the  infinite  limits  are  replaced 
by  the  large  but  finite  ones,  viz.,  ±  L  That  is, 

f  aSbEEEifc.. «/. 

J-i  r  J-i  r  (A7) 

This  approximation  is  best  when  |x’|  </,  but  should  be  ac¬ 
ceptable  when  |x'|</.  Since  |x'|  can  never  exceed  /,  the  ap¬ 
propriate  form  of  Eq.  (A7)  for  x>/  is 


r!  tf.r-t-fco  ft 


f'  expihM  -k*i) 


This  maintains  continuity  between  x  <  /  and  x  >  /. 


APPENDIX  B:  EVALUATION  OF  EXPONENTIAL 
INTEGRALS 

The  integrals  in  Eqs.  (46)  and  (49)  can  be  expanded  as 
follows: 


Jo  \  r,  r2J 


where 

k^P  +  ia  stands  for  kx  in  Eq.  (46)  or  ku  in  Eq. 
(49),  (B2) 


r,  =V(x— x)' 


y  «  e^J  ezpliyj)^  +  d1(k[  cosh  ^  +  k  sinh  #  )\d$. 

(A2) 

Now  let  kx~A  cosh  a,  k~A  sinh  a,  A  =  Jk]  —  k2; 
$  +  a  =s  &  Then,  kx  cosh  4  +  k  sinh  (cosh  a  cosh  <4 
•f  sinh  4  sbh  c)  =  A  cosh  Q,  and 


r2  =  V(x*  +  x)* +/  +  **.  (B3) 

Now  let  the  following  short -hand  notation  be  introduced: 

17 =P\x'  —  x)  in  the  first  term  b  Eq.  (Bl), 

U = P  (x'  +  x)  in  the  second  term  in  Eq.  (Bl), 

A  ^PtfTd1,  W=  JU2  +  A\  S  =  a/p,  (B4) 
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Alsolet 


U<>~0x,  U3=0{l+x).  (B5) 


With  this  notation  Fq.  (Bl)  becomes 


JV, 


v,  g-WgiV 


W 


4U+ 


r 


iv.  W 


■dU. 


(B6) 


The  generalized  exponential  integral  can  now  be  defined  as 
follows: 


Cv  . - swjw 

£(5^,£/M  1—J—dU.  (B7) 

Jo  W 

With  Eq.  (B7j,  Eq.  (B6j  becomes: 

J—E(8rA,Ui)  +  ElSAUj),  (B8) 

since£  (M,  —  U0)  —  —  £  (5^,I/0).  This  is  usually  more  con¬ 
venient  in  the  alternative  form: 

£(M,£0i=sinh-,{£//,4}--£(M,tf},  (B9) 


where 


f  rv  i  _  * -s 

'E(8,A,U)=  'L~~- — du-  (BIO) 

Jo  W 

The  function  E [8^i,U]  has  been  tabulated  when  a/0  =  0,® 
snd  when  5  —  [a/0  }=  l.i0 
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Electromagnetic  surface  waves:  New  formulas  and  their  application  to 
determine  the  electrical  properties  of  the  sea  bottom 
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Electromagnetic  surface  waves  can  propagate  along  boundaries  between  electrically  different 
media  like  air  and  earth  C7  sea  water  and  rock-  They  have  unusual  properties  that  make  them 
valuable  tools  in  geophysical  prospecting  and  diagnostics.  They  arc  not  suited  to  deep  sounding. 

Much  of  the  current  theory  for  their  geophysical  application  las  been  limited  to  ranges  of  the 
parameters  and  variables  that  permit  the  use  of  Norton's  graphs  which  were  developed  for  radio 
communication  over  the  earth.  A  recently  derived  set  of  accurate,  very  general,  and  ample 
formulas  for  the  surface-wave  fields  of  antennas  near  a  boundary  surface  has  provided  an 
expanded  horizon  for  understanding  and  using  surface  waves  as  distinct  from  plane  waves  that 
travel  down  into  the  earth.  The  new  formulas  are  given  and  used  to  assist  in  the  interpretation  of 
available  measurements  and  then  applied  to  the  determination  of  the  average  conductivity  and 
permittivity  of  the  part  of  the  lithosphere  very  close  to  the  sea  bottom  where  the  lateral  waves 
travel. 


I.  INTRODUCTION 

An  important  application  of  classical  physics  is  to  geo¬ 
physical  prospecting  and  diagnostics.  Among  the  electrical 
methods  used  for  these  purposes,  electromagnetic  surface 
waves  have  found  only  limited  application.  This  may  be  due 
in  pan  to  the  complexity  of  the  underlying  Sommerfeld  inte¬ 
grals  in  which  the  numerous  parameters  and  variables  occur 
in  physically  obscure  combinations,  and  in  part  to  preoccu¬ 
pation  with  ranges  of  parameters  and  variables  of  interest  in 
radio  communication  over  the  surface  of  the  earth.  Simple 
functional  relationships,  which  form  the  basis  of  effective 
methods  of  measurement,  are  not  evident  in  the  rigorous 
integrals  and  no  general  perspective  is  provided  by  numer¬ 
ous  approximate  formulas  for  limited,  nonoverlapping 
ranges  of  the  variables  and  parameters.  This  is  illustrated  in 
the  use  of  surface  waves  to  measure  the  electrical  properties 
of  the  earth.1-3  On  the  other  hand,  geophysical  studies  that 
use  natural  electromagnetic  fields  originating  in  the  Earth’s 
magnetosphere  and  ionosphere4  do  not  involve  lateral 
waves. 

When  both  the  transmitting  and  receiving  antennas  are 
vertical  monopoles  on  the  surface  of  the  earth,  the  entire  field 
along  that  surface  consists  of  the  ground  or  surface  wave 
(with  possible  contributions  from  ionospheric  reflections).  In 
the  absence  of  a  simple  formula  for  the  vertical  component 
Ej  (p,0)  of  the  electric  field  at  the  radial  distance  p  from  the 
source,  use  is  made  of  the  well-known  curves  of  Norton5  (see 
Fig.  1)  which  represent  the  magnitude  of  the  electric  field  as 
a  function  of  the  radial  distance  contained  in  the  “numerical 
distance”  p  =  \p\exp{ib )  =  ik  \p/2k  ] ,  where  k,  is  the  com¬ 
plex  wave  number  of  the  earth  and  k2  the  real  wave  number 
of  the  air.  A  logarithmic  curve-matching  procedure  is  used 
to  determine  the  electrical  properties  of  the  earth  from  the 
measured  decay  rate  with  radial  distance  of  (£,^,0)1.  How¬ 
ever,  and  this  is  obvious  from  Fig.  1 ,  there  is  vety  little  spread 
between  Norton’s  curves  over  the  full  range  of  possible  val¬ 
ues  of  k  i  as  contained  in  the  angle  b  of  the  complex  numerical 


distance,  so  that  highly  accurate  measured  data  on  the  decay 
rate  of  the  electric  field  are  required. 

References  to  electromagnetic  surface  waves1-3  are  often 
limited  to  those  generated  by  vertical  antennas  in  the  air 
above  the  surface  of  the  earth.  This  is  also  true  of  many 
experimental  investigations,6'9  in  which  the  field  in  the  air 
over  the  earth  is  evaluated  or  measured  directly  or  in  models. 
The  theoretically  determined  field  is  usually  separated  into  a 
direct  wave,  a  reflected  wave,  and  a  surface  wave.  Since  the 
direct  and  reflected  waves  cancel  along  the  boundary,  the 
entire  field  there  is  that  maintained  by  the  surface  wave 
which  includes  the  error-function  or  Fresnel-integral  term 
represented  by  Norton’s  curves. 

A  systematic  study  of  the  properties  of  the  complete 
field  generated  by  vertical  and  horizontal  electric  dipoles  at 
and  near  the  boundary  between  two  electrically  different 
half-spaces  can  lead  to  the  discovery  and  development  of 
more  general  and  sensitive  applications  of  surface  waves 
than  are  contained  in  Norton’s  curves.  This  possibility  ap¬ 
pears  not  to  have  been  recognized  heretofore,  perhaps  be¬ 
cause  of  the  complicated  nature  of  the  Soramerfeld-mtegral 


FIG.  1.  Decay  of  ground  wave  intensity  with  propagation  distance  (Nor 
ton’s  graphs). 
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represcnttrionia  and  the  lack  of  continuity  in  various  ap¬ 
proximate  formulas.3-''0'14  Some  of  the  interesting  properties 
oflateral  waves  have  become  evident  from  numerical  evalua¬ 
tions  of  the  general  integrals  for  the  boundary  between  air 
and  the  earth  (sea,  lake,  etc.}1**20  and  for  the  sea  water-lithos¬ 
phere  boundary.20,21  Significantly,  even  these  detailed  and 
comprehensive  evaluations  failed  to  discover  and  display  the 


startling  interference  patterns  resulting  from  the  interaction 
of  the  direct  fields  from  the  source  and  its  image  with  the 
iatenl-wave  field.  This  became  evident  from  the  new  analy¬ 
tical  formulas22  to  be  discussed  below  in  another  application. 
It  L  hoped  that  these  formulas  can  add  physical  insight  to 
the  numerical  evaluation  of  the  Sommerfeld  integ/als  in  re¬ 
cent  studies  of  the  oceanic  crust.23,24 


11.  THE  FIELDS  OF  THE  HORIZONTAL  AND  VERTICAL  ELECTRIC  DIROLES:  TWO-LAYER  PROBLEM 

Hie  complete  electromagnetic  field  at  any  point  duetoaunit  ^-directed  b  orizontal  electric  dipole  at  a  height  d  in  Region  1 
tr>0,  wavenumber*,  +  frr,/n))] 1  n<  sea  water)  above  Region  2  (z<0,  wavenumber  k2  =  <a{po{e2  +  ia2/a)]m,  rock 

or  deep  sediment}  is  determined  by  King  and  Smith  (Ref.  20,  pp.  607-620}  directly  from  Maxwell’s  equations.  At  the  point 
{p,&j)  in  cylindrical  coordinates  in  Region  1,  a  typical  component  in  integral  form  is 

W)«  Prtr,)Vdfy)+J1m}e'r'U+‘,'*dA 

+  J ["  { A 2 - (4 2/2)I/o (Ap) -  J3m \Yrl#*-4l*&).  (1) 

Similar  integrals  for  the  other  five  components  in  Region  1  and  the  six  components  of  the  field  in  Region  2  are  in  Ref  20[Chap 
1 1,  Eos.  (5.10H5-20)].  When  //,  =p2=Po> 

P^in-riVin+nb  y^-H  riVft]  r2+*i y,);  (2) 

r,  =  (A:f  yJ  =  (*i-A2)»/2.  (3) 


The  time  dependence  is  t  ~  Uu  and  <f>  is  measured  from  the 
positive*  axis. 

In  recent  applications  to  the  lithosphere  all  six  formulas 
were  rederived21  in  a  form  specialized  to  low  frequencies  so 
that  the  condition  a€<cr  with  k2~icop <p  is  applicable  to 
both  Regions  1  and  2.  When  applied  to  homogeneous  half¬ 
spaces,  the  ’’response  functions”  of  the  sea-lithosphere 
boundary  are  Rje  =  —  P,Rrm  —  —  Q,  where  P  and  Qzxo 
given  in  Eq.  (2).  In  the  discussion  of  the  integral  formulas  for 
the  six  components,  the  foliowing  statement  was  made23: 
“The  mathematical  complexity-masks  their  conceptual 
simplicity.  In  each  case  the  first  terms,  involving  the  coeffi¬ 
cients  R  xg  and  R  ,  represent  the  electromagnetic  field  due 
to  an  image  current  induced  in  the  conducting  earth,  while 
the  second  terms  represent  the  primary  field  in  the  ocean.’’ 
This  statement  is  not  quite  complete.  The  first  terms  also 
include  the  very  important  surface  wave  that  propagates  ra¬ 
dially  outward  and  actually  dominates  the  field  along  the 
boundary.  The  field  associated  with  the  surface  wave  is  quite 
complicated.  It  is  perhaps  well  to  add  that  while  the  coeffi¬ 
cients  Rie  and  R-x*,  are  indeed  analogs  of  the  reflection 
coefficients  of  electromagnetic  theory,  this  is  only  in  a  formal 
sense  that  applies  to  the  elementary  generalized  plane  waves 
in  the  integrands  and  involves  complex  angles.  The  integrat- 
- - - - - - - 1 


ed  field22,25"27 — which  cannot  be  represented  by  plane 
waves— includes  not  only  the  reflected  wave  but  also  the 
outv.vrd-traveling  surface  wave.  Subject  only  to  the  follow¬ 
ing  conditions: 

i«,|>3|**|;  |M>3;  P>5|z|,  p>Sd,  (4) 

and  with  the  notation 

f[kjp,k 

__  ik2  1  / 


P  P 

-Mr. 


ir 


v 

.r 


*,  \k2p) 


e~‘klp/2k]Sr[kJp,ki), 


(5) 


and 


y  [k2p,ki)  =  i  (1  +  i)  -  C2(k\  p/2k])  -  iS2[k  3  p/2k 2 ) , 

(6) 

where 

C2[u)  +  iS2(u)  =  f  (27?? )- 1/2  J'dt ,  (7) 

Jo 

the  six  components  of  the  integrated  field  in  Region  1  (?>0 
sea  water)  are 


^ cos 4>[k2g[k2 p,kt) eP#+''-^  + 1) e**] , 


fik\  kt  i 

1 

■*U 

1 

■'Ll 

7  4 

(8) 
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b,ma=  -^'“^[M*./’«^'«“','''+|(-7+^)'a’'‘+Ki7i'“''‘+£7i'“'')(7'-l)l ; 


(50) 


(H) 


(13) 


The  distances  r,  and  r2  from  the  source  dipole  and  its  image 
to  the  point  of  observation,  respectively,  are 

ri  =  [p*  +  lz-d )*]  «'2;  r2  =  f  p2  +  (a  +  d  )2) 1/2 .  (14) 

The  formulas  (8}-{13)  are  accurate  equivalents  of  the 
general  integrals  throughout  the  indicated  range  which  ex¬ 
cludes  only  a  small  region  close  to  the  source.  They  have 
been  extensively  checked  numerically  and  experimentally 
over  wide  ranges  of  the  parameters  and  variables.  Even  in  the 
very  sensitive  ranges  where  the  interaction  of  the  primary 
and  image  fields  with  the  lateral-wave  field  produces  sharp 
interference  maxima  and  minima,  the  representation  is 
quantitatively  accurate. 

The  formulas  (8H13),  unlike  the  integrals  they  repre¬ 
sent,  explicitly  show  that  the  field  consists  of  three  parts. 
These  are  (1)  the  direct  field  from  the  source  dipole  at  (0,0, d ) 
given  by  all  terms  with  the  exponential  factor  elk,r' ;  (2)  the 
reflected  field  or  field  from  an  image  dipole  at  (0,0,  -  d)  giv¬ 
en  by  the  sum  of  terms  with  the  exponential  factor  e'*,rs ;  and 
(3)  the  lateral-wave  field  with  the  exponential  factors 
grt.u+di^p  whiCh  represents  a  wave  that  travels  down 
from  the  source  a  distance  d  in  sea  water  (Region  1)  to  the 
ocean  floor,  then  proceeds  radially  outward  a  distance/)  par¬ 
allel  to  that  floor  in  the  lithosphere  (Region  2),  and  finally 
propagates  upward  from  the  sea  floor  a  distance  z  into  the 
ocean  to  the  point  of  observation  at  ( p,4>p).  The  amplitude  of 
the  lateral  wave  is  determined  by  the  exponential  attenu¬ 
ation  e  ~  aM  *  d 1  for  the  vertical  up-and-down  paths  in  the  sea 
water,  and  by  e~a,p  'for  the  horizontal  path  in  the  lithos¬ 
phere.  In  addition,  it  decreases  by  functions  of  the  type 
g{k2p,k j),  given  in  Eq.  (5),  which  involve  inverse  powers  of 
the  radial  distance  p  and  a  Fresnel-integral  term.  When  Re¬ 
gion  1  is  sea  water,  the  direct  and  reflected  fields  are  much 
more  rapidly  attenuated  with  radial  distance  than  the  lateral 
wave  since  they  experience  the  exponential  attenuations 
e  ~  a,r‘  and  e~  a,,>  with  a,>a2.  It  follows  that  at  all  distances 
for  which  e  “  p<e  p,  the  field  is  dominated  by  the  radial¬ 
ly  outward-traveling  surface  wave. 

Of  particular  interest  is  the  depth  of  penetration  into 
Region  2  of  the  lateral  wave.  This  has  been  determined27 


ywra— . ' . ’■ . . . 

from  the  Ices*  of  the  Poynting  vector  in  Region  2  beginning 
near  &e  dipole  and  proceeding  the  radial  distance  p0 
where  it  crosses  tbe  surface  front  Region  2  into  Region  i.  At 
the  relatively  low  frequencies  useful  in  measurements  ><«?r 
the  sea  floor,  for  which  kX'~[ioip(px)x!1‘,  k2~(teiiffi$xl ,  the 
locus  is  defined  in  terms  of/  =  — -z,  z<0>  by 

/  =  —  (cr2/crx)m pMp/po)  •  l55) 

with  a  maximum  penetration  z’m  —  [cz2/(jx)il2P(/e,  where 
e  =  2.718.  Also  determined  is  the  fraction  of  the  total  power 
Pr  in  Region  2  that  continues  on  in  Region  2  beyond  a  radius 
r0  as  a  spherical  wave  and  the  fraction  that  is  diverted  as  a 
lateral  wave  that  reaches  the  boundary  surface  between  the 
radii  p  -  r0  and  p  =  2.718r0.  With  PL  the  power  in  the  la¬ 
teral  wave  and  P$  the  power  in  the  spherical  wave,  the  ratios 
are 

PL/PT  =  (a2/<r,),/2;  PS/PT  =  1  -  W^x)m  •  d«) 

General  integrals  for  Ep(pp:),  E,{pj),  and  Bt[pp)  in 
both  regions  due  to  a  vertical  electric  dipole  at  z  =  d  in  Re¬ 
gion  1  are  in  Ref.  28  together  with  integrated  formulas.  The 
lateral-wave  parts  of  the  field  in  Region  l  are  given  by 

ELXp.(P*)= (17) 

EXn(pp)  —  —  [k\/k  i^i^(p>0iZ) ,  (18) 

where  the  subscripts  v  and  h  refer  to  vertical  and  horizontal 
dipoles. 

III.  LATERAL  WAVES  AND  VERTICALLY  LAYERED 
MEDIA 

Studies  of  the  oceanic  crust23,209  arc  not  limited  tc  a 
lithosphere  modeled  as  a  homogeneous  half-space.  They  also 
treat  the  more  general  problem  of  a  lithosphere  (Region  2, 
z<0)  with  a  conductivity  that  is  a  function  of  the  vertical 
coordinate,  a2  --  a2{z),  that  varies  discontinuously  from  lay¬ 
er  to  layer.  The  sea  boundary  of  tbe  horizontally  layered 
region  is  characterized  by  generalized  reflection  coefficients 
or  response  functions  R  TC  and  R  to  obtained  with  a  one¬ 
dimensional  recurrence  formula  similar  to  that  derived  and 
used  for  downward-traveling  plane  waves.4  Note  that  in 
transmission  from  tbe  air  (wave  number  k2 )  into  tbe  earth 
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(wave  number &,)  the  ratio  is  large  so  tint  the  electro¬ 

magnetic  field  is  a  locally  plane  wave  propagating  normally 
to  the  surface.  Also  the  plane-wave  impedance  is  determined 
only  by  the  conductivity  and  frequency  and  does  not  depend 
on  the  incident  wavs  structure.  The  situation  is  very  differ¬ 
ent  when  the  primary  field  is  generated  by  a  horizontal  di¬ 
pole  in  the  sea  water  above  the  surface  of  the  lithosphere. 
Transmission  is  now  from  a  region  with  large  wave  number 
into  one  with  a  much  smaller  wave  number  so  that  the  field 
transmitted  into  the  lithosphere,  even  when  represented  by 
elementary  plane  waves,  bends  away  from  and  not  towards 
the  normal.  Furthermore,  the  field  in  the  sea  water  now  in¬ 
cludes  a  surface  wave  in  addition  to  any  partially  reflected 
wave. 

A  study  of  the  Poyating  vector  in  both  regions50  shows 
that  the  Add  from  the  horizontal  dipole  in  the  sea  st  z  =»  d 
enters  the  adjacent  lithosphere  only  in  a  narrow  cone  direct¬ 
ly  below  the  dipole.  This  suggests  tfct  tse  geld  in  the  lithos¬ 
phere  can  be  determined  at  points  that  are  not  too  close  by 
evaluating  the  primary  tangential  electric  field  on  the  bound¬ 
ary  stufsee  and  using  this,  in  the  form  of  an  equivalent  mag¬ 
netic  surface  current  Km  =  fixE,  as  the  new  source  for  the 
electromagnetic  field  in  the  lithosphere.  The  components 

«  Ef  and  «=  —  Ey  at  z  =  0  due  to  the  x-directed 
unit  dipole  at  z  —  d  are  readily  evaluated  from  well-known 
formulas.  The  contribution  by  an  image  atz  ■SS  —  d  with  an 
equal  unit  electric  moment  in  phase  must,  of  course,  be  in¬ 
cluded  since  the  large  value  of  \kt/k2\  yields  a  reflection 
coefficient  corresponding  approximately  to  that  when 
BMt  -  0  at  z  —  0.  For  calculating  the  field  at  sufficiently 
large  distances,  the  magnetic  moment  of  the  entire  magnetic 
surface  current  Km  can  be  evaluated  and  lumped  at  the  ori¬ 
gin  as  the  moment  of  a  magnetic  dipole.  Thus  with 

J  J  Exdxdy  =  {-lxop<y/kyk'i-, 

r  f"  E,dxdy  =  0, 

v  —  »  J  —  to 

it  follows  that  the  equivalent  magnetic  dipole  at  z  —  0  is  y 
directed  with  a  magnetic  moment  (  -  2aj/x0/<:1)eiM  It  is  the 
approximate  effective  source  of  the  sufficiently  distant  field 
in  the  lithosphere.  Th.  well-known  field  of  such  a  magnetic 
dipole  for  the  specified  orientation  and  magnetic  moment 
and  withr0  =  (p2  +Z2)*'2  is 


1211 


-^rr-^sin* 

ZlTKy 


8u{pdj)=*  ca%<i> 

2xta  j 


B2 ,(pd£)  ~  5211  ^ 

2rrkl 


x(jeL)(!k-± _ 2±-)  <*v. 

U/U  To  kit)  ■ 


(23} 

(241 


Formulas  (19}— ^24)  are  good  approximations  of  the  field  in 
the  lithosphere  (z  <  0)  when  i  and  jzj  is  not  too  small. 
However,  the  field  along  the  boundary  (i »  0)  in  the  lithos¬ 
phere  is  cecurstely  known  from  the  boundary  conditions 
andFq$.  (SJ-(13).  Thus, 


Eip{p,i,0)-Eif,[p,<P,0), 

Ez =  Eij[p,P>,0] ; 

(25} 

4!M0)  =  (^/^I£„(M*)). 

B2(p,^,0)  =  Bjfp.&O) . 

(26) 

It  ts  the  field  given  by  Eqs.  (»9>— (24)  that  is  incident  on  the 
first  horizontal  layer  m  the  lithosphere  provided  this  is  not 
too  close  to  the  sea  floor.  If  it  is  quite  dose,  the  field  is  given 
by  Eqs.  (19)-t24)  with  added  terms  that  contain  the  surface 
wave.2’  The  partial  reflection  and  transmission  of  the  spheri¬ 
cal  wave  represented  by  Eqs.  (19>— (24}  at  successive  horizon¬ 
tal  surfaces  of  discontinuity  for  a2{z)  are,  cf  course,  different 
from  those  of  a  downward-traveling  plane  wave.  Calculation 
of  the  upward  reflected  field  can  be  made  using  Eqs.  ( 1 9H24) 
and  a  perfectly  reflecting  surface  at  the  optimum  depth.27 
These  show  that  the  reflected  spherical  wave  contributes  less 
than  40%  to  the  total  field  in  the  sea  with  at  least  60%  con¬ 
tributed  by  the  lateral  wave.  For  other  than  optimum  depth 
the  lateral  wave  contributes  as  much  as  90%  or  more  to  the 
total  field. 

The  simple  solution  (8>— (10)  for  the  eiectric  field  in  sea 
water  above  a  lithosphere  modeled  as  a  homogeneous  iso¬ 
tropic  half-space  has  no  direct  application  to  a  horizontally 
layered  lithosphere.  However,  it  does  permit  useful  insights 
into  important  aspects  of  the  numerically  evaluated  layered 
models  in  their  relation  to  both  the  half-space  model  and 
measured  results.  In  order  to  illustrate  this,  consider  the 
measured  data  of  Young  and  Cox24  that  were  obtained  with 
the  arrangement  shown  in  the  upper  part  of  Fig.  2  (which 
corresponds  to  a  part  of  their  Fig.  2).  The  insulated  transmit¬ 
ting  dipole  F is  at  a  distance/?  =  18.9  km  along  the  sea  floor 
from  the  crossed-dipole  receiving  antenna  R.  The  angle 
between  the  transmitting  antenna  and  the  radial  line/?  is  <6  in 
the  notation  of  Eqs.  (8H 1 3).  Vectors  to  represent  the  compo¬ 
nents  E , p ( p.<p, 0)  and  £,^( p,tp, 0)  at  R  are  shown  in  the  fig¬ 
ure.  The  two  arms  of  the  crossed-dipole  receiving  antenna 
used  by  Young  and  Cox  were  not  aliped  to  measure  E ,  p 
and  E  1# ,  respectively,  but  rather  the  components  Ex  and  Ey 
along  the  arbitrary  X and  Y  directions  shown  in  the  diagram. 
The  angle  between  Y  and  pis  ip.  The  angles  <p  and  ip  are  not 
specified  by  Young  and  Cox2<  except  as  indicated  in  the  dia- 
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gram  in  Fig  2  Ex  and  Ey  can  be  expressed  in  terms  of  the 
basic  horizontal  components  Eip(p,pfl)  =  Eip{p, O.Ojcos  <f> 
and  Eu(p,6, 0)  =  £.#(/j,jr/2,0)sin  <f>  as  follows: 

Ex  —E\p(  PA  0)sin  ip  +  Eu[  prf,  0}cos  ip ,  (27) 

Ey——  £|P(/?^,0)cos  ^  +  £u(/j,^,0;sin  ip .  (28) 

When  ip  is  small,  Ex  is  dominated  by  El4[p,p, 0).  Er  by 
Eip(p,i,0)  The  measured  data  of  Young  and  Cox24  are 
shown  by  the  boxes  in  their  Fig.  3  which  is  reproduced  here 
as  part  of  Fig  2  l£^  [  is  seen  to  decrease  rapidly  and  smooth¬ 
ly  as  the  frequency  is  increased  from  0,25  to  2.25  Hz.  On  the 
other  hand.  |£r  [  increases  to  a  maximum  near/  =  1  Hz  and 
then  decreases.  Together  with  their  measured  data,  Young 
and  Cox24  also  showed  numerically  calculated  graphs  of 
|£*  j  and  |£r  |  for  a  lithosphere  represented  successively  by 
(a)  a  homogeneous  isotropic  half-space  with  a2  =  0.004  S/m 
(dot»ed  lines),  and  (b)  a  stack  of  eight  horizontal  layers  in  a 
total  depth  of  33  km  (dashed  and  solid-line  curves),  as  depict¬ 
ed  in  their  Fig  4.  All  four  graphs  of  \EX  |  are  reproduced  in 
Fig  2  Although  they  are  calculated  for  four  very  different 
models,  they  differ  negligibly  from  one  another  and  all  agree 
well  with  the  measured  values.  The  corresponding  graphs  of 
|£y  |  differ  significantly  fiom  one  another  and  only  the  one 
“best-fit”  curve  (in  solid  lines)  agrees  reasonably  well  with 
the  measured  data.  All  have  maxima  but  these  occur  at  dif¬ 
ferent  frequencies:  that  for  the  half-space  model  with 
_ _ _  i 


FIG.  3.  |£ ,  f  ( p,i, 0)!  and  (£  calculated  from  Eqs.  (8)  and  \9y,  i£x  ‘ 

&nd  |£r|  with  measured  dau  of  Young  and  Cox  (Ref.  24). 


o2  as  0.004  S/m  is  near /  =  0,5  Hz;  that  for  the  "best  fit”  is 
near  /  =  1  Hz. 

The  comparison  of  the  numerically  calculated  fields  for 
the  four  models  with  the  measured  data  and  the  selection  of  a 
“best-fit  model”  raise  interesting  questions.  First,  why  is  the 
frequency  dependence  of  Ex  different  from  that  cf£y?  Sec¬ 
ond,  how  can  £y  be  sensitive  to  all  eight  layers  whereas  Ex  is 
not?  | Ex  (  as  calculated  for  the  half-space  model  is  in  good 
agreement  with  the  measurements  and  the  presence  of  the 
hypothetical  eight  layers  with  any  one  of  three  different 
combinations  of  conductivity  has  virtually  no  effect  on  the 
field.  If  only  \EX  |  had  been  measured,  the  obvious  conclu¬ 
sion  would  have  been  that  the  lithosphere  is  a  homogeneous 
isotropic  half-space  with  a2  —  0.004  S/m.  For  |£r  |  the  situ¬ 
ation  is  very  different.  The  field  of  the  half-space  model  with 
cr2  —  0.004  S/m  is  in  poor  agreement  with  measurements,  its 
mc.ximum  is  clearly  at  the  wrong  frequency,  and  the  three 
different  layered  models  all  lead  to  different  fieids — all  in 
better  agreement  with  the  measurements  than  the  half-space 
model.  It  is  from  EY  that  the  “best-fit"  layered  model  was 
selected.  But  how  can  Ex  be  almost  totally  transmitted 
through,  while  EY  is  significantly  reflected  from  some  or  all 
of  the  laterally  homogeneous  layers? 

Thr  entire  problem  is  illuminated  with  the  help  of  the 
integrated  formulas  (8)  and  (9).  For  the  range  0.25  c/s  3  Hz, 
o,  =  3.2  S/m,  the  specified  distance  p  =  18.9  km  between 
transmitting  and  receiving  antennas,  and  z  =  d=  1  m,  all 
contributions  from  direct  and  reflected  fields  are  negligible, 
the  same  is  true  of  the  Fresnel-integral  term  of  the  lateral- 
wave  field.  Also,  elk'J  ~  1.  It  follows  that  the  complete  accu¬ 
rate  expressions  for  the  components  (8)  and  (9)  are 


EM,  0)  =  i^<^(±-|2.) 


/sin^ 


srer, 


i  cos  <P 
2ttc1 

e-a,p 

~ 


- 5 - [a2p  +  la\p2  +  /(I  +  a2p )] , 

e^p 

- [a2p  +  i[l+a2p)], 


(29a) 

(29b) 
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FIG.  4.  Ei,{p. C)  of  verticil  unit  dipole  in  air 
(Region  2}  oa  the  surface  of  sea  water  (Region 
!);/=  10  MHz. 


where  k2  ~  (1  +  i)a2;  k  2  =  2/a2;  a2  =  [<j)pcp2/7)in . 
\EXp(p,<t>,0)\  has  a  maximum  at  a2p  —  (1  +j5)/2  —  1.618. 
With p  =  18.9  km,  this  gives  fma2  —  1.84 x  10-3,  so  that 
with  a2  —  0.004  S/m,  f„  =  0.46  Hz  in  precise  agreement 
with  the  calculated  graph  of  Young  and  Cox  shown  in  Fig.  2 
in  dotted  line.  The  maximizing  frequency  for  a2  —  0.002  S/ 
m  is/m  *a  0.92  Hz. 

The  angles  <p  and  ip  are  not  given  by  Young  and  Cox. 
With  the  choice  if>  =  59'  and  if>  =  10",  graphs  calculated  from 
Eqs.  (29a)  and  (29b)  with  Eqs.  (27)  and  (28j  of  \E ,  p  ( p,5G*,0)  j 
and  I Ey  |,  and  of  j£u(  p,50*,0)|  and  | Ex  |,  arc  shown  in  Fig.  3 
for  both  o2  —  0.004  S/m  and  a2  —  0.C02  S/m.  It  is  evident 
from  these  graphs  that  in  order  to  have  a  maximum  of  \EY  [ 
near /=  1  Hz  to  agree  with  the  measured  data  of  Young  and 
Cox,  it  is  necessary  to  choose  a2  —  0.002  S/m.  On  the  other 
hand,  in  order  to  have  \EX  i  agree  with  the  measured  data,  it 
is  necessary  that  a2  -  0.004  S/m.  If  measurements  had  been 
restricted  to  Ey  [or  better  to  £lp(p,0,0)  as  in  the  work  of 
Chave  and  Cox73],  the  good  agreement  with  the  measured 
data  would  suggest  that  the  half -space  model  with 
a2  —  0.002  S/m  is  correct.  On  the  other  hand,  if  only  Ex  [or 
better  £1#(/j,ir/2,0)]  had  been  measured,  the  equally  good 
agreement  with  the  measured  data  would  indicate  a  half¬ 
space  model  with  a2  =  0.004  S/m.  No  reflecting  layers  are 
indicated  in  either  case.  If  both  Ex  and  Er  are  measured  as 
by  Young  and  Cox,54  the  two  conclusions  are  inconsistent 
and  the  choice  o2  =  0.004  S/m  is  made  to  agree  with  the 
half-space  model  for  Ex  and  a  particular  eight-layered  re¬ 
gion  in  a  depth  of  33  km  is  designed  to  agree  with  EY .  This 
leaves  unresolved  the  fact  that  none  of  the  three  eight¬ 
layered  models  has  any  significant  effect  on  \EX  [.  Since 
Ex  ~Ef  and  Ey  ~  —Ep  with  if>  small,  the  essential  differ¬ 
ence  between Ex  aadEr  is  that  the  former  (of magnetic  type 
with  Bp,Bx)  is  perpendicular,  the  latter  (of  electric  type  with 
is  parallel  to  the  plane  of  incidence  with  respect  to 
partial  reflection  from  any  horizontal  surface.  Since  the  re¬ 
flection  coefficients  for  the  two  polarizations  have  opposite 
signs  but  almost  equal  magnitudes  for  small  angles  of  inci¬ 
dence,  it  is  necessary  that  the  electric-type  reflections  reach 
ing  the  point  of  observation  from  the  several  layers  effective¬ 
ly  cancel  or  that  there  be  no  reflections  of  electric  type  from 
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any  of  the  eight  boundaries.  This  is  difficult  to  visualize  for 
all  three  models  at  all  frequencies. 

A  possible  alternative  model  is  suggested  by  the  obser¬ 
vation  that  Eir  is  in  good  agreement  with  measurements 
when  a2  —  0.002  S/m  and  simultaneously  ElX  is  in  good 
agreement  with  measurements  when  a2  =  0.004  S/m.  (Re¬ 
gion  1  is  sea  water,  Region  2  is  rock.)  Note  that  with  the  angle 

tf'  small,  and Er- - £p ; also, Ep , Ez , and Bp  area 

field  of  electric  type;  £# ,  Bp ,  and  Bx  a  field  of  magnetic  type 
Furthermore,  the  two  parts  of  the  field,  while  not  indepen¬ 
dent,  are  not  closely  coupled,  so  that  the  components 
£,p  ~  -  £,  y  and  £  w  could  be  determined  by  the  large  com¬ 
ponent  £,,  =  Jir/Pjj.  while  EiP  ~EXX  is  determined  by 
E^-Ejjf  =  Jvc/Pix-  These  considerations  and  the  mea¬ 
surements  of  Young  and  Cox54  suggest  that  cr.  might  actual¬ 
ly  have  somewhat  different  values  for  the  z-directed  currents 
in  the  lithosphere  =  a2Eu  which  determine  Eu  and 

£Ip - £  y  than  for  the  ^-directed  currents  Ju  =  o:Elp 

which  determine  £,#  -  Exx .  It  seems  quite  possible  that  all 
measured  data  would  be  well  satisfied  by  a  half-space  model 
of  the  lithosphere  that  is  homogeneous  but  one-dimensional 
ly  anisotropic  with  —  0.004  S/m  and  ou  =  0.002 

S/m.  This  model  actually  fits  into  the  assumption  of  purely 
horizontal  layering  but  the  layers  consist  of  a  stack  of  rela 
tively  thin  horizontal  slabs  with  conductivities  that  alternate 
between  ax  =  ar  —  0.004  S/m  and  a  lower  value  such  that 
the  effective  conductivity  <7,  =  0.002  S/m.  Such  a  model  re 
quires  no  reflections  from  deeper,  widely  spaced  horizont  J 
layers  to  explain  the  observed  data. 

An  analytical  study  of  the  one-dimensionally  anisotrop¬ 
ic  half-space  beginning  with  Maxwell’s  equations  and  paral 
leling  the  analysis22,25,26  for  the  isotropic  balf-spaces  has 
been  completed  and  will  be  published.  It  confirms  the  valid 
ity  of  the  b  slf-space  model  with  o2X  =  o2r  =■  0.004  S/m  and 
aj,  =  0.002  S/m.  It  also  provides  answers  to  previously 
raised  questions  regarding  the  different  behavior  of  Ex  and 

EY- 

Anisotropy  in  conductivity  is  found  in  various  stratified 
media  including  alternating  layers  of  dense  rock  with  low 
conductivity  and  less  dense  rock  with  higher  conductivity 
In  such  media  the  conductivity  transverse  to  the  bedding 
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surfaces  is  always  smaller  than  that  along'  the  bedding  sur¬ 
faces.51  For  horizontal  bedding  surfaces  this  means  that 
is  smaller  than  —  o2Y,  e.g.,  —  0.002  S/m,  —  o2r 

—  0.CO4  S/m.  Anisotropy  in  conductivity  is  also  found  in 
only  slightly  stratified  hard  clay  (for  which  a  conductivity 
ratio  of  2  is  appropriate)  and  in  rocks  with  different  conduc¬ 
tivities  along  the  principal  crystallographic  axes.  It  may  be 
added  th8t  an  inclined  stratification  must  also  exhibit  differ¬ 
ent  conductivities  to  the  horizontal  components  cf  current 
parallel  to  the  bedding  surfaces  and  the  vertical  component 

IV.  USEFUL  CHARACTERISTICS  OF  THE  HEW 
FORMULAS  FOR  THE  TWO-LAYER  PROBLEM 

The  dominant  lateral-wave  parts  of  the  electromagnetic 
field  of  a  vertical  or  horizontal  eiectric  dipole  near  the  sea 
floor  have  properties  that  are  useful  for  studying  the  earth’s 
crust  near  the  sea  bottom.  Some  of  these  are  described  in  the 
following. 

A.  Vertical  dipole 

Consider  first  the  vertical  electric  dipole  with  unit  elec¬ 
tric  moment  (Ihe  r=  1 A  m)  located  at  d  —  0  in  Region  2  (air; 
r<0)on  the  boundary  of  Region  1  (earth,  sea;  jS*0).  The  rota- 
tronaliy  symmetric  electromagnetic  field  on  the  boundary 
Iz^Ojin  air  consists  of  the  following  three  components  in 
cylindrical  coordinates: 

Ap(P.0)-  (30) 


B^p,0)  =  -^-g[k2p,kx)^,  (31) 

27T&J 

where  f[k2p,k ,)  and  g{k2p,k])  are  defined  in  Eq.  (5).  Since 
the  ratio  Elp(p,QYEu{p$)  =  -  fc2/(*2P«*i)/*tS(*2P>*i). 
it  follows  that— except  very  close  to  the  source — Eu(p, 0)  is 
the  dominant  component  of  the  ellipticaliy  polarized  electric 
field.  Note  that  when  Region  ?,  is  air,  ap0/lnk2  =  60  0.  This 
includes  the  factor  Ih,  =  1  A  m. 

When  k2p>i\k\/k\\,  the  function  &  (k2p,kt)  in 
f(k2p,kx)  and g[k2 p,k\)  cancels  both  the  exponential  and  the 
square  root  preceding  it  in  Eq.  (5)  and  the  resulting  expres¬ 
sion  includes  the  term  —  ik2/  p.  The  simple  result  is 

/(*2 M.)~#2M,)=  — t(t7+  1)~  (32) 

p  \k2  J  k2p 
so  that,  for  k2p>%\k]/k\  \ , 


E2l[p,0)~ 


etk,p 
2irk\  p 2 


(33) 


■^2p(p*0) - (k2/k,)E2.(p,G! . 


(34) 


A  graph  of  20  log!o|£’2,(p,0)|  as  calculated  from  Eq.  (31)  at 
/—  10  MHz  is  shown  in  Fig.  4  for  an  air-sea  boundary.  In 
general,  there  are  three  distinct  ranges  in  terms  of  the  radial 
distance  p.  These  are  the  near field,  defined  by  k2p<l,  where 
Eix{p,G\~\/pi;  the  intermediate  field,  defined  by 
1< k2  p  <  8 1*  2  /k  \ ) .  where  L  ^  ( p,0)  ~  Up;  and  the  asympto¬ 
tic  field,  defined  by  &2p;>8|A \/k  \  |,  where is  ^(p.O)—  l/p2. 
Note  that  the  rate  of  decrease  in  amplitude  with  radial  dis¬ 


tance  is  independent  of  k,  in  each  of  the  three  ranges.  Only  in 
a  transition  range  from  the  intermediate  to  the  asymptotic 
field,  where  the  amplitude  factor  changes  in  a  manner  that 
involves  klt  is  the  decay  rate  with  radial  distance  dependent 
on  kt.  As  shown  in  Fig.  4,  the  radial  range  characterized  by 
G.l<[p|<10,  where  \p\  is  the  magnitude  of  the  “numerical 
distance”;)  =  ik  i  p/ 2k  ] ,  encompasses  the  transition  region 
that  is  described  by  Norton’s  graphs  (Fig.  1).  In  this  relative¬ 
ly  small  range  the  decay  rate  is  complicated  in  that  it  changes 
from  1/p  to  I/p2  in  a  manner  that  involves  &  Over  all  parts 
of  the  entire  range  except  in  this  region  of  transition, 
E^ipfi)  behaves  very  simply;  E^pfi)  p\  ett,V  p, 
p2,  respectively,  In  the  near,  intermediate,  and  asymp¬ 
totic  zones.  As  shown  k  Fig.  5,  such  ranges  exist  at  aU  fre¬ 
quencies  with  differences  that  involve  a  shifting  of  the  transi¬ 
tion  regions  and  an  expansion  or  contraction  of  the  ranges 
between  and  beyond  them.  It  is  in  terms  of  the  simple  and 
quite  accurate  relations: 

#2pA)~—  — -~T',  IV*.K^/><8|*?/*!I . 

P  P  *2  P 

(35) 

&k2p,k ,) - 8|*?A||<^2p<«»  ,  (36) 

k2p 

that  new  tools  can  be  found  for  geophysical  prospectirg 
Moreover,  since  the  decay  rate  with  radial  distance  of 
E^ip, 0)  is  independent  of  k,  except  in  the  transition  range 
near  k2p  =  i\k\/k\\,  this  region  is  severely  restricted  in  its 
usefulness  for  the  determination  of  A,.  Its  use  even  in  the 
transition  range  is  hampered  by  the  lack  of  spread  of  Nor¬ 
ton’s  curves  (Fig.  1). 

An  insulated  vertical  antenna  that  extends  all  the  way 
from  the  floor  to  the  surface  of  the  ocean  has  been  pro¬ 
posed^'34  for  generating  a  magnetic  field  along  the  sea  floor 
which  can  be  measured  to  determine  the  conductivity  am  of 
the  suboceanic  crust.  The  method  is  designed  for  very  low 
frequencies  (j  <  1/32  Hz)  for  which  the  depth  D~  2  km  of  the 
ocean  satisfies  the  inequality  |k,Z>  |<2.  With  k2~ 0.1/c„  the 
measurements  are  in  the  range  p<20  km  or  k2p< 2.  The 


p  in  mtttrs 

0.1  K>  100  1000 


p  in  kilomsKrs 

FIG.  5.  Magnitude  of  £j,(p.O)  due  to  a  vertical  unit  electric  dipole  in  air 
above  the  surface  of  see  water;/**  10— iO9  Fx. 
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fijlris  along  the  boundaries  between  the  sea  and  ihe  air  sad 
between  the  sea  usd  the  »ea  floor  are  due  entirely  to  surface 
waves,  since  the  direct  and  reflected  Adds  cancel.  In  parficu 
lar,  the  magnetic  field  on  the  sea  floor  generated  by  the  verti¬ 
cal  antenna  when  carrying  a  current  I,  such  that  IXD  ~  1 
Amis  given  by 


{Note  that  multiple  reflections  between  the  two  bounding 
•surfaces  arc  negligible  since  e  ~  ~',£>  =  0.06. }  The  first  tern  in 
Eq.  {37)  is  the  lateral  wave  in  the  lithosphere  along  the  sea 
floor  with  k~— ia2  ~  {1  +  i][eop0cr2/2)'n\  the  second 
tern:  is  the  lateral  wave  in  air  along  the  surface  of  the  sea  with 
k0  =  a/c.  This  latter  is  negligible  since  e~a,D  =  0.24  and 
£0<|&2|.  The  conductivity  a2  is  readily  determined  from 
measured  values  of  j*>  w  |  as  a  function  of/j  in  the  simple  form 
given  by  the  first  term  in  Eq.  {3  /}. 


S.  Horizontal  dipole 

For  applications  on  the  sea  bottom  where  Region  1  is 
salt  water  (zyO)  and  Region  2  is  rock  or  sediment  iz<0),  the 
source  and  the  points  of  observation  of  the  field  are  advanta¬ 
geously  kept  in  the  sea  water  if  only  for  practical  reasons  of 
deployment  and  mobility.  Since  the  field  of  a  unit  horizontal 
electric  dipole  in  sea  water  at  the  ocean  bottom  is  an  order  of 
magnitude  greater  than  the  field  of  a  unit  vertical  dipole  at 
the  same  location,  it  is  d-  ;*~ble  to  examine  its  properties. 
The  electromagnetic  field  of  an  x-directed  horizontal  dipole 
located  in  Region  1  (sea  water)  at  a  small  d:  stance  d  from  the 
boundary  with  Region  2  (rock,  sediment)  has  the  six  compo¬ 
nents  given  in  Eqs.  (8)— (13).  These  can  be  separated  into  two 
groups  of  three.  Except  close  to  the  source,  the  dominant 
group  is  that  of  electric  type  with  £,  P(p,<f>4\,  EXt(p,<f>j),  and 
Bu(p,<tp).  The  lateral- wave  parts  of  these  are 

E \P  (P-<M  =  iYk,p elkM  +  d) cos  <f 

*>TTK  | 

=  ~-Bulp,^},  (38a) 

Eft  {p.M  =  ~^rf{kiP,ky‘lpe,k‘,^d) cos^,  (38b) 

wher e/(£2p,k,)  and  gi^p.k^  are  givrn  in  Eq.  (5)  snd  ap- 
proximated  in  Eq.  (32)  for  large  k2p.  Note  that  the  ratio 
EfpiprfA'E u  (P>M  =  "  ktg(k2p,ki)/k2f(kJp,kl)  so 
that  E \p  {p,M  dominates  except  very  close  to  the  source. 
The  second  group  of  components  of  magnetic  type  includes 
E„lp,fa),B,plp,M,  and£„  [p,<?j).  In  the  electrical  near- 
field  and  a  short  distance  beyond,  E , P[p,<f>4\  is  comparable 


tc  Eifi[p,fe)  and  equally  usdul  for  purposes  of  measure- 
meat  However,  since  rone  of  the  components  in  the  second 
group  Las  «r.  intermsd'ate  range  in  which  the  field  decreases 
&»  d^'/p,  decreases  with  distance  much  more 

rapidly  than  Elp{p4,z).  Therefore,  the  latter  is  to  be  pre¬ 
ferred  when  larger  electrical  distances  are  involved. 

The  expression  (38a)  for  £fp{p4\z)  reveals  an  impor¬ 
tant  property  of  lateral  waves:  The  radial  decrease  in  ampli¬ 
tude  along  the  surface  of  Region  l  (sea  water)  is  insensitive  to 
kl=0i4-iai—6)\fi^£i-ri'7i/&^in  but  potentially  very 
sensitive  to  ^ = 02  4-  ia2  =  a\p^e2  -f  m2/n)}in.  This  is  of 
no  interest  when  Region  2  is  air  with  «,  =  0.  But  when  Re¬ 
gion  2  is  rock  or  sediment  on  the  bottom  of  the  sea,  the 
possibilities  are  very  interesting.  With  d  =  0  and  z  +  d  kept 
small  and  constant  [(z  +  <f)~0], 

El  (P,W) - (39) 

2n  kx 

When  j&2p|  <  \,$i2p,kx)-~{  —  i/k2p\e,kiP  —  1  so  that  the 
quasi-static  field  is 


Efp  (p,0,0)~ 


/w/r0 

2nk\py 


(40) 


Since  it  is  independent  of  k2,  it  is  useless  for  the  determina¬ 
tion  of  k2.  This  range  is  indicated  in  Fig.  6  which  is  a  repre¬ 
sentation  of  Eq.  (39)  for  three  values  of  e r2.  The  location  of 
\k2p\  —  1  is  shown  for  each.  The  quasi-static  form  (40)  cor¬ 
responds  to  the  straight  line  well  to  the  left  of  the  points 

IM»i- 

When  j k2p\  becomes  greater  than  \,g{k2p,kx)~ik2/  p 
so  that 


icopo k l  e-a>Pe*>e> 
2  srk]  p 


\<\k2p\<Z\k]/k22\ . 


(41) 


The  radial  decrease  m  amplitude  is  governed  by  e~a,p/ p. 
The  behavior  of  the  quantity  20  logioj£[^  { p, 0,0)  j  as  a  func¬ 
tion  of  the  radial  distance  p  at  selected  fixed  frequencies  is 
shown  in  Figs.  6  and  7,  as  a  function  of  the  frequency  at 
selected  radial  distances  in  Fig.  8.  The  rapid  exponential  de¬ 
crease  is  seen  to  be  critically  dependent  on  a2  when  this  is  not 
too  small.  Clearly,  the  observation  of  the  range  of  p  and  / 
where  the  decrease  occurs  is  a  promising  means  for  the  deter¬ 
mination  of  a2  or  a2. 


V.  THE  DETERMINATION  OF  THE  CONDUCTIVITY  AND 
PERMITTIVITY  OF  AN  IDEALIZED  TWO-LAYERED  SEA 
3QTTOM 

For  initial  simplicity  it  is  advantageous  to  consider  an 
idealized  sea  bottom  that  consists  of  a  smooth  plane  bound¬ 
ary  between  sea  water  and  rock  or  sediment,  the  effect  of  a 
boundary  surface  that  is  not  smooth  is  considered  in  Sec. 
VII.  The  depth  of  the  sea  water  and  of  the  rock  or  sediment 
are  required  to  be  sufficient  so  that  each  is  well  app.  oximat 
ed  by  a  half-space.  This  excludes  very  shallow  water  and 
applies  only  to  a  layer  of  sediment  that  is  either  electrically  so 
thin  that  it  can  be  ignored  or  is  so  thick  that  reflection^  from 
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fig.  6.  deetric  fold  atz»  15  era 
in  ia  *ittr  S/s.  mgO) 

iiswe  reck  d  deep  ssaaent  (a,,  » 16) 
*3 t  fcsctsoE  of  radial  distance  from  unit 
fcoriz«i{*l  dearie  dipole  it  fceigktrf**  IS 
css  tbevs  «a  JCO  Hi. 


K>  20  50  100  200  500  1  2  5  10  20 

p  in  maters  p  in  kilometers 

the  rock  beyond  it  a/e  negligible.  The  intermediate  three-  When  afpat.2  as  at  low  frequencies  and  high  conductivities, 
layer  problem— which  applies  specifically  to  a  layer  of  sedi-  02~32>  ei  is  irrelevant,  and 

men'  with  arbitrary  thickness  between  sea  water  and  rock —  g  _  >431 

has  been  analyzed  by  Dunn.35"37  Formulas  corresponding  to  2  2 

Eqs.  (SH13)  have  been  obtained  and  will  be  applied  in  later  The  graphs  in  Figs.  6  and  7  show  \E\p{pflp)\  asa  func- 
work  to  develop  methods  for  measuring  the  conductivity  ti°n  °*P  aJ/~  &U  i»  10,  and  100 kHz.  They  include  ranges 

and  permittivity  of  rock  when  this  is  covered  by  a  layer  of  a  significant  exponential  decay  given  by 

sediment  with  elecrical  properties  intermediate  to  those  of  \e>k,p\  =  •  An  alternative,  shown  ia  Fig.  8.  is  |£fp 

rock  and  sea  water.  Methods  to  determine  the  thickness  and  ( PM'i  as  a  function  of  the  frequency  at  selected  radial  dis- 

conductivity  of  the  sediment  will  also  be  sought.  Only  the  tances,  but  with  (z  +  d)  sufficiently  small  so  that 

limiting  cases  of  the  three-layer  problem  when  the  intermedi-  1.  In  both  cases  <72  is  the  parameter.  At  the  lower 

ate  layer  is  either  very  thick  or  very  thin  are  treated  in  this  frequencies  and  higher  conductivities,  the  graphs  in  Fig  8 

paper.  They  provide  an  essential  background  for  under-  are  similar  to  those  in  Fig.  7.  Shoe  a2  is  not  linear  in  the 

standing  the  significantly  more  complicated  general  case.  frequency  and  decreases  to  small  values  when  a2  h  reduced, 

Earlier  analyses  of  the  three-layer  problem3**41  are  con-  with  P  fixed  has  a  rapid  decrease  only  when 

cemed  primarily  with  a  waveguidehke  structure  consisting  a2  ~  {^PtP’i^Y12  and  approaches  unity  when  c2<m2.  This 

of  a  low-conductivity  layer  bounded  above  and  below  by  behavior  is  illustrated  in  Fig.  9  which  shows  a2//32  asa  func- 

half-spaces  with  high  conductivity.  tion  of  the  frequency.  A  rapid  exponential  decay  occurs  only 

The  formula  (38a)  for  the  radial  electric  field  of  a  hori-  in  ranges  where  a2//S 2  is  not  much  smaller  than  one  Wh-n 

zontal  electric  dipole  at  a  height  d  in  sea  water  (Region  1,  t?2Vo»e2,  the  factor  k \/k\  which  occurs  in  the  expression 

z^O)  above  a  half-space  of  rock  or  sediment  (Region  2, 2<;0)  (41)  for  E \p(p, 0,0)  in  the  intermediate  zone  reduces  to  a/ 

represents  a  lateral  wave  that  proceeds  downward  from  the  <7,,  which  is  independent  of  the  frequency,  so  that  when 

source  in  the  sea  water  (e'M),  then  horizontally  along  the 
boundary  in  the  rack  or  sediment  \&\k2p,ki)e>k,p],  and  finally 

upward  in  the  sea  water  to  the  point  of  observation  (e(M).  £L  ,  qqj _ ZHE&le-a>p 1441 

The  total  phase  change  isft(z-P</)-}-ft/>.  The  decrease  in  ,p  ’’  2traxp 

amplitude  is  e" 0,(1 + <'1  e“  a3/,jg(42/7, A:, )|.  The  significant  ob-  _  .  .  .  ,  _  „  , 

servation  regarding  these  simple  relations  is  that  they  pro-  ^!S  15  csscntiafiy  15  represented  m  Fig.  8  when  a2  is  not 

vide  the  means  for  determining  «,  and  ft  for  the  rock  or  t0° smaU  and^not  100  hi8h  50  that  a  raPid  exponential  decay- 

sediment  from  measurements  made  only  in  the  adjacent  wth  fre<lucncy  occurs' WIierc  ^ JS  ,rue> the  SraPhs  ofFiK- 

accessibte  sea  water.  From  <z2  and  ft,  e2r  and  <72  are  readily  8  ®*  “  useful  “ thosc  of  Fi&  6  and  7  for  determining  a2. 

calculated  since  (ft  +  ia2)2  =  co2p^z  -f  icop^2  so  that  1?c  8^  of£tem  Fl8-  8(d) are “  expanded  form— 

j  on  a  dB  scale — of  the  numerically  calculated  results  shown 

e2  —  (p  2  —  ct2  )/co  (z0,  ct2  =  1afi2/(L>ii0 .  (42)  by  chave  and  Cox73  in  their  Fig.  2.  The  data  for/?  =  1,2,  and 
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FIG.  7.  Radial  electric  field  at  z  =  15  cm 
ia  seawater  (a,  =  4  S/m,  e„  «  SO)  above 
rock  or  deep  sediment  (a},e2,  =  16)  as  a 
function  of  radial  distance  from  unit  hori¬ 
zontal  electric  dipole  at  height  d  *=  15  cm 
above  ten  bottom,  (a )/=  1  kHz,  (b)/=  10 
kHz,  (c)/*=  100  kHz. 
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FIG.  S.  Radial  eJsetricSsSdaraw  is  hssawatx  Jtr,  *»  * S/ss,  <r.r  s=>  SO) 
above  rxxx  or  deep  SaSnrruic>-<<ir  a>  I  cl  esc  sc  a  licit  Jjariioaul  dearie 
dipole  os  tbassa  fce?f«E  fd  «  CJee  fenafeirffta^eoy.  (e'p  =*  I  kes,  (bi 
p-=!2S2s.{e5p*  i0bba.(dj?,«ii*l£kc*}i;!k5'jii.r»  1  m  in  s»  wstsr 
(o, «  3.2  S/oi.  £l,  **  SO;  iborre  peas  or  dwp  adieu*!  =■  0.05  S/m. 
f;, « «5idMtnacaishorizs*aIdsposSJi<d»Kl*attow  sec  bottom  as* 
frssctisn  of  frequency,/ ’»•  0.1<  -ICO  hr.. 


5  km  arc  in  quantitative  agreement  Corresponding  sets  of 
curves  for  the  ether  five  components  of  the  field  were  also 
calculated  from  the  simple  formulas  (8H13)  hat  arc  not 
shown.  Note  that  there  is  bo  need  to  cakulate  the  phase  since 
in  the  range  of  interest  whew  the  latersl-wavs  part  of  the 
field  dominates,  it  u  contained  in  the  simple  term  in 


Jk.  The  mtasursmenl  cf  at 

A  schematic  diagram  of  an  apparatus  for  carrying  out 
measurements  from  which  <r2  of  the  sea  bottom  can  be  deter* 
mined  is  included  in  Fig.  10.  It  is  similar  to  that  used  by 


Yyung  am!  Cos2*  ta  that  it  consists  cf  a  transmitting  antenna 
in  the  form  of  an  insulated  conductor  lying  on  the  bottom  of 
the  ccean  with  its  axis  in  the  direction  <f>  =  0  along  which 
observations  are  to  be  made.  Power  to  the  antenna  is  sup¬ 
plied  by  a  sable  to  the  surface  where  a  boat  or  float  is  located. 
The  antenna  generates  an  electromagnetic  field  that  is  com¬ 
plicated  near  the  antenna,  but  is  limited  to  a  surface  wave 
beyond  a  short  distance.  Its  dominant  components  art 
E  i  p{  p,i>A  as  given  by  £q.  (38a)  and  Bu  j  p,<f>A-  These  have 
their  maxima  in  the  direction  <f>  =  0  along  the  axis  of  the 
antenna.  In  order  to  determine  a2ink2—02  -5*  &s,  measure¬ 
ments  are  needed  that  permit  the  construction  of  graphs  like 
those  in  Figs.  6  and  7  or  like  those  in  Fig.  8.  This  can  be 


FIG.  9.  Ratio  of  attenuation  to  phase  con¬ 
stant  in  #j  =  Px  +  ior,  for  Eip  in  sea  water 
bounded  by  rock  or  sediment. 
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accomplished  by  lowering  a  receiving  dipole  tc  the  bottom  of 
the  ocean  at  a  succession  of  known  radial  distances  (or  by 
ateggmg  s  suitably  protected  antenna  along  the  bottom)  and 
observing  Sis  ^(pAz)!  at  each  location  at  selected  frequen¬ 
cies.  From  these  data,  graphs  can  be  constructed  of  the  mea¬ 
sured  relative  values  of  20Iogloj£lp  (p,G,z)j  both  as  func¬ 
tions  of  the  radial  distance  at  each  frequency  and  as 
functions  of  the  frequency  at  each  radial  distance.  The  parti¬ 
cular  curve  that  includes  a  rapid  exponential  decrease  with 
increasing  radial  distance  or  increasing  frequency  can  then 
be  used  to  determine  a2.  Tat  calculation  of  a2  from  curves 
like  Jugs.  6  and  7  in  conjunction  with  Eq.  (39)  is  simpler  since 
when  pis  the  variable  at  a  fixed  frequency,  fc,  is  a  constant 
On  the  other  hand,  when /is  the  variable,  &,  also  varies  but  it 
is  known  quite  sccurately  for  salt  water  at  each  frequency. 
Note  that  in  Eq.  (44),  which  is  adequate  in  the  useful  range  of 
the  frequency,  the  frequency  dependence  on  k,  disappears 
when  (z  +  d )  is  sufficiently  small. 

Alternatively,  and  especially  in  the  ranges  0. 1  <  /  <  100 
kHz,  4%  10-5<£72<0.4  S/at,  the  graphs  in  Figs.  6  and  7  can 
be  combined  and  extended  into  the  single  set  shown  in  Fig. 
1 1.  Here  each  curve  can  represent  up  to  six  combinations  of 
frequency  and  conductivity  and  cr2  can  be  determined  by 
interpolation  between  adjacent  measured  curves. 

It  is  interesting  to  note  that  the  numerically  calculated 
graph  of£IiP  in  Fig.  4  of  the  paper  by  Chave  and  Cox33 
agrees  exactly  with  thepieceofthecurvegin  Fig.  11  between 
p-O.gandp—  15  km.  Furthermore,  their  numerically  cal¬ 
culated  graph  for  the  phase  of  Elfi  agrees  with  02p  in  the 
exponential  factor  ^p  ~e~a,p  e^p . 


Cw&Omly  <rt  it  $/ n 


FIG.  H.IUdiildcetriciddofsaieiautootlMlwitoaoftbctealff,  »4S/ 
ra,«„  »K))rixj\ien5tkoTdeQ>s«sSjsaat{ffj,ci, » SfiJ-EsctikBSOsiestij 
I  Abu 


B.  Tfw  d*t«rm!ngt!on  of  &  . 

At  the  higher  frequencies  and  over  materials  with  suffi¬ 
ciently  low  conductivity  so  that  a-  is  significantly  smaller 
than  02  (specifically,  s2<O.102),  the  phase  constant  02  along 
the  ocean  bottom  can  be  determined  in  a  manner  similar  to 
that  used  for  a2,  but  with  measurements  carried  out  on  a 
standing  wave  instead  of  a  traveling  wave.  Two  identical 
transmitting  antennas  are  located  at  the  bottom  of  the  ocean 
separated  by  the  distance  2  pg.  They  point  toward  each  other 
and  are  driven  180*  out  of  phase  with  equal  amplitudes  The 
lateral  waves  that  travel  outward  from  the  two  antennas 
combine  to  form  a  lateral  standing  wave  When  referred  to 
the  midpoint  between  the  two  transmitting  antennas,  the 
resultant  field  in  the  intermediate  zone  is 


EXp(p,QA 


ap^1  1 

2  irk] 

^  Po  +  x 

Po-x) 

where  x  is  the  distance  from  the  point  p=p0  halfway 
between  the  two  transmitters  with  positive  values  toward 
antenna  2.  When  x  is  kept  sufficiently  small  so  that  1 
ande-^-e^-l, 


EXp(pM~ 


2ie‘k,p° 

pjl-jp/pl) 

X  Isinfa  +  (ix/p0)  cos/Sjx]  eik'is'''‘il , 


and 


(46( 


|£i„(/?.0.z)i 

2e~°'fh 
Pott  ~x2/pl) 

X[sin2  fa +  {x*/ pi)  cos'2  02x]'ne~«'i’  ■ *'».  (47) 
This  has  the  following  maxima 


!%(/>« 


2£-aiAj£-*iV-t->SS 

PS  -zt/pl) 


(48) 


at 


fa  —  (2a  -f  1  )v/2;  n  —  0,1,2,..., 
and  deep  minima 

2|x|e 


1^1  f  ( Pfidlsaia 


at 


plil-^/pl) 

fa^nJ^pAJ)^. 


(49) 
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Ths  last  step  is  valid  when£f  pl>  1. 

The  procedure  for  measuring  fit  is  first  to  locate  the 
point  /5“pc  halfway  between  the  antennas  where  Wi, 
\p<,$X\\  tsOacdwhere  the  receiver  at  the  sea  bottom  should 
record  a  nuB.  The  is  now  moved  toward  transmitter  2  tra til  a 
sninimara  is  losated  it  =  tr.  From  the  measured  dis¬ 
tance  a  between  the  null  and  the  first  minimum,  /?.  is  deter¬ 
mined  from 

fi2  *  v/x.  (50) 

A  check  on  this  value  can  be  obtained  from  the  location  at 
-  x  of  the  corresponding  minimum  toward  transmitter  1 
This  fives/?;  **  —  v/x. 

From  the  measured  values  of  Oj  and  /?*  a2  end  s2  are 
evaluated  from  Eq.  (42). 


VI.  THE  RANGE  OF  CONDUCTIVITY  OF  THE  SEA 
BOTTOM 

The  graphs  in  Ftp.  6. 7,  and  8  represent  20  log)0  \Elp\ 
for  values  of  the  conductivity  cr,  that  extend  from  0.4  to  less 
than  4  x  10“ 4  S/m.  This  wide  range  ts  considered  in  order  to 
provide  a  complete  picture  of  all  possibilities  to  which  a  two- 
layer  theory  might  have  application.  These  include  only  sim¬ 
ple  situations  in  which  the  sea  water  ts  separated  from  a  floor 
ofbasaltic  rock  by  a  layer  of  sediment  that  is  cither  electrical¬ 
ly  sufficiently  ihm  to  bfeisnorable,  or  thick  enough  to  make 
tcSecuoai  from  the  rock  negligible.  The  ifiserntdiate  three- 
Lr/er  ptsktem  ts  not  minded  here.  The  range  of  conductiv¬ 
ities  from  a  «  4x  SO"9  to  tf  =*  4  x  IG"  *  S/as  is  suggested  by 
sdecied  observations.*5-511"**  Note  that  she  condition  f kt/ 

3  can  be  satisfied  in  tiw  entire  range  when  the  boundary 
is  with  sea  water  where  ?w4  S/m. 

in  order  tedeienmnc  o-  of  the  sea  bottom  when  this  is  m 
the  range  of  0.4c<7i«.4  x  IQ ' 3  S/rn,  the  graph  in  Fig.  7(a)  for 
/«  l  kHx  is  useful  It  shows  that  ihe  field  at  p  -  1  km  has 
the  maximum  value  20  log, 0;£,o(p,0,Q)  |  ~  -  200  dB  due  to 
a  source  with  the  elcctnc  moment  {lu[0)h,  j  =  1  A  tn.  The 
location  of  the  exponential  decrease — which  occult  between 
p  =  l  km  and  p  «  50  km— can  be  determined  if  measure¬ 
ments  can  be  made  down  to  20  iog10|£lp(p,0,0)|  =  —  2M) 
dB  per  unit  electric  momenv.  With  a  transmitting  rntenna 
that  is  designed  to  provide  an  effective  electric  moment 
i/,(0)hf  | — 3  a  105  A  m,  the  minimum  level  of  -  250  dB  is 
raised  to  -  140  dB.  The  corresponding  minimum  electric 
field  that  must  be  measured  is  ,£,„,/>, 0,0),  -  0.1  p\’/m.  If 
the  receiving  antenna  has  an  effective  length  of  10  m,  the 
required  sensitivity  of  the  receiver  is  1  pV. 

If  the  receiving  antenna  is  located  on  the  sea  bottom  at 
successive  radial  distances  between/)  =  1  km  &rvip  =  50  km 
from  the  source,  the  radial  elcctnc  field  can  be  measured  at 
each  location.  A  measured  curve  with  an  exponential  decay 
like  those  in  Fig.  7(a)  suffices  to  determine  tr,  if  it  is  in  the 
specified  range. 

The  effect  of  noise  on  lateral-wave  propagation  is  treat¬ 
ed  by  deBettencourt.45  The  design  of  efficient  and  practical 
satennas  for  use  on  the  sea  floor  is  an  important  and  theore¬ 
tically  involved  problem.  It  will  be  treated  in  a  separate  pa¬ 
per. 
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VII.  PROPAGATION  OF  LATERAL  WAVES  IN  THE 
PRESENCE  OF  IRREGULARITIES  AND 
DISCONTINUITIES  IN  THE  BOUNDING  SURFACE 

The  formulas  for  ti»  complete  electromagnetic  field 
generated  by  horizontal  and  vertical  dipoles  near  the  bound¬ 
ary  between  Regissa  1  and  2  ((&,/£, |>3)  apply  specifically 
to  smooth  plane  boundary  surfaces.  The  nature  of  propaga 
tion  along  other  types  cf  surfaces  has  been  treated  by  Ba- 
har  ;*•  Beckman,47  and  Crombie.**  But  these  studies  arc  con¬ 
cerned  primarily  with  the  use  of  observations  of  the 
electromagnetic  field  made  in  tfea  air  above  the  earth  or  sea 
to  determine  tbs  nature  of  coauaiforaaties  in  the  surface  or 
the  properties  of  the  earth.  The  Utter  is  possible  for  smooth 
surfaces  only  m  the  range  of  parameters  and  variables  where 
the  decay  rate  of  the  field  with  distance  depends  on  the  elec¬ 
trical  propv-ties  of  both  the  bounding  medie— a  range  near 
\k2p\~\k\/k\\ — and  even  here  it  is  not  very  sensitive  to 
the  properties  of  Region  1.  In  this  range  the  electromagnetic 
field  depends  on  the  variables  and  parameters  in  a  very  com¬ 
plicated  manner  so  that  it  is  not  well  suited  to  a  study  of  the 
electrical  properties  of  the  sea  bottom  Specifically,  if  the 
wide  range  over  which  the  electric  field  depends  on  the  radial 
distance  in  the  form  t?‘iP / p  is  selected,  a  study  of  the  scat¬ 
tering  or  reflection  from  and  the  propagation  across  discon¬ 
tinuities  and  irregularities  can  be  carried  out  in  a  straightfor¬ 
ward  manner.  Extensive  experimental  investigations4®*31 
have  been  carried  out  in  this  range  in  a  model  tank  on  the 
transmission  across  and  reflection  from  a  variety  of  irregu¬ 
larities  and  discontinuities  along  an  eir-salt  water  boundary 
Theoretical  studies31  on  the  reflection  of  lateral  wayes  from 
and  their  transmission  across  vertical  discontinuities  and  ob¬ 
stacles  have  also  been  made.  These  all  indicate  that  vertical 
projections  and  depressions  of  height  L  do  not  significantly 
affect  the  propagation  of  surface  waves  provided  L  is  electri¬ 
cally  small  in  terms  of  the  wave  number  k2,  that  is,  \kE  |<1, 
and  their  radial  distance  from  the  source  satisfies 
\  k2p\  >  !Ar,/fcj  j.  The  values  off,  forwhich  ikjL  [  =  1  are  list¬ 
ed  is  Table  I  for  a  range,  of  frequencies  and  conductivities  It 
is  seen  that  these  are  relatively  large  so  that  lateral-wave 
measurements  along  a  fairly  rough  and  irregular  sea  bottom 
should  be  possible. 

Viil.  CONCLUSION 

New  simple  formulas,  that  accurately  represent  surface 
wave  propagation  along  a  smooth  boundary  between  tw„ 
homogeneous  and  isotropic  half-spaces  with  significantly 
different  wave  numbers  in  the  range  .if  useful  frequencies. 


TABLE  I.  Hei|bt  L  for  which  (he  electictl  htisht  ir  ! k/L  ’  -  I 
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have  beta  applied  to  the  determination  of  the  conductivity 
and  permittivity  of  the  sea  bottom.  Since  the  lateral  waves 
generated  by  one  horizontal  electric  dipole  in  the  sea  end 
received  by  another  at  a  radial  distance  p  do  not  penetrate 
deeply  into  the  ocean  floor,  they  are  useful  primarily  in  de¬ 
termining  the  average  conductivity  and  permittivity  of  the 
material  fairly  dose  to  the  boundary.  For  this,  a  two-layer 
theory  may  be  adequate.  Since  the  geld  of  a  horizontal  elec¬ 
tric  dipole  at  a  given  radial  distance  along  the  sea  floor  in¬ 
cludes  a  lateral  wave  along  the  boundary  surface  and  possi¬ 
ble  reflections  of  the  spherical  wave  that  travels  down  into 
the  earth  from  horizontal  layers  with  different  conductiv¬ 
ities,  its  use  as  &  source  in  deep  sounding  requires  careful 
study.  The  interesting  possibility  of  an  anisotropy  in  conduc¬ 
tivity  in  the  shallow  depth  sampled  by  the  surface  wave, 
which  has  now  been  analyzed, JJ  invites  serious  considera¬ 
tion. 
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Surface-wave  propagation  along  the  boundary  between  sea  water  and  one- 
dimensionaliy  anisotropic  rock 
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New  formulas  for  the  components  of  the  electromagnetic  surface  wave  propagating  along  the 
boundary  between  sea  water  (Region  i)  and  a  one-dimensicnally  anisotropic  rock  (Region  2)  have 
been  obtained-  The  conductivity  of  the  rock  is  taken  to  be  er,  =*  cry  =  aT,  &x  —  aL,  where  z  is 
perpendicular  to  the  boundary.  Bo  tit  <jL  and  aT  are  constant  When  au  —  aT,  the  new  formulas 
coincide  with  those  of  Wu  and  King  [Radio  Set  17, 521 , 532  (3982);  J.  Appl  Phys.  54, 507  (1983)} 
for  an  isotropic  medium.  When  #<7r,  the  lateral-wave  part  of  the  field  is  separated  into  two 

terms  of  which  the  first  is  of  electric  type  with  the  wave  number  k2  =  kL,  and  the  second  is  of 
magnetic  type  with  k2  =  kT.  The  new  formulas  can  be  used  to  interpret  recent  measurements  of 
the  oceanic  crust. 


1.  INTRODUCTION 

Electromagnetic  surface  waves  propagate  aiong  boun¬ 
daries  between  electrically  different  media  like  air  and  earth 
or  rock  and  sea  water.  They  constitute  a  major  part  of  the 
field  near  the  boundary  when  this  is  generated  by  antennas 
located  on  or  dose  to  the  boundary.  This  means  that  they 
play  an  important  role  in  geophysical  prospecting  and  diag¬ 
nostics  when  both  the  source  and  the  receiver  are  located  on 
the  sea  floor.  Recently,  numerical  evaluations  of  the  general 
integrals  for  the  complete  electromagnetic  field  (which  in¬ 
cludes  the  lateral  wave)  have  been  used  to  investigate  the 
electrical  conductivity  structure  of  the  oceanic  crust  under 
the  assumption  that  it  is  horizontally  layered.1"3  The  source 
used  in  these  investigations  was  a  horizontal  electric  dipole 
near  the  sea  bottom.  Two  arbitrarily  oriented  horizontal 
components  £,  and  £r  of  the  electromagnetic  field  were 
measured  with  a  crossed-dipole  receiving  antenna  at  a  dis¬ 
tance  of  18.9  km  from  the  source  for  a  range  of  frequences 
between  0.25  and  2.25  Hz,  From  a  comparison  of  the  mea¬ 
sured  data  with  the  numerically  calculated  curves  for  mod¬ 
els  of  the  crust  consisting  of  eight  layers  with  different  con¬ 
ductivities  and  thicknesses  to  a  depth  of  over  30  km,  the 
“best  fit”  model  was  determined.  The  models  investigated 
did  not  include  a  horizontal  stratification  of  the  rock  in  the 
form  of  relatively  thin  layers  that  alternate  with  higher  and 
lower  conductivities.  Such  a  model  is  well  approximated  by  a 
half-space  that  is  homogeneous  but  anisotropic  in  conduc¬ 
tivity  with  the  conductivity  =  <jL  perpendicular  to  the 
bedding  surfaces  different  from  the  conductivity  ax  =  ay 
=  aT  parallel  to  these  surfaces.4  An  anisotropic  mode!  of 
this  type  has  been  suggested.5,6  Since  the  maximum  depth  of 
penetration  of  lateral  waves  reaching  a  point  18.9  km  distent 
in  an  isotropic  rock  with  cr2~ 0.004  S/m  under  sea  water 
with  <7 1  ~4  S/m  is  only  about  220  m,7  such  a  stratification 
does  not  have  to  extend  far  into  the  crust. 

In  order  to  confirm  the  suggested  anisotropic  model,5  it 
is  necessary  to  cany  out  a  complete  analysis  of  the  field  gen- 
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crated  by  a  horizontal  electric  dipole  on  the  sea  floor  above  a 
homogeneous  but  one-dimensionally  anisotropic  half-space 
of  rock,  and  to  compare  this  with  the  available  measure 
meats.3  It  is  the  purpose  of  this  paper  to  carry  out  such  a 
study  as  an  interesting  and  useful  alternative  for  interpreting 
the  measured  data. 

H.  THE  INTEGRAL  SOLUTION 

The  coordinate  system  is  that  shown  in  Fig.  1.  The  half¬ 
space  z>  0  {Region  1)  is  filled  with  sea  water  characterized 
by  the  permeability  yu,  =  permittivity  e„  and  conductiv¬ 
ity  <7,.  The  rest  of  space,  z  <  0  (Region  2),  is  occupied  by  .rock 
with  n2 — ft0;  ex=ey=  eT,  e,=eL;  and  oy,  a, 

-  aL.  The  unit  horizontal  electric  dipole  is  x  directed  at 

(O.O.d). 

Maxwell's  equations,  with  the  time  dependence  e  " 
are 

VXE,.  =  icoBj,  (1) 

?XB,  -}tj{  -  icoejEj  +  J),  (2) 

J  =  S{x)S[y)S[z-d)x,  (3) 

where  £  is  the  unit  vector  in  the*  direction  and  the  subscript 
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FIG.  1.  Components  of  electric  field  at  ( p,M  due  to  an  ^-directed  unit 
dipole  (/A/«=  J  A  ra)  located  at  (0,0^)  in  sea  water  (Region  1)  ever  one- 
dimensionally  anisotropic  rock  (Region  2). 
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j  — 1,2  distinguishes^  Oandz  <0,  respectively.  In  Eq.  (2), 
Vt  +  iffy/a  0  0 

e,  =  0  e,  +  ier-Ja  0  ,  (4J 

0  0  et  +  iot/o. 

eT  +  iaT/o  0  0 

e2  =  0  £T  +  itxT/o  0  .  (5) 

0  0  eL+  ioL/a 

•The  integral  solutions  of  the  field  may  be  derived  in  a 
manner  similar  to  that  used  by  King  and  Smith.2  let 


jmmds£mdvP*+v'  E(s.^)- 


(6) 


Similar  transforms  2pply  to  B  and  J.  Thus  with  Eq.  (3) 

?(£**} -#-*)*.  (7) 

From  Maxwell’s  equations,  the  Fourier  transforms  of  the 
field  components  in  Region  1  satisfy  the  following  equations: 

h]El,--~El r=ioBu,  (8) 

~EXx-i£Eu  =  iuBly,  |9) 

02 

>£%,  -  iy£u  ~  teBi, .  (10) 

hfiu  ~  T &\T  -  -  +  PA2  ~d).  ( 1 !) 

dz 

3  w 


—Bix  —  i£Bu  =  -iafi^E,,, 


(12) 


‘£B,y  -  iyBu  -  -  tofi&E,,  .  (13) 

In  Region  2,  the  -inductivity  and  permittivity  of  the 
rock  have  two  different  values  in  the  horizontal  and  vertical 
directions  so  that  the  field  components  in  the  rock  satisfy 


‘VE*  -  =io)Bu  , 

~EZx  -  %EU  =  i6)Bly , 

i£Ely  —  iyE^  =  iaBu  , 

_  5  —  — 

iyBu  -  —  B2y  ~  -  ia)u<£TEu  , 
02 

~Bi*  ~ £5*  “  -  i(on0erEiy  , 
02 

‘£#2,  -  iyBu  =  -  MfiohEix  ' 

where 

€)  —  €j  +  iOj/a,  j  =  IE, T. 


(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 


Equations  (8)-(19j  maybe  used  to  solve  for£y,  E„  By, 
and  Bt  in  terms  of  Ex  and  B. .  The  results  are 

3U  =  -~~T  ^  |-  Bu  -  a>fio£,yE^  ,  (21) 

(22) 

(23) 


**m7r. irH**-**-)' 

d,y  =  £2  _  £2  (  ~  ~ 11 


-  dr.  \ 

u}> 


'WiT^ 
02 


Eu  =  -7^~T  {**yBu  +!'£~£uy  (24) 

B*  =  JTZSpi  ~  .  (25) 

*-*^(*3*- -**>)•  1251 

1271 

PS) 

where 

k)~a‘fi (j£j,  j=  iE,T.  (29) 

The  substitution  of  Eqs.  (21H24)  into  Eqs.  (8)  and  (11) 
leads  to  the  following  ordinary  differential  equations  for  £,* 
and  Blx: 

•S5te+r?5to'«0i  (30) 

Eu  +Y\Eu  —  *—  S(z  —  d),  (31) 

or  tae, 

where 

r,  =  M-£2-yY2-  (32) 

The  imaginary  part  of  the  square  root  is  positive. 

Because  of  the  radiation  condition  as  z— cc,  the  solu¬ 
tions  in  Region  1  may  be  expressed  as 

k2  —  £2 

Eu  =  C2ew - ! — —  e*'* sin yxz,  0<z<d,  (33) 

icoetYi 

£, s=(c2-  -  sin  Y\d  )  e171'.  d <z,  (34) 

V  weiYi  / 

2?u  =n0Cxer'\  0 <z.  (35) 

In  Region  2,  equations  for  B^  and  Eu  can  be  obtained 
with  the  substitution  of  Eqs.  (25>— (28)  into  Ec.s.  (14)  and  (17). 
The  results  are 


3 2  r. 


k\-f-3* 


Bu  + 


+ 


‘£y  (  i 

«  U 2t-£2 


n-s1) 


i-E 

dz* 


—  0, 


kj  d2 
k\ - £ 1  & 


Eu  + 


(36) 


If  the  solutions  cf  B&  and  E^  are  assumed  to  have  the  forms 
=Ae~^,  (38) 

=Be~lr*t  (39) 

and  these  are  substituted  in  Eqs.  (36)  and  (37),  the  following 
algebraic  equations  are  obtained: 
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(40) 


(41) 


fl _ t - i- -)a 

v  n-e2) 

V  k\-£2  ki—s) 

The  nonzero  solution  should  satisfy  the  following  equation: 

AI+tW+HX^+t2)-^*!-] 

+  k\[k\ -I1- rlk\ -§2  -  r)  =  0.  (42) 

The  solutions  for  y  are 

y0  =  (fc2r-AJ)l« 

(44) 

where 

A'-gt  +  rj1.  (45) 

The  imaginary  parts  of  y0  a::d  ye  should  be  positive  when  A  is 
real.  The  A  and  B  coefficients  in  Eqs.  (38)  and  (39)  should 
satisfy 


B0  _  Oil} 

•*“  ■  ’  1  1 

(46) 

|y0 

5'  _ 03  fr' 

”  —  "  • 

(47) 

^  *r7 

From  Eqs.  (25H28)  all  of  the  components  in  Region  2  can  be 
obtained.  They  are 

B „  =/r0(/i0e_w  +  ^,e-,n 

fro  k\t) 


(48) 

(49) 


"=-(tf'W+T f*-)- 


(50) 


(51) 


&2x 

b/O 

■p  _/(Vo  , 


(52) 

(53) 


On  the  boundary  z  =  G,  with  the  conditions  Bu 
=  52rlx«,Q  and  k^Eu=klE2t\,„0,  the  coefficients  A0 
and/ff  may  be  expressed  in  terms  of  C,  and  C2  as  follows: 

fro 


An  — 


A3ik*-n 


(i'/iC,  -f  aiflCJ, 


A  _  kjij  foMCt-friC,  £ 


JrA' 


-iVol  k\-i3 


<ue, 


(54) 

(55) 


From  the  conditions  =Es>,it_o  and 5^  =5lrjx^0,the 

(43)  following  equations  may  be  obtained: 

fr  r' 

i  _  fi  Cz 


WoYi  ^ 

n  ptc'' 


k\-fr 


k\-£3 


Yo 


*T 


(56) 


fr  ^  ^ 

o,  +  -— — — 1-2 


*w3 


/ 


-Za.+La,-  -A”. 

£  7 


(57) 


The  coefficients  C,  and  C2  arc  derived  from  Eqs.  (54>-{57). 
They  are 

tr,* 


C\- 


=  ” - £  zy0yt  -  k\fy). 


A  %V, 


(58) 


Cl=  “tSht  iA2Ar'+£z[r,(ror, -*r)-**yr]}. 

A.  A2qA'^ 

(59) 

where 

K  =  */i  +  Yo>  (W) 

N,-k\yx  +  k\rt.  (61) 


in  Region  1,  when  0  <z<d,  the  components  of  the  electromagnetic  field  are 


My 


Blx  = 


1  i 

r 

(2rrf  - 

L. 

e*rA 

i<*hY\ 

1  1 

r 

(2tt)2  J 

L« 

1  j 

poo 

(2jt)3  J 

—  00 

J£s_  1 

r 

(2of  J 

L 

.  ft.  r 

- ^W{  +  |-2[y,(r0n-*2r)-^Vj} 


A  2A/c//, 


(* 


?  —  if1)  sin  y,z)> 


J®  f"  /,,,,  <ri(«  +  rf)  Jri*  \ 

^  <%«* + vl  fr  ( (*  rn + ^  2y,  -  rir0n ) + ■— —  sin  y  ,z ) , 

\  A^MqN,  ■  M^iYi  / 


/W/h,I+rf'  N 


— cos  y,z  , 
<ue, 


* 


.>,i2  +  ai 


(2rr)J 


(62) 

(63) 

(64) 

(65) 

(66) 
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C-  r~  {  rr{*+<H  :J7 |rf  \ 

5— V*w)- 

It  is  now  convenient  to  introduce  the  cylindrical  coordinates p/,  z  with 
x—p  cos  6,  ^=psin  4>, 

£=A.cos  4>\  ij=Asin<P, 

and  the  integral  representation  of  the  Bessel  functions,  viz., 

2?r  Jo 

With  Eqs.  (68)— (70)  the  components  of  the  field  in  Region  1  may  be  rewritten  as  follows: 

Elp  =  -^L-COS^  [  Jf“  (a?  J#p)~  1W 

+  f  {yy -  [•An'V!  -  JjHp)]  -  —  [-roUp)  4-  y2(^)])  ^  dA  ]  , 

Eu  —  [  JQ  (*?  J&p)  -  f/o^)  +  •Wl) 1  ^ 

+ J: '  (■—  tw + -  yy  WW  /  -wi)  *‘nu  ~  'u  dx  ] , 

4mA:  ,  .  Jo 

3lp=  —  ■—  sin  <^[  ±  j‘jQfip)e'r"'~d'A  dk  +  j£"  [J0{Ap]  ~ HW 1  ~  y  [-MW  +  ■W])e,’',K * 'U 

^  =  _  if<L  cos  d f  ±  f KJMp]etr'u-d  AdA+  \X  (iL  [J0[Ap)  -  /^p)]  -  ^  [J0(^|  +  y2(;.p)])e,ytl'  *  d'A  dA 

Air  l  Jo  Jo  \  2  2  / 

Bu=^sin<f>  f  [e,r","ly  -P0enr'[I+d']JAAp)~dA. 

Air  Jo  y, 

Where  two  signs  appear,  the  upper  one  is  for  the  range  d  <z,  the  lower  one  for  0 <,z<d.  Also 
k]yt+k\Yi  ’ 


(67) 


(6S) 

(69) 

(70) 


(71) 


(72) 

(73) 

(74) 

(75) 

(76) 


(77) 


n  7o  -  n 

r 5 - ; - • 

7o  +  7t 

Expressions  {71)— (76,  are  very  similar  to  the  corresponding  formulas  with  Region 
contained  in  the  factors  P  and  Q  which  have  been  changed  here  to  P0  and  Qf . 


(78) 

2  isotropic.*  The  only  differences  are 


t 


HI.  SIMPLIFICATION  OF  THE  FORMULAS  where 


The  integral  expressions  (71H76)  are  not  convenient  to 
evaluate  or  to  obtain  useful  physical  insishxs.  For  geophysi¬ 
cal  applications,  accurate,  gencr  « cu.  simpler  formulas  for 
the  surface-wave  field  are  needed  With  isotropic  media, 
such  a  set  of  formula  has  been  obtained.9"11  With  the  same 
procedure,  a  set  of  similar  formulas  may  be  derived  for  the 
one-dimensionally  anisotropic  case, 

X  Formulation  for  E,p 

Expression  (71)  may  be  rewritten  in  the  form 

E[p  =  “TTl-cos  <{>lF0(p,z-d) 

Airk\ 

+  F‘n{pj  +  d)  +  Fl(p,z  +  d)]!  (79) 


F0(p,  z-</)  =  jH  (y  Wp)  -  J&P)) 

+  Wp)JrJl[Ap)]\  e‘r,u  ~d  A  dAjZO) 
2y,  ) 

F'o{p,z  +  d)  =  (Z-  Wp)  -  J&pW 

+  ^-Wp)  +  J,m)er"^d'AdA, 

2  y,  / 


(81) 


and 

Fx(p,  z  +  d)=-  F2(p,  z  +  d)  +  F;(p,  z  +  d ),  (82) 

with 
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X  Wp)  -  um  ew,-'U  dXt  (83) 

f,(p,r  +  rf!=  -k\ 

Jo  Yi\Yo  +  Yil 

X  UoUp)  +  J2(Xp)]  ew,+-U  d/L  (84) 

The  functions  F£p,z  —  d),F'0[p,z-rd),  and  F ,( p,  z  +  d ) 
stand  for  the  direct  wave,  the  reflected  wave,  and  the  lateral 
wave,  respectively.  The  direct-wave  and  reflected-wave 
terms  are  exactly  the  same  as  with  an  isotropic  medium.9 
They  have  been  simplified  in  Ref.  9  as  follows: 

FJp.  z  -  d ) »  -  2***  ft  +  4) .  (85) 

v>  pJ 

FUp.x  +  d)sFi[p.  0)*,A,“W' 

=  _^*^Ptft+  i\  (g6) 

V  p  f 

where 

rx  =  [p'  +  {z-cmul.  (87) 

For  the  lateral-wave  terms  F2  and  FJt  the  only  differ¬ 
ences  between  Eqs.  (83)  and  (84)  and  the  corresponding  for¬ 
mulas  for  an  isotropic  medium9  are  that  the  factor  y2  has 
beer,  replaced,  respectively,  by  y,  and  y0.  With  the  same 
approximation  as  in  the  isotropic  case,  they  may  be  simpli¬ 
fied  as 


m  )=  r>_;  2)mwp\  -  i&m  di 

Jo 

=  -2I2(k)+k%{k), 

/#}  =  ]["  (k2-**)U2[Ulp)  +J2m*dX. 

p2  '  p* 

i3(k  )=  (>-*  2r'nwp)  -  mu  dx 

Jo 

=  -—e^-I4(k), 

P 

I4[k )  =  Jf' “  (k‘ 2  -  A  J)“ ,/2[ J0[Ap)  +  J2[Xp)]X  dA 

=  ft  (i-e'1*). 
kp2 


The  function  G[p)  in  Eq.  (90)  is  the  following  integral: 

G[P)=  -k\  fn  (77-771 — 77-) 

-'0  Ui^+Afy,  k\yj 


F2[p,z-=rd)zzF2[p,0)e 


tktu  •+  d\ 


F3[ptz  +  d)zzF3[p,  0)e‘k-u^\ 


where 


F:(p,0)  =  ~k2T  r  ?'  —[J0 [Xp)  - HAp)]A  dX 

Jo  k\yt+k\yx 

—  — ",  2  +  (k  i  ~  k \)  / 3!^^ ) J  +  G[p), 

.90) 

npfi)  =  -k]  f  -Yo  —  Wp)  +  J2(Xp)]X  dX 
Jo  Y\\Yo  +  Y 1) 


X[J0{Ap)-Ji[Ap)V>dA 

kLkr\o  ^\k\y*  +  kLkTyx  k\tfj 
X[J0(Xp)~J2[Xp)]XdX,  (96) 

where 

Yt~(kl-A2)'/2.  (97) 

G  (p)  is  evaluated  in  the  Appendix  with  the  result 

<?(p)  =  \l/2  elk‘J’e-"‘‘-p{k‘T'2k]'Sr,  (98) 

k ,  \kL pJ 

where 

y  =  2(l+i)-C2  [kLp(k  \/2 k  ])] -iS2  [ kLp(k  \/2  k 2 )] . 

(99) 

The  Fresnel  integral  is  defined  as  follows: 


C:(z)  +  tf2(z)  =  f— ^TF^ 
Jo  (2nt  r* 


The  four  functions  I \k  /are  integrals  that  satisfy  thefollowing 
simple  formulas9:  - 


The  substitution  of  Eqs.  (85),  (86),  (90),  and  (91)  into  Eq. 
(79)  with  Eqs.  (82),  (88)— (95),  and  (98),  with  the  omission  of 
small  terms  of  the  order  kLkT/k  \  compared  with  1,  leads  to 
the  following  formula  for  Elp : 


*»- 


,<i(ck'',*d)  ekip  'hhhi  kT  f  *  _i_eikT*>  _e'W*i+ ny 

V  P  P2  kt  \kLp)  p3  Ip2  p3// 


B.  Formulation  for  E,4 

The  integral  expression  (72)  may  be  rewritten  in  the 


E  -  ^0 


-“•sin  4>[GAP,2-d) 

Aitk  j 

+  G'0[p,z-Vd)  +  Gx{p,z  +  d)], 
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where  G,(p,  2-d),Gtip,£  +  d),  and  Gt[p,  z  +  d)uc  the 
direct  wave,  reflected  wave,  and  lateral  wave,  respectively. 
The  functions  G0  and  G'0  coincide  with  the  corresponding 
formulas  for  an  isotropic  Region  2.*  They  arc 

G0[p,z  —  d)—  £ 

+£i  Wp)-J2my^d)^ 

2Yi  ' 

-&-4Y  (103) 

\  r,  n  nJ 

GoipJ  + d )  =  ^  tW  + 

lY\  ' 

_  _  ertrt  _  h  -  2-V  (104) 

\r2  n  Ai 

where  r,  is  given  in  Eq.  (87)  and 

=  +  +  11051 

The  lateral-wave  term  is 

Gl(p,z  +  d)-G2[p,2  +  d)  +  GJ[p,z  +  d),  (106) 

with 

Sip,  z  +  d)  =  -  k'r  f  Jf l'7*1  +  J'm 
Xelr'{,+d)A.  dA,,  (107) 


iw-w 

X^+fl/lA  (108) 

With  the  same  procedure  as  used  in  Ref.  10,  the  following 
expressions  can  be  obtained: 

c,ip.:  +  d  l»5.(P,0M“'"*a‘.  (1101 

where 

g1(p,oi=  -!dz  [ukL)+(k\ -HAfcll  +»(rt 

(ini 

<7j(p,0)=  —  &  ,-Mi)  -h  /j(^i)  —  -Mr)-  (112' 

In  Eq.  (1 1 1)  the  function  N(p)  is  the  integral 

#(/>)= -Mr  J[  r?  {k\rt  +  k~k^~ If)?) 

(113) 

It  is  evaluated  in  the  Appendix  with  the  result 

\  2/frUr  «r^__ (114) 

— ~  m53 

The  factor  ?  is  defined  in  Eq.  (99). 

The  substitution  of  Eqs.  ( 1 03),  ( 1 04),  ( 11 1 ),  and  ( 1 1 2)  into 
Eq.  (102)  with  Eqs.  (106),  (109),  (110),  and  (114)  leads  to  the 
following  final  approximate  formula  for  E  H : 


l  li?  Ti  IM”’  /  tv  pVJ 


C.  Formulation  fore,. 


H0(p,z-d)  +  H'0(p,z  +  d) 


uuiluiuuyiMv.  l.(?  . 

With  asimilar  procedure,  expression  (73)  can  be  rewrit-  _  /z-^v.  +  £  +  *«*•*  )(£l  +  -  -U 

\  p  P  P  PJ 


Eu=-^cos<fi[Z0[p,z-d) 

‘Urk\ 


The  lateral-wave  term, 


+  tf5{p,r  +  cn  +  tf1(/>.*  +  *f)]-  <116i  i/llp,z+^1 

-  f"  +  rf,(j2,  -  1)7, (/l^ 2  dX 

The  direct-wave  term  H0  and  the  reflected-wave  term  H0  J0 

are  identical  to  those  in  Ref.  10.  viz.,  ,  r'  ,  Ijm’di  (120) 

ltip.t-d)-±r  ("7)  °  k'r-+krr' 

Jo  may  be  approximated  as 

si{p,i+d)=r^jm,M-  m8)  11211 

Jo 

They  reduce  to  the  simple  formula  wtfa 
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HX(P,  0) 

r  /  x  i  j  \ 

2*rJo  r\k\yt  k\yj 

=  -—£•  f 2  ttt +  *{/>),  (122) 

*i  Yi 


where 


XJx{Ap]A2  dA. 


1 


r?+kLkTrx  k 


h) 


1130) 


(123) 


With  |A  ?  |>|A  i  j  and  0-  —  /A „  the  following  approxima¬ 
tion  can  be  obtained10: 

f[k  k  S\-r'  lA2+^'n  i  *■  .  ,  '*» 

2  +jfrrpF+  7  ' 

(124| 


so  that 

If  Ap.  0)~  — 


2kLkT 

7V 

(h 

*1 

'  P 

4tT 

+  iro(/?>2"b^)+lpj{/:,»^  +  ^)3.  (129) 

The  direct-w  ive  term  F0  and  the  reject  id-wave  temi  F‘0  are 
like  those  in  the  corresponding  formula  in  Ref.  1 1.  They  are 

F0{p,z-d)~  ±j%lr'u-diJQ{Ap)AJA 

=ze,k‘r,(^—~)lz-J}, 

V  p2, 

FUp,z  +  d)  =  £*  MW  & 

The  lateral-wave  term  Fx  is 
Fi(  p,  z  -f  d )  =  F2(  p,  z  +  d )  +  Fi{  p,  z  +  d j, 
where 

Fi(p<  z  +  d)—  —  kLkT  \  — — — -!  •  [iof/i/?)  —  Jifip}] 

Jo  A,A,-y, +  Ayyr 


(131) 

(132) 


(125) 

The  function  AT(p)  may  be  evaluated  with  a  method  similar 
to  that  used  for  6  ( p\  and  H  { p).  The  result  is 

K(p)  =  (JL>[n  f*e-*u*l  v. 


Xe‘n,I+d!/l  dX 
~F2[p£>)  ek't,+d\ 


(133) 


r*r  /  ir  V 
A;  UtW 
The  final  formula  for  is 


(126) 


f3(/>,z  +  d)=  -  j* 

Jo 


Vo 


1°  Yo  +  Y, 
Xer,u+ “"Ad* 


[J0\Ap)  +  J2{Ap)] 


fkLkT  + 
\  k. 


}kd> 


k l  j  i 

P  P2 


~F,{P,0)eikM  +  d>. 

The  integral  F^p.O)  is  the  same  as  in  Ref.  1 1,  viz., 


(134) 


ikTk\ 

FJ  o,0)  =  — 

\t**( 

4+ 

—) 

k\ 

\At/?  J  J  p2  j 

*p  ’  A, 

l  \ 

1  (z- 

d  „<V|  ,  Z  +  djk{r 

4. 

2A3r 

2Ar 

1 

l« 

5r 

2\  p 

— e  ^ - g 

P  / 

1 

kp2 

‘  P2 

P3  J 

(135) 


X 


(hf-?))- 


(127) 


D.  Formulation  for  B1z 

The  integral  expression  (76)  is  identical  to  the  corre¬ 
sponding  formula  for  an  isotropic  medium 1 1  except  that  the 
factor  y2  (in  P }  has  been  changed  to  y0  (in  P0).  It  follows  that 
the  final  formula  is 


W)  =  _  Mi  r  lL  Wp)  -  J2{Ap\\  A  dA 

k\  Jo  r? 

kL'T\o  7 '  {kLkTy,  +  kjy?  k]y*) 


X{JoiAp)-J2(Ap)]AdA. 


(136) 


3Ar  3/\ 

r 

/*■ 

! 

—  e 


,'Vj 


\p2  p 3  pV 


+±(e*.-..e^(^+2 J.)]. 


(128) 


With  the  same  procedure  used  in  Ref.  11,  the  function 
F2{  p, 0)  is  derived  to  be 

_  2ikLkT  fl_  /  \  j kyp 

k\  \p2  2k  p2) 


E.  Formulation  for  Bt4 

The  integral  expression  (75)  may  be  rewritten  as  follows: 
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The  final  formula  for  Bu  is 
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B  «  ctzA  (:,k* \*u>\ikLkr  kr  „ _  j_ g'>rp| 

w  2»jt,  \  lip  P1  *1  \l{LpJ  i  P3  i 


F.  Formulation  1orS1p 

The  formula  i 
Maxwell  equation 


(*rd  e,k'r'  4.  z  +  d.e*A  (— 
\  p  p  A  p 

* 

p  ’ 

) 

(138) 

r 

i 

(  1  dEu 

!  1 

(139) 

a 

\p  Sip 

ot  J 

The  formula  for  ,Blp  is  derived  as  in  Ref.  1 1  from  the  With  the  expressions  (126)  for  £ls  and  (1  IS)  fo;Es+,  the  final 
"  formula  for  Blp  is 


B  =  — iflL_ sinJ,^>  [e,k*  [4  +  (  M' V j  -1-  «*»'  +  4) 

,p  2irkt  \  [p2  *ip  UzP /  J  \p  p) 


,  <  V,  f *1  _  2*.  _  H'l  _  1  (LzA  g**  +  £±£  eH  f^l  +  - . 

I  p2  p2)  2  \  p  P  A  P  P3  V*" 


(140) 


IV.  DISCUSSION  AND  CALCULATION 

From  the  formulas  for  the  components  of  the  electro¬ 
magnetic  field  near  the  surface  of  the  onc-dimensionaiiy  an¬ 
isotropic  rock,  it  is  seen  that  the  electromagnetic  field  in 
Region  1  still  consists  of  three  kinds  of  waves,  viz.,  the  direct 
wave,  reflected  wave,  and  lateral  wave.  The  first  two  are 
exactly  the  same  as  when  Region  2  is  isotropic  This  is  not 
true,  however,  of  the  lateral- wave  term  which  now  appears 
separated  into  two  groups.  The  first  group  includes  terms 
from  the  five  components  £„,  £,p,  Eu,  Bla,  and  Bl0  with 
the  wave  number  k2  =  kL.  The  second  group  includes  terms 
from  the  five  components  5,,,  Blp,  Bu,  EUl  and  £,p  with 
the  wave  number  k2  =  kT  They  correspond,  respectively,  to 
waves  of  the  electric  type  (TM  type)  and  of  the  magnetic  type 
(TE  type)  propagating  along  the  surface  in  the  rock 

At  large  distances,  when  \l\p(k2T/2k\)\>\,  the  Fres¬ 
nel-integral  term  may  be  approxi  nated  by 

,-ik^2k]^_ikL(_±_Y2( i  __gj_l  (Kl) 


(  1  V'Yl  -  ihA  \  - 

~kT\vkLp)  V.  k\kLp) 


With  this  and  \k  ]  >  \k  \  |,  it  follows  that  the  components  of 
the  lateral-wave  part  of  the  electromagnetic  far  field  may  be 
simplified  as  follows: 
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From  Eqs.  (142>— {147}  it  may  be  seen  that  th..  horizontal 
electnc-fieid  components  E  \p  and  E  \6  are  proportional  to 
the  horizontal  magnetic-field  components  B  \6  and  B  \p,  re¬ 
spectively.  They  include  terms  of  both  electric  and  magnetic 
type.  The  vertical  components  Eu  and  2?„  are  much  smaller 
than  the  corresponding  horizontal  components,  and  include 
only  terms  of  either  electric  or  magnetic  type. 

In  Region  2,  on  the  other  hand,  due  to  the  boundary 
condition  k \EU  =  k  {E^  j,_0,  the  vertical  component  Eu 
is  much  larger  than  the  horizontal  electric-field  components. 
Therefore,  the  Poyntmg  vector  is  essentially  vertically  up 
into  the  sea  water,  and  radially  outward  in  the  rock.  The 
electromagnetic  energy  travels  down  into  the  rock  first. 
Since  the  rock  is  anisotropic,  it  generates  waves  of  both  elec¬ 
tric  and  magnetic  type  that  propagate  in  the  rock  along  the 
surface,  then  leak  vertically  upward  into  the  sea  water.  Be¬ 
cause  the  magnetic-type  wave  has  only  horizontal  electric- 
field  components,  the  wave  number  kT  depends  only  on  aT. 
For  the  electnc-type  wave  in  the  rock,  the  vertical  electric 
field  component  is  much  larger  than  the  horizontal  compo¬ 
nents.  For  it,  the  wave  number  kL  depends  only  on  aL. 

In  the  near  and  intermediate  distances  with 
| kLp(k  \/2 k  f  )|  <  1,  the  Fresnel- integral  term  is  small  com¬ 
pared  with  the  other  terms,  and  the  formulas  for  the  lateral- 
wave  part  of  the  electromagnetic  field  can  be  approximated 
as 
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In  Fig.  2  |£Ij5  |  is  shown  as  a  function  of  the  radial  dis¬ 
tance/?  when  d  =  z  —  1  m,  $  =  0,  and  a,  =  3.6  S/m,  for  the 
frequencies  /  =  1  Hz  and/  =  1  kHz.  The  solid  lines  are  for 
a x—ay=  0.C02  S/m,  ct  =  0.004  S/m;  the  dashed  lines  are 


for  ox—of~  0.004  S/m,  az  =  0.002  S/m.  The  doited  and 
dot-dashed  lines  are  for  the  isotropic  rock  with  cr2  =  0.002 
S/m  and  a2  —  0.004  S/m,  respectively.  The  corresponding 
curves  for  \Eti  { at  p  =  tr/2  arc  shown  in  Fig.  3. 

In  Fig.  2(a),  with  /  =  1  Hz,  it  may  be  seen  that  the  solid 
line  is  very  close  to  the  dot-dashed  line,  and  the  dashed  line  is 
very  close  to  the  dotted  line.  This  means  that  in  this  frequen¬ 
cy  and  distance  range,  the  magnetic-type  wave  term  o? £,p  is 
not  important,  and  the  lateral  wave  propsgstes  basically  as 
in  the  isotropic  rock  with  the  conductivity  cr2  —  aL.  When 
the  frequency  is  increased  to  1  kHz,  the  dashed  line  in  Fig. 
2(b)  is  still  very  close  to  the  dotted  line,  but  the  solid  line  is 
separated  from  the  dot-dashed  line  at  larger  distances.  This 
is  because,  when  at  >  a x  —oy,  the  exponential  factor  clk-p  of 
the  electric-type  wave  term  attenuates  faster  than  the  corre¬ 
sponding  factor  eikrP  of  the  magnetic-type  wave.  Therefore, 


FIG  2.  j£,p )  at  ( p, 0. 1  at)  due  to  unit  horizontal  electric  dipole  at  (G,0, 1  m )  in 
sea  water  (Region  l,o,  <=  3.6  S.'mj  over  one-dimensionally  anisotropic  rock 
(Region  2,  <7,  «=  <7,  >=  oT.  a,  =  <rj.  (a)  /  =  1  Hz.  (b)  /  =  1  kHz. 


FIG.  3.  j£lt)l  at  tp.sr/2,1  m (due  to  unit  horizontal  electric  dipole  at  (0.0,1 
mj  in  sea  tmter  (Region  l,t»,  =  3.6  S/ ns)  over  one-dimensionally  amsoirop- 
ic  rock  (Region  2,  <7,  =  o,  =  <7r,  a,  =  <rj.  (a)  /  =  1  Hz.  (b)  /  =  l  kHz. 
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FIG.  6.  Comparison  of  surface- wave  field  components  calculated  for  a  one- 
dimensionally  anisotropic  rock  (Regies  2,  o,  =«  ar  *=  ar,  a ,  m  ot)  with 
tea-door  measurements  by  Young  aaa  Ccx  (Ref.  3).  (a)  E,  **E^s in  d 
+  Elt  cca  A  fb)  Er  =  —  2TV  cos  d  +  £w  sin  A 


at  large  distances  the  magnetic-type  wave  is  dominant,  and 
the  solid  line  becomes  separated  from  the  dot-dashed  line 
and  bent  to  be  parallel  with  the  dotted  line. 

In  Fig.  3  for  \El4 j,  in  contrast  with  |£lp  J,  the  solid  lines 
and  dashed  lines  almost  coincide  and  are  located  between  the 
dotted  and  the  dot -dashed  lines.  This  is  because  the  coeffi¬ 
cients  of  the  electric  and  magnetic  type  wave  terms  of  the 
Ext  component  are  nearly  equal  and  in  phase.  Therefore,  an 
interchange  of  aL  and  aT  has  almost  no  effect  on  \El4 

In  order  to  compare  the  theoretical  formulas  with  the 
measurements  of  Young  and  Cox,1  then  Figs.  2  and  3  are 
reproduced  here  in  Fig.  4.  In  their  experiment  the  insulated 
transmitting  dipole  Fis  located  a  distance/?  =  18.9km  along 
the  sea  floor  from  the  crossed-dipole  receiving  antenna  R. 


The  angle  between  the  transmitting  antenna  and  the  radial 
line  is  <j>.  The  height  of  each  antenna  above  the  sea  floor  is 
zero.  Vectors  to  represent  the  components  Eip[p,4,0)  and 
£i*{/7.0.O)  at  R  are  shown  in  the  figure.  The  two  arms  of  the 
crossed-dipole  receiving  antenna  used  by  Young  and  Cox 
were  aligned  to  measure  the  components  Ex  and  Ey  along 
the  arbitrary  x  andy  directions  shown  in  the  diagram,  rather 
than  and  £,„.  The  angle  between  the  y  and  p  axes  is  ip. 
The  angles  4  and  ifi  are  not  specified  by  Young  and  Cox. 
However,  based  on  the  figure,  a  reasonable  range  for  4  ap¬ 
pears  to  be  from  45*  to  60*.  an  estimated  range  for  4  is  from  5* 
to  15*. 

The  components  Ex  and  Ey  can  be  expressed  in  terms 
of  the  basic  horizontal  components  E,p(p,4,0) 


FIG  5  Comparison  of  surface  wave  field  component*  calculated  fora  one- 
diraasicnally  anisotropic  rock  (Region  2,  o,  =  u,  =  aT,  a,  =  oL\  with 
sea-floor  measurements  by  Young  and  Cox  (Ref.  3).  (a)  E,  =  E,p  sin  <1 
+  £h  cos  A  (b)  £,  =•■  —  E,p  cos  (5  +  £u  sin  A 
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FIG.  7.  Companion  of  surface-wave  fidd  components  calculated  fot  a  one- 
dimcnsionally  anisotropic  rock  (Region  2,  a,  =  o,  *»<7r,  o,  =  oL)  with 
sea-floor  measurements  by  Young  and  Cox  (Ref.  3).  (a)  E,  =  EXp  sin  ^ 
+  E,t  cos  A  (b)  E,  m  -Elpcoi4  +  Ett$inilr. 
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FIG.  8.  CotnpiriJan  of  surfice-tnve  field  components  oaJculiied  f«  a  one- 
difnctuMWiliy  amxHropsc  rock  (Rcjioc  2,  a,  =  <r,  «*  aT,  a,  —  oL)  with 
set-Soor  meniirraenis  by  Young  and  Cot  (Ref.  3J.  (a)  E,  =  EXf  sin  £ 
+  £u  costJ'-lblS,  «=  —  freest* -r£w  sin *£. 


—  EXl>\p, O.OJcos^  and  £,«(p,&0)  —  £.*{p,rr/2,Gjsin  <i>  as 
follows: 

Ex  -  £)p(p,d,0)sin  il>  +  £i;{p,<5.0}cos  if,  (154) 

Ey  —  ~  £,,{/?. d, 0}co5  p  +  -Eulp.&Ojsin  #.  (155) 

With  the  choice  i  =  60*.  d  from  5*  to  10*,  and  aT,cL  from 
0.0025  to  0.005  S/m,  E.  and  £y  are  plotted  and  compared 
with  the  measured  data  of 'Young  and  Cox3  in  Figs.  5-8.  In 
these  figures  the  soiid  lines  and  dot-dashed  lines  represent 
the  one-dimensiGnally  anisotropic  rock,  the  solid  lines  are 
for  aL  «7t,  the  det-dashtd  lines  for  o\  >  ar  The  dotted 
lines  and  dashed  lines  stand  for  the  isotropic  rock.  From 
these  figures  it  is  seen  that  for  £,  only  the  soiid  lines  agree 
weli  with  the  measured  data.  In  contrast,  for  Ex  the  solid 
lines  and  dot-dashed  lines  are  nearly  coincident  and  both  of 
them  agree  well  with  the  measured  data.  The  reason  why  Ex 
is  not  sensitive  to  the  two  different  anisotropic  models  is  that 
Ex  is  nearly  equal  to£u,  and  for£u  the  coefficients  of  both 
the  electric*  and  magnetic-type  waves  are  approximately 
equal.  Hence,  *he  interchange  of  aL  and  aT  has  almost  no 
effect  on  the  total  field.  From  a  combination  of  the  figures  for 
Ex  and  Ey,  it  may  be  concluded  that  the  conductivity  of  the 
rock  where  the  measurements  were  made  is  one-dimension- 
ally  anisotropic,  with  a,  smaller  than  ax—  a y.  Reasonable 
values  of  the  conductivities  are  a ,  s0.0025  S/m,  ax  =  ay 
s0.004-0.005  S/m. 

V.  CONCLUSION 

A  set  of  simple  and  accurate  formulas  for  the  surface 
wave  in  a  one-dimensionally  anisotropic  rock  along  the 
boundary  with  sea  water  has  been  obtained.  When  aL  —  cry, 
the  new  formulas  coincide  exactly  with  the  formulas  of  Wu 
and  King**"  for  the  isotropic  Region  2.  When  oL  ^ oT ,  the 
lateral-wave  part  of  the  electromagnetic  field  in  Region  2  is 
separated  into  two  terms,  the  one  of  electric  type  with  the 
wave  number  k2  =  kL,  the  other  of  magnetic  type  with  the 


wave  number  k2  =  kr.  Since  the  new  formulas  are  obtained 
by  the  same  method  and  under  the  same  conditions  as  those 
of  Wu  and  King,  it  is  assured  that  they  are  good  approxima¬ 
tions  subject  to  the  same  conditions  as  before.  These  are 

!*il>3|fci!,  p>Sr,  p>5d,  S*iPl>3- 
Their  application  to  the  measured  data  cf  Yeung  and  Cos3 
provides  s  simple  alternative  to  their  “best  fit”  model  based 
cn  the  numerical  evaluation  of  in-depth  refiecrions. 
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APPENDIX: THE  EVALUATION  OF  G(p)  and  H[p) 

The  function  <?(p)  is  defined  in  Eq.  (96)  as  follows: 

<?(/>)=  -*r-*rj0 

XlJolAp)  -  S2!/p;]A  dk 

=  _ ! _ !_) 

2  Jo  Ufr?  +kLkTyt  k\y^) 

X  [£'0!V-P)  -  dX.  (Al) 

The  integrand  of  Eq.  (Al)  has  two  pairs  of  branch  points  at 
A  —  ±  k,  and  /.  =  ±kL,  so  that  the  integral  contour  may 
be  changed  to  be  along  the  branch  cut  in  the  upper  A  plane 
Because  Im  k,>Im  kL,  only  one  branch  cut  from  kL  to  in¬ 
finity  is  necessary.  When  1,  the  Hankel  function  may 
be  approximated  as  follows: 


—  */4  —  nvS2l 


Now  let 

a  =  kL(  1  +  j'r),  dA  —  ikLdr. 

The  most  important  contribution  to  the  integral  is  from  the 
neighborhood  of  the  branch  point  A —  kL,  so  that 

Tisfci.  (A3) 

r?=:±e-‘"*kj Tt.  (A4) 

The  plus  sign  is  for  the  left  side  of  the  branch  cut,  the  minus 
3ign  for  the  right  side.  With  Eqs.  (A2HA4),  Eq.  (Al)  may  be 
rewritten  as 

G<p)=  -  2/Mi  (-i-.JV*’ 

x  rfj - -  e-^dr 
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^htrty  is  defined  in  Eq.  (39)  in  terms  of  the  Fresnel  integral 
Cyz)  4-  i9i(r}  given  in  Eq.  (100). 

The  function  H{p)  is  defined  in  Eq.  (113)  as  follows: 

B[p)=  —kLkTj^  fx 

X[J^p)+JMp)]ldA 

=  k-L--T-  f’r:( - ! - LJ\ 

2  Jo  \k\rt-rkLkTY,  k\y;J 

X  [B'o'V-p} + B'W-p)]*  dX.  (A6) 
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and  with  a  similar  procedure,  H[p)  may  be-  rewritten  as 


B[p)  = 
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Electromagnetic  Surface  Waves:  New  Formulas 

and  Applications 

RONOLD  W.  P.  KING,  life  fellow,  rs-s 


Abstract— Ktfstlvtly  tStsptt  t&a  *tear*tt  forwplja  *re  bcr  aviilsbk 
for  tfce  cospkte  rieriroEtagsietk  field  teamltd  by  vertksi  sad  fcork ca¬ 
ul  dlpote*  ksesi «5  on  «z  oetr  tbs  bocwUiy  fetlwtta  two  tkdrkally 
d'ffettaf  Sulf-spaces  sacb  a*  air  tad  water  or  rock  tad  tw  water.  Tbc 
principal  part  of  the  field  it  ra  cutwafd-trareiinj  Uterai  wave  with  sseful 
properties.  The  forcnclsj  are  given  tad  their  application  to  t  variety  of 
problems  remwtd  briefly.  These  include;  radio  coramunkstiea  over  the 
surface  of  the  earth  or  set,  Ike  wise  antenna,  communication  with 
submarines  using  vertical  dipoles  in  air  and  horizontal  dipoles  in  the  ses, 
the  location  of  buried  objects  using  horizontal  dipoles  oa  the  surface  of 
the  earth,  and  the  measurement  of  the  conductivity  of  the  sea  floor. 

I.  Introduction 

HE  ELECTROMAGNETIC  field  generated  by  a  vertical 
or  horizontal  electric  dipole  on  or  near  the  boundary 
between  electrically  different  regions,  such  as  the  air  over  the 
surface  of  the  earth  (soil,  lake,  ocean)  or  sea  water  over  the 
ocean  floor,  is  important  in  radio  communication  and  geo 
physical  exploration.  The  presence  of  the  boundary  makes  the 
field  very  diffeient  from  that  of  the  same  dipole  in  an  infinite 
homogeneous  region  or  of  a  monopole  on  a  perfectly  con¬ 
ducting  plane.  This  was  recognised  more  that,  50  years  ago  by 
Sommerfeld  {1],  [2]  who  derived  general  complex  integrals 
for  die  associated  Hertz  potentials  from  which  the  components 
of  the  electromagnetic  field  could  be  determined  by  differenti¬ 
ation.  Since  that  time  the  problem  has  been  treated  by  a  great 
many  investigators  who  have  sought  in  various  ways  to  obtain 
more  explicit  and  useful  expressions  for  the  field  [3]-[5]. 
Important  comprehensive  contributions  arc  by  Wait  {6]  and 
Banos  [7]  who  obtained,  sets  of  quite  simple  approximate 
formulas  valid  in  restricted  and  generally  nor.overlapping 
ranges  of  the  parameters  and  variables.  These  are  known  as 
the  quasistatic  or  near  field,  the  intermediate  field,  and  the  far 
or  asymptotic  field.  Recently,  explicit  integrals  for  the  several 
components  of  the  electromagnetic  field  have  been  derived  by 
King  [8]  for  the  vertical  and  by  King  and  Smith  [91  for  the 
horizontal  electric  dipole.  These  have  been  evaluated  with 
relatively  unimportant  restrictions  to  obtain  new,  relatively 
simple  and  comprehensive  formulas  for  all  of  the  components 
of  the  electromagnetic  field  [8],  [10]-[12].  Each  of  these 
formulas  contains  all  of  the  previously  derived  discrete  ranges 
in  a  single  continuous  range  that  extends  from  points  very  near 
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the  dipole  to  infinity.  Because  of  the  simplicity  and  generality 
of  these  expressions,  it  has  been  possible  to  use  them  in  the 
solution  of  new  problems  and  to  gain  new  inrights  into  old 
ones.  It  is  perhaps  well  to  point  out  that  this  paper  is  concerned 
only  with  antennas  on  or  below  the  surface  of  the  earth. 
Elevated  antennas  that  generate  fields  incident  on  the  earth  at 
arbitrary  angles  are  not  treated. 

It  is  the  purpose  of  this  paper  to  review  the  new  formulas 
and  summarize  their  application  to  the  solution  and  new 
evaluation  of  problems  of  current  interest. 

II.  The  Electromagnetic  Field 

The  rigorous  general  integrals  for  the  three  components  of 
the  field  .of  a  ve  deal  electric  dipole  located  on  or  near  the 
plane  boundary  u  =  0)  between  region  1  (t  a  0)  and  region  2 
(Z  s  C)  (see  Fig.  1)  are  given  by  (14)-(16)  in  Appendix  I.  The 
coiresponding  integrals  for  the  six  components  of  the  electro¬ 
magnetic  field  of  an  x  -directed,  similarly  located  horizontal 
electric  dipole  are  given  by  (35)~(40)  in  Appendix  II.  The 
rotationally  symmetric  field  of  the  vertical  dipole  is  repre¬ 
sented  at  a  point  (p,  z),  the  field  of  the  horizontal  dipole  at  (p, 
0,  z)  in  region  I .  The  cylindrical  coordinates  p,  0,  z  have  their 
origin  on  the  boundary  and  the  a,.gle  0  is  measured  from  the 
positive  a -axis  in  the  Cartesian  system  x,  y ,  z.  The  dipole  in 
each  case  is  located  at  (0,  0,  d)  in  region  1.  The  formulas 
involve  the  complex  wavenumbers 

kj = /?,+ /or,  =  [w W;  +  iufiQiij] ,/2;  j~  1,  2,  (1) 

where  e,  is  the  real  effective  permittivity,  o,  the  real  effective 
conductivity  of  region  /  The  time  dependence  is  e~,u‘. 

The  integrals  have  been  evaluated  subject  to  the  following 
conditions  on  the  wavenumbers  and  the  distances  p,  z,  and  d. 
They  are 

(Arils 3(^1;  |Ar,p( 2:3;  p25|z|;  p2  5tf.  (2) 

The  accuracy  of  the  representation  increases  with  increasing 
values  of  iAr,/Ar2|.  If  region  1  is  the  earth  and  region  2  the  atr 
above  it,  this  first  condition  is  satisfied  for  soil,  lake  or  sea 
water,  but  possibly  not  for  the  very  dry  sand  of  a  desert  at 
higher  frequencies  when  \k\/ki\  ~  ej'2.  If  region  1  is  sea 
water  and  region  2  the  sediment  and  rock  of  the  sea  floor, 
useful  frequencies  are  usually  quite  low  so  that  |A;,/A'2|  2  3 
reduces  to  (a{/ai)  2  9.  Since  o,  for  sea  water  is  of  the  order  of 
4  S/m,  this  condition  limits  the  representation  to  sediment  or 
rock  with  <r2  ^  0.44  S/m.  The  second  condition  in  (2) 
excludes  a  small  range  very  close  to  the  dipole.  The  third  and 
fourth  conditions  require  the  radial  distance  p  to  be  considera- 
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Fig.  J.  Ventre!  dipole  on  boundary  surface;  horizontal  dipole  below 
boundary  surface. 

bly  greater  than  both  the  depth  of  the  dipole  in  region  1  and  the 
depth  of  the  point  of  observation.  Noae  of  these  formulas  is 
valid  on  the  surface  of  an  antenna  for  evaluating  its  admit¬ 
tance— this  has  been  carried  out  directly  from  the  integral 
equations  obtained  from  an  application  of  the  boundary 
conditions  [9,  chs.  7  and  8). 

The  complete  set  of  formulas  for  the  components  of  the 
electric  and  magnetic  fields  at  an  arbitrary  point  (p,  <f>,  z)  in 
region  1  due  to  a  dipole  at  (0, 0,  d)  also  in  region  1  are  given 
by  (20)-(22)  for  the  vertical  dipole,  by  (45)-(50)  for  the 
horizontal  dipole.  The  fields  are  expressed  as  the  sum  of  two 
parts  in  the  form: 

£,«#  +  £?;  S^Si+Sf.  (3) 

Here  the  first  term  with  the  superscript  L  represents  the 
surface  or  lateral  wave,  the  second  term  with  the  superscript  D 
the  sum  of  the  direct  and  reflected  fields.  The  lateral  wave  is 
identified  by  the  exponential  factors  e'*2«e'*>u+<0  which 
represent  a  plane  wave  traveling  (1)  vertically  upward  from 
the  dipole  in  region  1  to  the  boundary  a  distance  d  with  an 
exponential  decrease  in  amplitude  e  '  °  i d  and  phase  shift  @td  in 
e,<5>rf,  (2)  radially  outward  in  region  2  a  distance  p  with  an 
exponential  decrease  in  amplitude  e  ~  “J"  and  a  phase  shift  02 P 
in  e'8**,  and  (3)  vertically  downward  a  distance  z  to  the  point 
of  observation  with  an  exponential  attenuation  e~°il  and 
phase  shift  0\Z  in  If  region  2  is  air,  o.2  -  0,  and  the 
lateral  wave  is  unattenuated  along  its  radial  path.  If  region  2  is 
the  sea  floor,  the  upward  and  downwaid  directions  arc 
interchanged,  a2  *  0,  and  there  is  significant  attenuation 
along  the  radial  path. 

The  terms  forming  the  direct  field  are  identified  by  the 
exponential  factor  =  e~a‘'tel3iri  where r,  -  [p2  +  (z 
-  <f)2]’'7  which  represents  a  spherical  wave  expanding  from 
the  source  with  the  exponential  attenuation  e ' 01,1  and  phase 
shift  /?,/■,  in  e*>'i.  The  terms  forming  the  reflected  field  (or 
field  from  an  image  dipole  at  (0,  0,  -d)  in  region  2]  are 
identified  by  the  exponential  factor  =  e~ai'ieieir* 
where  r2  =  (p2  +  (?  +  d)2]m  is  the  distance  from  an  image 
source  at'  (0,  0,  -d)  or  the  distance  traveled  by  a  once- 
reflected  wave.  The  sum  of  the  direct  and  reflected  waves 
includes  the  factors  e~a<'i  and  e"0!^.  in  most  practical 
cases,  <*)  >  ot2  and  since  r2  >  r,  >  p,  it  follows  that 
and  e-4 1 are  very  small  compared  to  e_a2‘>  when  p  >  of1 
where,  then,  only  the  lateral  wave  is  significant. 

Also  given  in  Appendices  I  end  II  are  the  components  of  the 
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field  in  region  1  and  along  the  boundary  surface  in  region  2 
when  the  dipole  is  on  the  surface  in  region  2. 

HI.  The  Vertical  Dipole  in  Am  oh  the  Surface  of  the 
Earth  or  Sea 

The  electromagnetic  field  on  the  surface  (z  =  0)  of  the 
earth  (region  1)  due  to  a  unit  (/A,  =  1  A-m)  vertical  antenna 
erected  in  the  air  (region  2)  above  the  earth  at  radial  distances 
p  >  of1  is  given  by  (32)-(34).  The  largest  component  of  the 
electric  field  is  (33): 

0)=~  g(p)e*v>,  (4) 

ZTA'2 

where,  with  k2  =  w(po£o)1/2.  {utio/lrki)  =  60  0.  In  Fig.  2 
graphs  of  20  ]og10  j E^p,  0);  of  the  field  over  sea  water  are 
shown  as  a  function  of  the  radial  distance  p  ranging  from  less 
than  a  meter  to  over  1000  km.  The  parameter  is  the  frequency 
from  10  Hz  to  1  GHz.  A  typical  curve  that  exhibits  all  of  the 
essential  characteristics  is  that  at  /  =  10  MHz.  It  includes  a 
near-field  range  from  close  to  the  antenna  to  k^  ~  l  in  which 
the  field  decreases  very  rapidly  a sp*3,  then  an  intermediate 
range  between  k-ip  ~  1  and  ~  \k]/kl\  where  the  field 
decreases  slowly  as  p  " 5,  and  finally  an  asymptotic  range  with 
ktf  >  |£f/A||  where  the  field  decreases  as  p  ~2.  At/  =  10  Hz 
the  field  in  Fig.  2  is  entirely  in  the  range  ^(p,  0)1  ~  p  ‘3;  at 
/  =  1  GHz  the  asymptotic  range  begins  at  p  ~  1  m.  The  best 
frequency  for  p  -  100  km  is/ ~  10  MHz.  As  demonstrated  in 
a  recent  paper  (13],  the  formula  (4)  and  the  graphs  in  Fig.  2 
contain  the  Norton  surface  wave  over  the  range  where  the 
latter  is  an  adequate  approximation. 

The  largest  component  of  the  electric  field  at  a  depth  z  in  the 
sea  due  to  the  same  unit  vertical  electric  dipole  in  air  with  d  ~ 
0  is  £|P(p,  z)  3s  given  by  (29), 

£ff(P.  z)«£u(p.  0)e~°!le'siS  (5) 

where 

£U>,  0)»-~J-/(p)e“y.  (6) 

2rkx 

In  the  useful  range  1  £  k&  s  8| k]/k\\,f{p)  -  ik2.'p.  The 
application  of  this  formula  to  communication  with  submarine;, 
in  the  frequency  range  10  to  30  kHz  used  by  the  top- loaded 
vertical  monopoles  of  the  Cutler,  ME,  antenna  is  discussed  in 
(13].  It  is  shown  that,  because  of  the  factor  <rai\  this 
frequency  range  is  useful  for  submarine  depths  up  to  about  ; 
=  20  m  with  maximum  possible  output  from  the  very  large 
antennas.  For  depths  up  to  z  -  50  m,  a  frequency  of  the  order 
o if  -  1  kHz  is  optimum,  but  it  would  be  difficult  to  construct 
an  efficient  vertical  antenna  for  so  low  a  frequency. 

IV.  The  Horizontal  Electric  Dipole  Near  an  Air-Sea  or 
Air-Earth  Boundary 

The  field  in  region  1  (sea  water)  of  a  unit  horizontal  electric 
dipole  located  at  the  air-sea  water  surface  with  d  -  0  is  given 
by  (45a)  to  be 

£fP(p,  &  z)=  g(p)e'V<?**.<  cos  <f>.  (7) 
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Fig.  2.  Magnitude  of  £^(p.  0)  due  to  a  *cnteal  unit  electric  dipole  in  nr 
abase  the  surface  of  sea  water./  =  10  to  10*  Hz. 

It  is  smaller  than  the  field  (5)  of  a  comparable  vertical  dipole  in 
air  in  the  direction  £  =  0  by  a  factor  k^/ki.  However,  it  is 
possible  to  construct  large  horizontal  antennas  just  below  the 
surface  of  the  sea  for  use  at  low  frequencies.  A  properly 
designed  long  insulated  traveling  wave  antenna  can  have  a 
large  effective  length  so  that  with  large  currents  the  field  of 
such  an  antenna,  viz.. 

{£u(A».  ^o.  Z)]M- Ix(0)h,{do)E^t(po>  $o<  z),  (8) 

can  be  very  great  compared  to  that  of  the  unit  dipole.  This  field 
can  be  farther  enhanced  by  a  factor  S  if  .V  such  antennas  are 
arranged  side  by  side  in  an  upward-directed  broadside  array. 
A  subsurface  array  for  generating  lateral  waves  at  /  =  1  kHz 
for  propagation  in  the  air  above  sea  water  and  then  down  into 
the  sea  is  described  in  (13). 

A  horizontal  insulated  traveling- wave  antenna  can  be  laid  in 
the  air  directly  on  the  surface  of  the  earth  or  sea.  If  the 
insulation  is  air.  such  an  antenna  consists  simply  of  a 
horizontal  wire  located  at  a  height  d above  the  surface,  i.e..  it 
is  a  horizontal -wire  antenna  that  generates  lateral  waves.  If  the 
terminating  resistance  at  each  end  is  connected  to  grounded 
vertical  conductors,  the  familiar  Beverage  antenna  is  obtained. 
A  complete  analysis  of  the  wave  antenna  for  both  the 
transmission  and  reception  of  lateral  electromagnetic  waves  is 
in  [14j.  The  optimum  effective  length  for  low-frequency 
operation  requires  a  physically  very  long  structure.  On  the 
other  hand,  at  higher  frequencies,  and  in  combination  with 
other  identical  elements,  it  provides  a  highly  directive  irar.s 
mining  and  receiving  array,  for  example,  for  an  over-the- 
horizon  radar.  The  analysis  (14)  shows  that  the  contributions 
to  the  field  from  the  currents  in  the  short  vertical  terminations 
contribute  negatively  but  also  negligibly  to  the  field  generated 
by  the  currents  in  the  long  horizontal  conductor. 

A  quite  different  application  of  the  horizontal  electric  dipole 
and  the  lateral-wave  electromagnetic  field  it  generates  is  the 
discovery  and  bounding  of  a  buried  or  submerged  object  or  a 
localized  region  with  electrical  properties  that  depart  signifi¬ 
cantly  from  those  of  the  surroundings.  For  this  purpose  a 


simple  half-wave  dipole  is  placed  horizontally  just  above  the 
surface  of  the  earth.  It  is  center-driven  by  a  suitable  ernf  at  a 
properly  selected  frequency.  In  effect,  it  constitutes  an  air- 
insulated  horizontal  electric  dipole  lying  on  the  surface  of  the 
earth.  A  point  on  a  buried  object  at  a  depth  z  and  radial 
distance  p  from  die  transmitting  antenna  experiences  the  field 
given  by  (45>— (50).  If  the  radial  distance  satisfies  the  condition 
P  >  erf  \  only  the  lateral-wave  pan  of  the  field  is  significant. 
It  will  have  traveled  radially  outward  a  distance  p  and  then 
vertically  downward  a  distance  z  to  where  i:  encounters  the 
buried  object.  This  scatters  a  field  upward  which  interacts  with 
the  incident  field  in  the  air  above  the  surface  to  generate  an 
interference  pattern.  A  horizontal  dipole  receiving  antenna  (or 
a  vertical  loop)  moved  about  on  the  surface  can  dttei  this 
pattern  and  with  it  the  area  under  which  the  obstacle  is  located. 
A  complete  analysis  of  the  scattering  of  lateral  electromagnetic 
waves  by  a  buried  insulated  conductor  is  in  (15).  (16).  Typical 
interference  patterns  are  shown.  A  sample  is  shown  in  Fig.  3 
for  a  submerged  insulated  wire.  Measured  interference  pat¬ 
terns  have  been  reported  by  Bansal  (17). 


V.  The  Horizontal  Electric  Dipole  on  the  Sea  Floor 

An  insulated  horizontal  electric  dipole  laid  on  me  sea  floor 
is  used  as  a  source  by  geophysicists  for  measuring  the 
electrical  conductivity  beneath  the  oceans.  Tins  application  >s 
called  a  controlled  or  active  electromagnetic  source  method  to 
distinguish  it  from  these  that  make  use  of  natural  electromag¬ 
netic  fields  generated  by  sources  in  the  earth's  magnetosphere 
and  ionosphere.  In  recent  work  by  Chave  ar.d  Cox  (18)  the 
general  integrals  (35M40)  were  rederived  and  applied  to  a 
horizontally  layered  region  by  replacing  the  functions  P  and  Q 
in  (41)  with  generalized  response  functions  and  using  numer. 
cal  methods  to  evaluate  the  integrals.  Their  formulation  is 
limited  to  very  low  frequencies  for  which  (Ij  reduces  to  k/  - 
{iuHoOj)1  -,j=  i,2,  where  region  1  is  the  ocean  and 

the  remaining  n  -  1  regions  are  horizontal  layers  in  the 
lithosphere.  Measurements  with  an  insulated  horizontal  wire 
on  the  sea  floor  have  been  reported  by  Young  and  Cox  [19]  but 
no  adequate  description  of  the  construction  and  properties  of 
their  antenna  is  provided  ncr  is  the  method  of  calculation  of 
the  field  given.  In  their  discussion.  Chave  and  Cox  [18]  state 
that  the  mathematical  complexity"  of  the  general  integral 
expressions  for  the  electromagnetic  field  '  masks  their  concep 
tual  simplicity.”  since  each  component  can  be  interpreted  as 
the  sum  of  two  sets  of  terms,  the  one  as  the  'primary  field  in 
the  ocean,"  the  other  as  the  "field  due  tc  an  image  current 
induced  in  the  earth."  Significantly,  no  reference  is  made  to 
the  lateral  wave  that  contributes  the  entire  field  along  the  sea 
floor  (z  =  0)  when  the  lithosphere  is  treated  as  a  homugene 
ous,  isotropic  half-space,  and  a  dominant  part  ».hen  mere  are 
reflected  fields  from  horizontal  layers  at  increasing  depths  .n 
th«.  lithosphere.  As  seen  from  t45a».  when  both  receiving  and 
transmitting  antennas  are  on  the  sea  floor  ( z  =  d  =  0),  the 
lateral  wave  involves  only  the  radial  distance  ,«  between  the 
two  antennas  in 
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(b) 


rig  3  Elrctrif  field  in  air  above  insulaied  scattering  rod  of  length  21  * 
33.4  cm  at  depih  d  cm  in  sail  water  (p,  =  2  S/m),  (a)  d  =  2  cm.  (b)  d  - 
4.5  cm 


Calculations  of  the  Poyntjng  vector  [20J  show  that  the 
maximum  depth  of  penetration  of  the  lateral  wave  into  region 
2  is  z„  =  Re  (A2//T|)p/2.718  [~(o2/o,)l'2pl2.7lS  at  low 
frequencies]  Therefore,  the  field  observed  at  the  radial 
distance  p  must  be  interpreted  with  great  care  when  reflections 
from  layers  more  or  less  deep  in  the  lithosphere  are  superim¬ 
posed  on  the  lateral  wave. 

The  formula  (9)  has  interesting  properties  that  make  it 
useful  in  the  measurement  of  the  conductivity  of  the  litho¬ 
sphere  below  the  sea  floor  when  this  can  be  approximated  by  a 
homogeneous  half-space.  The  two  ranges  of  interest  are 


El(p,  0,  0)- 


tupo 


2rk\p 


3 


Elt,(p.  0,  0) - - - ; 

p 


M<1.  00a) 

lsIM^SI  k\/k\\. 

(10b) 


The  very  low  frequency  near-field  formula  (10a)  does  not 
involve  k2  so  that  it  is  useless  in  the  determination  of  a2  from 
k2  ~  (jupoo2)in.  On  the  other  hand,  (10b)  involves  k2  =  02 
+  ia2  in  the  exponential  and  this  suggests  interesting 
possibilities  for  measuring  a2.  Graphs  of  20  Icgl0  |£fp(p,  0, 
0)|  are  shown  in  Fig  4  as  a  function  of  the  radial  distance  from 
p  -  10  m  to  p  =  100km,  The  conductivity  in  the  form  <72  =  4 


Fig.  4.  Podiil  electric  field  of  antenna  on  die  bottom  of  the  sea  (oi  =  4S>m. 
to  =  £Ci  above  rock  or  deep  sedenent  { c,.  =  16).  Electric  moment  is  I 

A-m. 


x  10-*  S/m.  /V  =  1  to  5,  and  the  frequency  in  the  range  from 
1  Hz  to  100  kHz  are  the  parameters.  It  would  appear  that  with 
a  transmitting  antenna  or.  the  sea  floor,  the  receiving  antenna 
couid  be  moved  radially  outward  in  steps,  and  j£,*(p,  0,  0)| 
measured  at  each  location.  A  measured  graph  of  20  log,0 
| £tp(p,  0, 0)|  as  a  function  of  p  should  yield  a  curve  like  one  of 
those  in  Fig.  4  from  which  a2  could  be  determined. 

Actual  measurements  of  the  conductivity  of  the  sea  floor 
have  been  reported  by  Young  and  Cox  [19)  who  located  an 
insulated  dipole  transmitting  antenna  denoted  by  T  (see  Fig.  5) 
on  the  sea  floor  and  a  crossed-dipole  receiving  antenna  R  at  p 
=  18.9  km.  There  was  no  significant  sediment  on  the  sea  floor 
between  the  two  antennas.  The  crossed  dipoles  measured  Ex 
and  Ex  along  arbitrarily  oriented  X  and  Y  axes  as  a  junction  of 
the  frequency  in  the  very  low  range  from /  =  0,25  to/  =  2,25 
Hz.  As  shown  on  the  upper  left  in  Fig.  5.  the  X and  Y  axes  are 
inclined,  respectively,  with  respect  to  the  directions  of  p  and  o 
by  the  small  angle  The  ranges  of  the  measured  values  of  Ex 
and  Ex  are  shown  by  the  rectangular  boxes  in  the  lower  pans 
of  Fig.  5.  Also  shown  are  theoretical  curves  obtained  by 
Young  and  Cox  presumably  by  numerical  integration  of  ihe 
general  integrals.  The  dotted  curves  are  for  a  lithosphere 
consisting  of  a  homogeneous,  isotropic  half-space  with  a2  - 
0,004  S/m.  The  three  dashed  and  solid-line  curves  are  for 
three  horizontally  layered  models  with  eight  different  conduc¬ 
tivity  distributions  to  a  depth  of  33  km,  as  shown  on  the  upper 
right  in  Fig.  5.  It  is  seen  that  the  half-space  model  agrees  quite 
well  with  the  measured  values  of  Ex  (lower  left)  but  not  with 
those  of  Ey  (lower  right),  while  the  "best  fit"  eight-layered 
model  in  solid  lines  agrees  moderately  well  with  the  measured 
values  of  both  Ex  and  £>-. 

On  the  basis  of  this  agreement  Young  and  Cox  concluded 
that  the  lithosphere  is  laterally  isotropic  and  horizontal!) 
stratified  with  a  iayer  of  low  conductivity  between  z  =  2  and  z 
=  8  km.  They  do  not  explain  why  the  layers  reflect  By 
strongly  and  differently  in  the  three  layered  models  whereas 
Ex  is  not  appreciably  reflected  by  any  of  them  since  all  three 
agree  quite  well  with  the  half-space  model.  They  also  do  not 
explain  why  Ex  and  Ey  behave  so  differently  with  increasing 
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frequency:  Ex  decreases  steadily  and  rapidly.  Ey  increases  to 
a  maximum  and  then  decreases. 

The  newly  derived  relatively  simple  formulas  for  the 
electromagnetic  field  of  a  horizontal  electric  dipole  cannot,  of 
course,  be  used  to  obtain  the  field  at  the  boundary  of  a 
multilayered  region  since  they  apply  specifically  to  two 
homogeneous,  isotropic  half-spaces.  However,  they  can  be 
used  to  explain  the  graphs  obtained  by  Young  and  Cox.  shown 
in  dotted  lines  in  Fig.  ,5,  for  the  half-space  model  of  the 
lithosphere.  In  the  very  low-frequency  range/  =  0.25  to  2.25 
Hz.  the  simple  integrated  formulas  for  £}„(p,  0,  z)  and  £f0(p, 
<p,  z)  given  in  (45a)  and  (46a)  are  well  approximated  at  p  = 
18.9  km  and  z  +  d  =  2  m  by 


£'iP(p.  0.  z)~E{0(p,  <t>,  0) 


wfp/'i  f"  iki  1 
2-xk]  [  P  p2 


e'*v  cos  0, 


(11) 


£i<»{p,  0.  z)~£u(p,  4>,  0) 


2 rkf 


eikv  sin  0, 


(12) 


where  k2  -  (/wpo^)1 2  =  (1  +  /)oi2.  It  is  readily  shown  that 
£ia(p.  0,  0)  has  a  maximum  at  a#  =  1.62  while  £w(p,  *72, 
0)  decreases  continuously  and  rapidly  with  increasing  p. 
Specifically,  when  p  =  18.9  km  and  a2  =  0.004  S/m,  the 
graphs  for  £|,{p,  0,  0)  and  £u(p,  0,  0)  as  calculated  from 
(1 1)  and  (12)  are  shown  in  solid  lines  in  Fig.  6.  The  calculated 
maximum  for  |£lp(p,  0,  0)|  is  /  =  0.46  Hz  in  complete 
agreement  with  the  numerically  evaluated  graph  of  Young  and 


EX-E\o  sin  0+£ie  cos  1>~E\0  for  0  small 

is  calculated  for  a2  «  0.004  S/m  as  shown  on  the  left  in  Fig.  6 
and 

Ey-  -£i„  cos  0  +  £|e  sin  0  —  £,„  for  0  small 

is  calculated  for  at  -  0.002  S/m  as  shown  on  the  right  in  Fig 
6.  the  resulting  curves  are  seen  to  be  in  good  agreement  with 
the  respective  measured  values  This  suggests  that  a  possible 
model  of  the  lithosphere  as  seen  by  the  lateral  waves  may  be  a 
half-space  which  is  two-dimensionally  anistropic  in  the  con¬ 
ductivity  with  the  volume  density  of  current  J;  given  by 

f  Jix\  ( tia  0  0  \  (Ev r\ 

I  Jiy  )-(  0  oia  0  IjjSzyK  (13) 

\JuJ  Vo  0  <W\£*/ 

where  =  0.004  S/m  and  On,  =  0.002  S/m.  This  possibility 
could  have  been  tested  by  Young  and  Cox  if  they  had  oriented 
their  antennas  successively  so  that  1)  0  =•  0,  0  =  0,  and  2)  0 
=  0,  0  =  r/2.  With  orientation  1),  the  electric  field  at  the 
receiving  antenna  is£(y  =  -£i„(p,  0, 0),  E\X  =  £Ie>(p,  0, 0) 
=  0.  The  field  in  the  lithosphere  below  the  receiving  antenna 
has  the  components^  =  E\0,  E^  =  {k]/k\)EXz,  and  B2o  = 
B |0.  It  is  dominated  by  the  large  component  E^  =  J2t/a2b. 
This  suggests  that  E2Y  must  depend  primarily  on  a2b  -  0.002 
S/m.  Similarly  with  orientation  2),  the  electric  field  at  the 
receiving  antenna  is  £iy  =  -£iPip,  x/2,  0)  =  0,  E\X  - 
£f*(p,  x/2,  0).  The  associated  field  in  the  lithosphere  below 
the  receiving  antenna  has  the  components  E2b  =  £|0,  - 

flip,  and  Bn  -  BXz.  Since  £2*  -  Ji<,/oia,  it  is  to  be  expected 
that  Eix  depends  primarily  on  -  0.004  S/m  By 
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determining  the  conductivity  from  £|y  with  the  orienution 
1)  and  the  conductivity  from  E\x  with  the  orientation  2), 
the  validity'  of  the  anisotropic  possibility  could  have  been 
determined.  It  is  supported  by  the  above  discussion  and  by  a 
complete  analytical  study  carried  out  by  Fan  [21]. 

Conclusion 

Complete,  relatively  simple  integrated  formulas  for  the 
electromagnetic  fields  of  vertical  and  horizontal  electric 
dipoles  near  the  boundary  between  two  electrically  different 
half-spaces  have  been  summarized.  Unlike  earlier  approxi¬ 
mate  formulas,  these  provide  s  single  continuous  range  over 
all  distances  from  quite  close  to  infinity  at  all  useful 
frequencies.  The  near,  intermediate,  and  asymptotic  parts  of 
this  range  join  smoothly  and  continuously.  Because  of  their 
simplicity,  these  formulas  are  readily  applied  and  interpreted. 
These  important  properties  have  been  illustrated  by  a  variety 
of  interesting  and  useful  applications  in  communication  and 
remote  sensing. 


Ap°endix  I 


The  Vertical  Electric  Dipole 

The  general  integrals  for  the  three  components  of  the 
rotationally  symmetric  electromagnetic  field  at  a  point  (p,  z)  in 
region  1  due  to  a  vertical  electric  dipole  with  unit  electric 
moment  (//»,=  1  A  -  r.)  located  at  (0,  d)  in  region  1  are  [8]: 


£i«,(p.  z)  = 


lupo 
2  rk2. 


gr,,,z-d\  gn  j(j-rf) 


knew-* 
~kh2  +  k 


c[= 

[o«lr  <w> 


E\z(p,  Z)-- 


wpo  r 

2rk2  J( 

1  L  2yi 

27 1 

kle^U*d)  1 

*?Yi  +  *j7i  J 

„  /po  f°* 

£io(p.  z)=—  — - - - — 

2x  Jo  [_  2yi  2yi 

"1 

*|72  +  *27i  J 


dX,  (15) 


J,(Xp)X2  d\,  (16) 


where 


where 


t  uunAr? 

£ip(p>  z)=  - /(p)e'*2Peiti + (20a) 
«  wpo  Tikle1^  1  / z-d  z+d  .  \ 

A{f-  z)=m\  [-^+2  {—' . 

/ik\  3k,  3/ \1 


(20b) 


/  CvLlntC  2 

£u(P,  g{p)e*ve*i'*+*>  (21a) 

eUp,  z)=  -J—  (21b) 

4xk,  \  p  P‘  *,p3/ 

bUp,  z)  =  (*,/o>)£fp(p,  z),  (22a) 

Sf0(p,  z)=  ~  (e‘*>'i-e'*t'2)( — -- iY  (22b) 

4r  \  p  p-/ 

In  these  formulas 

r,  =  [p2  +  (z-rf)2]1/J;  r2  =  [p2  +  (*+tf)2]'/2,  (23) 

and 

ik 2  1  i  k\  (  r  \  i/2 

= - 7~  e-p^{p),  (24) 

p  p2  kip3  k,  \k-2pj 

where 


p=k\p/2k]  (25) 

is  the  “numerical  distance,” 

1 

*{p)=-(l+i)~C:  {p)-iSz(p)  (26) 

and 

C2(p)  +  iS2(p)  =  ['  (2*0  -  |/2e"  dr  (27) 

Jo 

is  the  Fresnel  integral.  For  large  values  of  |A'2pj 

f{p)~g{p)~-k\/k\p'~,  (28) 


7.  =  (*?-X2)''2;  72  =  (A:2-X2)1/2. 
Subject  to  the  conditions 

|Ai|^3|A:2|;  |A|p|2:3;  p>5|z|;  p^Sd, 
the  above  integrals  lead  to 

£ip<p.  z)=£t(p,  z)+£fp(p,  z ), 

Eizip,  Z)=£fj(p,  z)  +  E?t(p,  z ), 

S|«(p,  z)  =  flf«(p,  Z)  +  bUp,  Z}. 


(17) 

When  the  vertical  dipole  is  located  just  across  the  boundary 
in  region  2  with  d  -  0  and  r,  =  r2  =  r0  =  (p2  +  j:2)1 2,  the 
components  of  the  field  in  region  1  are: 

(18) 

0)tlQ 

£,p(p,  Z)=  -r~  lf(p)e‘k‘ee‘ki:-ie,k'ro/p2), 

2ta  j 

(29) 

WUn/ti 

£i;(p.  z)  =  -^j^  g(p)e,k2‘‘e,k i*, 

(30) 

(19) 

Z)=  -^f(p)e* 2’e*^. 

2r 

(31) 
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The  field  in  region  2  close  to  the  boundary  surface  is  obtained 
from  (29)-{31)  with  z  -  0  and  the  use  of  the  boundary 
conditions  for  the  electromagnetic  vectors.  Thus 

E^ip,  0 )=£„(p.  0>=-~£t f(p)e*2'-ie*»/p2},  (32) 
Eizip,  0)  =  (k]/k ])Eu{p,  Q)=T~r  g(p)e'lv,  (33) 

2xki 

BU(P,  0)  =  S„(p,  0)  =  -  ~/(p)e^.  (34) 

2  x 

Appendix  II 

The  Horizontal  Electric  Dipole 

The  electromagnetic  field  at  a  point  (p,  <t>,  z)  in  region  1  due 
to  a  unit  horizontal  electric  dipole  located  at  (0. 0.  d)  in  region 
5  is  much  more  complicated  than  that  of  the  corresponding 
vertical  dipole  located  at  the  same  point.  Rotational  symmetry 
does  not  obtain  and  all  six  components  of  the  field  are 
generated.  Let  the  dipole  be  located  at  the  depth  d  below  the 
origin  (0.  0.  0)  of  the  cylindrical  coordinates  p,  <t>,  z  with  its 
axis  along  the  x-axis  from  which  the  cylindrical  coordinate  6 
is  measured.  The  eiectric  moment  of  the  dipole  is  \IJt,\  =  1 
A  m.  The  general  integrals  of  the  field  as  derived  in  King  and 
Smith  [9]  are: 

Ei ,(p.  <i>,  z) 

=  ~~  cos  «(J0*  {(7,0/2)(yo(Xp)-y:(Xp)] 
-(Ari/’/27I)[70(M  +  ^(Xp))}^'<:*<r,X  dk 
+  [“  {A-;70(Xp)-(XV2)[y0(Xp) 

Jo 

dk\  (35) 

-I o(P.  <t>,  z) 


<f>,  Z) 

=  -~  cos  {(0/2)[yo(Xp)-y2(Xp)] 

-  ( P/2)lJ0(b) + h  (Xp)]  j  <?*>  i +if>X  dk 
±  }*  Mk>)e*' «*-«X  dkj,  (39) 

fpo 

Bis(p,  4>,  z)---~  sin  d> 

4t 


x  ("  [Pef»i‘J’*-e^il-rfi)7;!yl(Xp)XJ  dk.  (40) 
»  0 

Where  two  signs  appear,  the  upper  one  is  for  the  range  d  <  z, 
the  lower  sign  for  0  <  z  <  d.  When  p,  =  p2  =  po, 

P=(yi —  7i)/(7i  +  72).  0=s(A|7j-A‘j7,)/(Aj72  +  A‘27i), 

(41) 

7,  =  (*?-X2)''2,  72  =  (A2  — X2)1 2.  (42) 

The  time  dependence  is  Note  that  Blo 

constitute  a  field  of  electric  type  that  vanishes  when  0  -  7.2 
and  is  the  entire  field  when  <j>  -  0.  Similarly,  the  components 
•  Bu,  B|:,  EXo  are  a  field  of  magnetic  type  that  vanishes  when  o 
=  0  and  is  the  entire  field  when  =  ir/2.  These  two  pans  of 
the  field  are  not  independent. 

Subject  to  the  conditions: 

|£,|>3|A2|;  i*,p|&3;  pa5|zi;  p>5dy  (43) 
the  above  integrals  lead  to 
E(p,  <j>,  z)  =  EL(p,  <t>,  z)  +  ED(p,  <t>,  z), 

B(p,  0,  z)  =  BL(p ,  0,  z)  +  fl°(p,  0,  z),  (44) 

where 


GJ/Xa  /  f® 

=  4^  Si°  ^>Wo(V)  +  ^)) 

-  ( Ar?/>/27,)[y0(Xp)  - y2(Xp)J }  poic-^X  dk 


r  {Aiy0(Xp)-(X2/2)(y0(Xp) 

Jo 


+y2(Xp)j}7r‘^i!:-rfx  dk). 


/Colza 

Et:(p,  0,  z)  =  ^2  cos 


(36) 


x  r  (Qe'>i(!+<fl±e'>ill-^}y,(Xp)X2  dk,  (37) 

Jo 

B\„(p,  4>,  z) 

Mo  /  r® 

=  --  sin  *1^  {(0/2)(yo(Xp)  +  y2(Xp)l 

-(P^MCXpW^XpWebt^X  dk 
±  j0  ^(Xp^i^-^X  dk\  (38) 


/  W  LLq  k  2 

E\ „(p<  4>»  z)=  g(p)e'^<>e‘i cos  0 


£T.(p.  0,  z)  = 


=  -I^i:(p.  z)j‘ (*;/*;)  cos  0,  (45a) 
«Po 


Irk 


Ai  1 

;  -  +  -j  <?'* 

i  LP*  p  J 


1'*  cos  o,  (45b) 


£fe(p,  d>,  z) 

upo  T  A2  i  ik{  (  r  \  •  1 


sin  <*>, 


(46a  1 


£i*(p.  <t>,  z) 


■SiHs-WK*- 

■[7‘5‘f])**- 


in  +  erfi,2) 


(46b) 


i 


l 
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/  id  Link  ? 

E\ tiP,  &  z)=°— ~ r/(p)ei*2'eai<t+<,>  cos  <5 
23*  t 

=  ~[£t(P.  z)]'  cos  0,  (47a) 

£?i(p.  4>,  Z) 

upo  (ik\eiii'2  5  /z~c/  ..  z+z/  \ 

- - —  {  — - +  -  - £*1'!  + - 6*1*1  5 

2s*J  C  *i P2  2  \  p  p  / 

r«fe|  3/fi  3i*|") 

xL7“77ljC0S*’  (47b) 

z) 

«  f  2*2  2/  <&J  /  s r  \  1/2  1 

7-  ~ T+“t  +  T“  (  T-  )  ^(P) 

A'i  L  P*  PJ  *iP  \%/  J 


Po 

2tA', 


x?aJ',el4i(t+rf>  sin  6, 
£f,(p.  <5.  z) 


„-SLU.=  (ii£)r2!-^."] 

2xA'i  C  '  P  '  L  P  P*1  P  J 

1  /  z-cf  z  +  rf  \ 

—  j  e**i'i  + ) 

2  V  p  P  / 


condition.  Thus 


£k(p»  0)  =  £(p(p,  <t>,  G)=  - 


ttPO 

2xArf 


j*2g(p)ef*y-  j  p+JS  cos  4>,  (5!) 


£i*(p,  d>.  0)=£|*{p,  4>,  0)— 


rArJ 


^+|L(^YV.*o>)'W 

p3  2kXf>\K7pJ  J 

4[?+?]e“'”]  ^ 


(52) 


(48a) 


£iz(p,  *.  0)=(Ar,/Aj)£,.(p,  <5,  0) 


wpo 

:2jtA, 


/(p)e,*2t — -j- J 


cos  4-,  (53) 


£j«(p.  <5.  0)~B\p\p,  4,  0)  = 


Po 

iTtki 

A  / 


rf2it2  2/  /*i  /  x  V'2 

IbVijls)  *''sw. 


tiki  Zi  3  1)  . 

(48b) 

.  n*i  2k>  2/l  i  }  . 

L  P  P3  k)p  J  j 

xe'*2*+  | - - — sin  <j>. 

»,  4>,  z)  =  (A'i/u)£t.(f>,  <t>,  z), 

(49a) 

(54) 

(49b) 


5u(p,  o,  z). 


Po 

2x&? 


r*j 

Lpj+  pj  p*j 


DP,  .  „v  Po 
Bu(p.  4.  *)-  ~ 


X  sin  <t>,  (50a) 

2 


.bB-54] 

i  ,  „  r/A-i  AH'} 

iin  4.  (50b) 


in  these  formulas  fj  and  rt  are  defined  in  (23), /(p)  and  g(p)  in 
(24),  p  in  (25).  and  Or (p)  in  (26). 

When  the  dipole  is  moved  to  the  surface,  the  field  in  region 
1  is  given  by  the  above  formulas  with  d  =  0.  The  field  is  the 
same  whether  the  horizontal  dipole  is  just  above  the  surface  in 
region  2  or  just  below  the  surface  in  region  1,  so  long  as  the 
unit  electric  moment  i.  maintained.  This  will  require  different 
driving  voltages  in  the  two  regions. 

The  field  in  region  2  close  to  the  boundary  surface  when  the 
dipole  is  on  the  boundary  is  obtained  from  (45a),  (45bM50a), 
(50b)  by  setting  d  -  z  =  0  and  making  use  of  the  boundary 


#2®(p.  <t> i  0)  =  Z?ie(p,  4>,  0) 


=  \k2g(p)el*i/,+  cos  <?, 

2*k\  C  Lpj  2£|P4 J  J 


(55) 


#2;(p.  4>,  0 )  =  B;.(p,  6,  0) 

2 


2rk\  Clp:  P3  p4J 
f  k\  3 iki  31  ,  j 

-[7+V~7^Vi,'*■  (56) 
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A  specific  physical  interpretation  of  the  effect  of  relative  permittivities  t,  and  conductivities  a  upon 
the  amplitude  and  phase  of  propagating  electromagnetic  surface  waves  is  given,  where  c,  and  a 
characterize  the  layered  material  regions  of  a  planetary  lithosphere.  The  interpretation  is  made  possible 
by  the  availability  of  simple  formulas  for  the  fields  of  vertical  and  horizontal  unit  electric  dipoles  near 
interfaces  between  regions  of  matter,  the  earth's  lithosphere  at  its  interface  with  salt  water  is  used  as  an 
example.  The  ranges  of  £,.  3.  frequency  f,  and  radial  distance  p  over  which  the  formulas  apply  are 
shown  to  be  quite  broad.  The  £,„  component  (the  radial  electric  field  in  region  1,  characterized  by 
complex  wave  number  k,  and  adjoined  at  a  planar  interface  to  region  2.  characterized  by  k},  where 
| A.,|a  » |A2|J)  is  discussed  in  detail.  The  attenuation  of  20  !ogl0  |£,,|  as  a  function  of  p  and  pli1, 
where  6  is  the  skin  depth,  is  illustrated  for  conductivity  ratios  o1/ot  =  10" 1  to  10" 3,  over  a  range  of / 
from  1  Hz  to  105  Hz.  |£-„|  is  shown  to  be  significant  for  determining  permittivities  c2  at  the  higher 
frequencies  in  this  range.  The  use  of  |£,,|  to  infer  conductivities  o2  at  lower  frequencies  in  shallow 
sounding  of  the  earth's  sea  floor  is  discussed  in  terms  of  specific  lithological  and  sediment-related 
parameters.  The  technology  required  to  transmit  and  receive  20  log,0  |£„|  at  freshwater  and  saltwater 
interfaces  with  the  earth's  crust  is  addressed.  A  specific  experiment  is  proposed  for  testing  a  specialized 
insulated  antenna  for  seafloor  use  in  shallow  coastal  waters  at  1  kHz. 


1.  INTRODUCTION 

The  electromagnetic  field  which  exists  near  an 
interface  of  the  type  depicted  between  regions  1  and 
2  of  Figure  1  includes  a  surface  wave  component. 
The  surface  wave  is  termed  a  "lateral  wave”;  regions 
1  and  2  may  consist  of  a  diverse  range  of  planetary 
constituents.  Region  1  is  typified  by  a  hydrospheric 
liquid,  for  example,  salt  water,  while  region  2  may  be 
a  poorly  conducting  or  nonconducting  atmospheric 
gas  or  a  range  of  lithospheric  materials  such  as  rock, 
soil,  oil,  or  ice. 

Although  the  surface  wave  does  not  penetrate 
deeply  into  region  2  [ King  et  ai,  1981;  King  et  ai, 
1986]  for  small  radial  distances  p  from  the  source 
dipole,  its  utility  in  shallow  crustal  sounding  is 
strongly  indicated  by  recent  theory  [ Wu  and  King, 
1982 a,  b\  King  and  Wu,  1983;  King  and  Brown,  1984] 
and  experiments  [ Brown  et  a!.,  1982,  1984],  At  large 
p  the  effects  of  penetration  of  electrically  thin  layers 
by  the  surface  wave  are  evidenced  at  observation 
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points  P  near  the  interface;  underlying  basement 
layers  are  sampled. 

The  aforementioned  theory  and  experiments  at 
Harvard  University  have  been  concerned  with  the 
overall  electromagnetic  attributes  (simple  analytical 
formulas  and  measured  decay  rates,  reflection,  and 
scattering  from  obstacles)  of  lateral  waves.  A  special¬ 
ization  to  geoelectromagnetics  of  equations  which 
have  been  experimentally  verified  and  are  perfectly 
general,  excepting  the  precise  constraints  |&i|^3|&2|, 
p  >  5d,  p  >  5z,  and  >  3,  is  the  objective  of  the 
present  paper.  Here  z  and  d  are  indicated  in  Figure  1, 
kt  and  k2  are  complex  wave  numbers  describing 
propagation  in  regions  1  and  2.  respectively,  and  p  is 
the  radial  distance  from  the  radiation  source. 

Related  theoretical  work  all  derives  from  the  prob¬ 
lem  described  by  the  original  Sommerfeld  integrals 
[Sommerfeld,  1926].  This  includes  (1)  approximations 
for  Sommerfeld  equations  primarily  concerned  with 
fields  in  air  [Norton,  1936],  (2)  field  formulas  parti¬ 
tioned  into  nonoverlapping  domains  of  frequency 
and  distance  [Banos,  1966],  and  (3)  purely  numerical 
evaluations  of  Sommerfeld  integrals  [ Chave  and  Cox, 
1982]. 

Related  experimental  work  includes  (1)  physical 
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Fig.  I.  Schematic  diagram  of  directional  transmitter  and  receiver  near  the  bottom  of  the  sea. 


modeling  of  wave  propagation  by  King  and  Matey 
[1965]  and  (2)  source-receiver  measurements  at  21°N 
near  the  East  Pacific  Rise  by  Young  and  Cox  [1981]. 
The  first  of  these  investigations  is  concerned  pri¬ 
marily  with  fields  in  air.  the  analysis  of  the  present 
paper  is  distinguished  from  it  by  including  explicit 
treatment  of  measured  fields  in  a  liquid  conducting 
medium  (salt  water)  as  a  means  of  determining  the 
properties  of  an  adjacent  lithosphere.  The  second  in¬ 
vestigation  describes  an  interesting  experiment  in¬ 
volving  fields  at  the  sea  floor  in  which  frequencies  of 
0.25-2.25  Hz  are  used  with  antenna  separations  of 
18.9  km.  At  such  low  frequencies  the  electromagnetic 
signal  is  intended  for  deep  sounding  and  may  be 
characterized  by  a  "diffusion"  process.  Even  at  the 
frequencies  of  the  Young  and  Cox  experiment,  the 
authors  describe  a  signal  traveling  "...  from  the 
transmitter  to  the  receiver  in  a  down-under-up  path, 
thereby  usefully  sampling  the  electrical  conductivity 
properties  of  the  crustal  and  upper  mantle  rocks  in 
the  region  between.”  The  formulas  cf  the  present 
paper  allow  a  precise  physical  interpretation  to  be 
given  for  the  “down-under-up”  signal. 


solution  of  the  Maxwell  equations  shown  on  the 
right  in  the  figure  using  boundary  conditions  attend¬ 
ant  to  the  material  layers  (which  may  be  referred  to 
as  “half-spaces”)  may  be  made  using  potential  func¬ 
tions  of  polarization  or  magnetization  (Hertz  poten¬ 
tials).  Legions  of  such  solutions  have  been  obtained 
and  expanded  in  either  (1)  bundles  of  inhomogeneous 
plane  waves  or  (2)  cylindrical  waves,  building  upon 
the  original  Sommerfeld  integrals  [ Sommerfeld ,  1909, 
1926];  see  the  list  in  the  bibliography  of  the  mono¬ 
graph  by  Banos  [1966].  Alternatively,  a  direct  solu¬ 
tion  may  be  found  for  which  no  potentials  are  intro¬ 
duced;  in  this  way,  expressions  for  all  of  the  field 
components  in  both  types  of  coordinates  are  given 
by  King  and  Smith  [1981,  chap.  11]  for  a  unit  hori¬ 
zontal  electric  dipole  source.  When  one  half-space  is 
highly  conducting,  for  example,  the  sea  at  the  earth’s 
sea  floor,  the  radial  (E1(>)  component  is  the  most  im¬ 
portant  in  that  half-space  (strongest  in  relation  to  the 
other  cylindrical  components).  This  component  is 
dominant  in  magnitude  along  the  radial  line  <j>  =  0 
parallel  to  the  antenna  except  very  near  the  source 
[King  et «/.,  1980].  It  is  given  by 


2.  DERIVATION  OF  CYLINDRICAL  FIELD 
COMPONENTS 

The  barest  description  of  the  problem  to  be  treated 
is  illustrated  in  Figure  2.  The  adjacent  layers  of 
matter  adjoining  at  a  plane  :  =  0  may  be  excited  by 
a  source  dipole  specified  by  a  depth  distance  d.  The 
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Fig.  2.  Adjoining  half-spaces  with  associated  Maxwell  equations. 
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p  in  rasters  { upper  graphs) 


. I 

Here  e,  and  c2  are  the  complex  permittivities  of  re¬ 
gions  1  and  2,  respectively;  I",  =  (kj  -  A2)1 2,  where 
j  =  I,  2;  kj  =  uipjij)1  2  is  the  complex  wave  number 
of  region  j.  where  j  =  1.  2;  A  is  an  integration  vari¬ 
able;  Pj  is  usually  taken  to  be  p0,  the  permeability  of 
free  space,  for  nonmagnetic  regions;  a  time  depen¬ 
dence  of  e  ~ iul  has  been  assumed. 

An  unpartitioned,  highly  accurate  formula  which  is 
characterized  by  minimal  approximations  has  recent¬ 


ly  been  derived  by  working  directly  with  the  general 
exact  integral  (equation  (1)).  It  is  difficult  to  ascribe 
any  geophysical  meaning  to  the  strange  admixture  of 
integrals  over  Bessel  functions,  as  is  written  in  (1). 
The  problem  is  improved  by  choosing  a  sum  of  three 
integrals  in  the  most  judicious  way.  Therefore  one 
may  write  Elp  -  const  x  cos  <7>r/lU  +  /<2>  +  /,3>], 
with 

/"*  =  1  dA  Ae,r,l:‘i|[T ,(J0  -  J})  +  Afrr  Vo  +  Jti] 

(2a) 
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Fig.  4.  Radial  electric  field  at  :  -  15  cm  in  sea  water  (e,  =  4  S/m  and  £lr  =  80)  above  rock  or  deep  sediment  (c, 
tj,  =  16)  as  a  function  of  the  radial  distance  from  a  unit  horizontal  dipole  at  height  d  =  15  cm  above  sea  bottom. 
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Fig.  5.  Attenuation  levels  for  s  20  !og10  | 0.  0)|  for 
three  ratios  of  conductivity.  The  value  a.  parameterizes  deep  sedi¬ 
ment  or  rock,  and  <r,  =  4  S  m:  r.:,  =  16  and  c„  =  80  The  electric 
moment  is  I  A  m.  The  origin  is  at  (/.  p.  £^l  =  (I  Hz.  0.01  km. 
-500dB) 


i'1'  =  x-  J*  ja  A[r ,(J0  -  J2)  +  *frr  Vo  +  ;,)] 

(2  h‘ 

i'3'  =  -e2 1  <m  Acrf-(e2rt  + 

. . 

which,  upon  evaluation  subiect  to  the  constraints 
|  ki  |2  » |  k2 12,  p2  »  :2.  and  p1 »  d2  (easily  satisfied  in 
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Fig.  6.  Two  profiles  of  stratification  ia  the  oceanic  lithosphere. 


practice),  becomes 


£„{p.  <j>.  r)  = 


K 2 

P2 


i 


«p  [~ik2p{kl  2irf)][d-Cj(f';p(k:  2k;)) 

k,  \k2pj 

+  i[i-Sjk2p{kl  2kf))]]j 

-  exp  [tk',(p:  +  (r  - 1/)2)' 2]j^  +  (3) 


Here  C2  and  S:  are  Fresnel  integral  terms  as  defined 
by  Jalmke  and  Emde  [1945],  The  full  derivation  of 
this  component  is  discussed  elsewhere  [W'u  and  King. 
!982n].  The  simplicity  of  the  component  may  be 


Fig.  7.  Attenuation  levels  for  s  20  logI0  lEfyp.  0.  0)| 
versus  ratio  of  antenna  separation  to  skin  depth  of  region  2  and 
frequency:  o,  <r,  =  I0M.  The  origin  is  at  (/.  p  <>:.  £^)  =  (i  Hz. 
0.01.  -  500  d*B). 
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noted  by  writing  the  dependence  of  the  field  upon  p 
and  along  a  radial  direction  4>  —  0.  in  the  form 

£i p(p. :)  -  const  x  LrI{fa'!:~'VuJA'1(p) 

-  exp  [fk,(p2  +  (:  -  d)')'  J]Cj(p)}  (4) 

where  the  p*dependent  terms  within  the  large  brack¬ 
ets  in  (3)  have  been  collected  into  £,  and  C2-  Clus¬ 
tering  terms  in  this  way  allows  a  physical  interpreta¬ 
tion  to  be  given  to  the  exponential  functions  of  wave 
numbers  and  lengths.  One  may  trace  the  wave  as¬ 
sociated  with  (4)  from  the  source  to  the  point  at 
which  it  is  received,  as  it  would  propagate  near  a  pair 
of  infinite  regions  described  by  k,  ana  k2  which 
adjoin  in  a  plane.  The  first  exponentials  of  (4)  may  be 
written  in  terms  of  the  real  and  imaginary  parts  of  kx 
and  k2  as  exp  •(■</)  +  a2p]}  exp  {>[/?,(:  +  d) 

+  P2P]):  three  phase  changes  and  three  attenu¬ 
ations  with  distance  arc  implicit  in  this  part  of  the 
field  expression.  This  exponential  factor  describes  a 
traveling  wave  that  proceeds  vertically  from  the 
source  in  the  region  of  higher  wave  number  (!k,|)  for 
a  distance  d.  suffers  a  phase  change  and  an  am¬ 
plitude  change  and  continues  along  the  inter¬ 
face  in  the  medium  of  low  er  wave  number  {|  k2 1)  for  a 
radial  distance  p  with  a  phase  change  e<f2P  and  an 
amplitude  change  e’™.  The  wave  then  proceeds  ver¬ 
tically  for  a  distance  r  to  the  observation  point  with 
a  decrease  in  amplitude  of  e'*,:  and  a  phase  change 


Fig.  8.  Attenuation  levels  for  s  20  log,0  |£|pfp,  0,  0)| 
versus  ratio  of  antenna  separation  to  skin  depth  of  region  2  and 
frequency;  o2  a,  =  10'2.  The  origin  is  at  (/.  p.'62,E^I  -  (1  Hz. 
0.01,  -500dB). 


Fig.  9.  Attenuation  levels  for  s  20  log10  lEfop.  0.  0)| 
versus  ratio  of  antenna  separation  to  skin  depth  of  region  2  and 
frequency:  e2  a,  <■=  I0--5.  The  origin  is  at  (/.  p  £,.  £f]i  <=  (!  Hz. 
0.01. -500  dBi. 

of  etf':.  The  exponential  to  the  tight  of  the  minus 
sign  in  (4)  describes  a  wave  that  travels  in  the  region 
of  higher  wave  number  (\k2\)  directly  from  the  source 
to  the  observation  point,  in  a  seawater  region  this 
contribution  becomes  negligible  except  very  near  the 
source. 

The  accuracy  of  the  Elp  component  given  by  (3) 
has  been  verified  by  numerical  evaluation  of  the  gen¬ 
eral  exact  integral  (equation  (1))  [Wu  and  King, 
1982c;].  Equation  (3)  is  compared  with  the  numerical 
evaluation  and  with  Banos'  [1966]  field  regions  in 
Figure  3,  where  (3)  is  designated  as  Wu’s  formula. 

The  symmetry  vhich  obtains  when  (3)  is  compared 
with  other  recently  derived  field  components  is 
plainly  evident  in  radial  distance  behavior.  Compo¬ 
nents  for  vertical  dipoles  have  been  derived  [King, 
1982]  from  general  exact  integrals  which  accompany 
( 1 ).  The  components  for  both  vertical  and  horizontal 
dipoles  [V.'u  and  King,  1982a.  b:  King  and  Wu,  1983] 
may  be  written  in  a  form  which  distinguishes  lateral- 
wave  terms,  E\p,  and  8 from  the  remaining 
terms  in  the  equations  for  Eip,  £,..  and  B^.  Except 
very  near  the  source  the  vertical-dipole  components 
denoted  by  E\pv,  E\.r,  and  share  with  those  of 
the  horizontal  dipole  denoted  by  ELiph,  Ef.*,  and 
B\<lh,  an  almost  pure  symmetry  in  radial  and  azi¬ 
muthal  dependence.  Only  a  (cos  d>\kjk2)  dis¬ 
tinguishes  the  two  types  of  three  lateral-wave  compo¬ 
nents.  Thus  except  near  the  source,  along  a  radial 
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Fig.  10.  (a)  Attenuation  levels  in  decibels  of  £lp  =  20  log,0  i£,p|  for  three  frequencies  with  a 2  ranging  from 
10* 1  to  10*3  S  m.  where  c2,  =  16  and  electric  moment  is  1  A  m.  (6)  Level  in  decibels  of  lowest  inflection  in  range  of 
a ;  to  be  explored. 


direction  <p  =  0.  the  fields  E\p,  E\..  and  corre¬ 
sponding  to  vertical  and  horizontal  dipoles  differ 
only  by  a  factor  (kl,'k2).  For  a  given  pair  of  half¬ 
spaces  (i.e.,  for  a  particular  pair  of  materia!  regions 
satisfying  |A,|2  »|fc2|2  and  well  approximated  by  a 
planar  interface).  measurements  of  electromagnetic 
field  quantities  along  a  direction  <j>  ~  0  at  a  particu¬ 
lar  frequency  satisfy  the  following  simple  linear  rela¬ 
tions: 

,.(P.  =)  =  c£^»(p.  -*) 

:)  =  cELl:h(p. :)  |A2p|2:10  (5) 

B\e,(p.  cl  =  cBLi4„{p,  z) 
where  the  factor  c  is  given  by  (k2/kl). 


the  Wu  formula,  referred  to  the  midpoint  p„  between 
the  antennas,  may  be  written  in  the  region  of  the 
standing  wave  as  [King,  1985] 

£Ip(p,  0,  r  =  const)  =  -  e“"wi 

tmTlK  j 

— ; - — )  high  frequency:  aj  «  Pi  (?) 

Po  Po  J 

where  p|  =  p0  +  x.  with  .v  measured  along  a  Car¬ 
tesian  axis  zeroed  at  p0.  With  x  small.  e±12X  1  and 

2 

1  £ lp(p.  0,  :  =  const)  - - -jr  (8a) 

PoP  “  (*:Po>  ] 

P2x  =  (n  +  i)7t 


3.  DETERMINATION  OF  p2  AND  s2  FROM  |£lp| 

From  the  complex  wave  number  k2  =  P2  +  <a:  = 
[p0(cu2e,  +  icu<x2)]1;2  the  constitutive  parameters  e, 
and  er2  are  given  by 

e2  =  (/??- a]XPo«:)_1  =  2aa'?2(p0w)*1  (6) 

When  fi2  differs  appreciably  from  a2 ,  as  at  high  fre¬ 
quencies  with  region  2  a  poor  conductor,  a  specific 
example  illustrates  how  p2  may  be  obtained  using 
two  transmitting  antennas  driven  out  of  phase  by  a 
factor  of  n,  at  equal  amplitudes.  The  antennas  gener¬ 
ate  a  useful  standing  wave  when  pointed  at  each 
other  along  a  direction  <f>  =  0.  The  relevant  terms  of 


1£1P(P.  0. 


const)  |n,„ 


2 1  x  | 

PoD  —  (-V  Po)2] 


(86) 


PlX 


nrtPiPo)* 
Po)2  ~  2 


(0:Po>:  »  1 


where  n  -  0.  1,  2,  •••.  The  parameter  P2  is  then 
found  by  locating  p0,  moving  a  distance  x  to  a 
second  minimum  near  p2  =  tt/x,  and  checking  the 
value  at  P2  =  -  nix.  The  determination  of  p2  from 
phase  changes  which  occur  over  a  distance  p. 
namely,  /?,(;  +  d)  +  /?2p.  discussed  formerly  as  argu¬ 
ments  in  the  exponential  terms  of  the  Wu  formula  of 
section  2,  is  unnecessary  under  the  conditions  of  low 
frequency  and  high  conductivity.  Under  such  con- 
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ditions  relevant  to  seafloor  studies,  a2 » (os2  and 
&2  -  a,  so  that  o2  is  given  by  2ai/cop0.  The  value  of 
y.2  may  be  determined  graphically  from  the  fact  that 
the  measured  quantity  20  log,c  |£lp(p,  <£,  z  =  const)! 
is  described  along  p  by  e",JP/p-  The  fact  that !  £,p  |  is 
quite  sensitive  to  frequency  changes  and  increments 
of  conductivity  is  indicated  by  the  curves  in  Figure  4. 

Two  aspects  of  the  resolution  of  the  !£lp|  method 
may  be  noted,  one  for  each  of  the  variables  p  and  f. 
The  resolving  power  is  R,  =  p/Ap,  where  p  is  the 
average  separation  between  two  of  a  collection  of 
measured  exponential  decays  of  20  log,0  |  £lp|  which 
can  barely  be  recognized  as  discrete,  and  where  Ap  is 
the  actual  separation  difference  between  them.  Simi¬ 
larly.  Rj  =  /'A/  may  be  defined.  Thus  the  smaller  Ap 
or  A/  can  be  made  while  the  other  is  held  constant, 
the  closer  the  decays  associated  with  distinct  values 
of  ff,  may  be.  and  still  be  resolved.  For  example,  at 
10  kHz  it  will  be  easy  to  resolve  a  measured  a2  value 
between  0.4  and  0.04  by  fitting  to  the  curves  of 
Figure  4b:  in  order  to  resolve  a  conductivity 
measurement  between  0.3  and  0.4,  the  range  in  p  will 
need  to  be  measured  to  an  accuracy  of  -0.3  of  the 
interval  from  0.4  to  1.4  km.  or  300  m.  The  effective 
length  of  receiving  antennas  for  use  even  at  1  kHz 
may  be  -  10  m  (see  section  5  and  the  appendix),  and 
displacement  of  such  an  antenna  over  300  m  is  quite 
feasible.  The  question  of  resolution  is  essentially  one 
of  accurately  marking  the  endpoints  of  radially  de¬ 
ployed  transmitting  and  receiving  antennas.  In  this 
example  the  frequency  is  assumed  to  be  held  con¬ 
stant:  if  p  is  held  constant,  the  resolution  depends  on 
the  drift  in  frequency  of  the  generating  instrument 
about  a  central  value  /0.  Indoor  measurements 
[Broun  et  at.,  1984]  have  been  made  with  a  fre¬ 
quency  stability  of  less  than  +1%  variation  about 
/o  =  600  MHz  and  /0  =  1  GHz,  lower  frequencies 
needed  for  seafloor  work  may  be  generated  with  the 
same  order  of  stability. 

The  effects  of  deviations  from  “flatness"  of  the 
plane  surface  near  which  |£lp|  is  measured  are  indi¬ 
cated  by  indoor  experiments  with  discontinuities  in 
the  form  of  rectangular  and  wedge-shaped  objects 
[Brown  et  al,  1982],  These  studies  performed  at  600 
MHz  show  that  the  |£lp|  field  is  perturbed  only  lo¬ 
cally  in  both  magnitude  and  phase  by  irregularities 
whose  dimensions  may  be  comparable  to  the  wave¬ 
length  associated  with  region  2.  The  effect  is  pri¬ 
marily  one  of  increase  in  |  £lp|  directly  in  front  of  the 
obstacle,  owing  to  backscattering  from  the  obstacle. 
A  concurrent  decrease  in  j£lp|  occurs  behind  (down- 
field  from)  the  obstacle;  the  overall  decay  rate  is  es- 


TABLE  1.  Source  and  Receiver  Parameters 


/-I  Hz 

/=  100  Hz 

/-  10  kHz 

Decibel  level,  anil  dipole 
(M0  «*  1  A  m) 

-300 

-265 

-235 

Mrf,  -  i/e-V-  A  m 

3  x  10* 

3  x  !0J 

3  x  10* 

20lo«t9|/^,iM0.dB 

89.6 

109.6 

129.6 

Augmented  decibel  level 

-  —210 

— 155 

v\ 

© 

7 

t 

Electric  field  strength 
|£,^,0.0)i,V/m 

- 10' i0 

-10** 

-10"5 

Receiver  sensitivity,  jiV 
(receiver  effective 
length  is  10  m) 

~10-J 

-10*‘ 

-101 

Receiver  sensitivity,  pV 
(receiver  effective 
length  is  ICO  m) 

-10-* 

*-1 

~10J 

sentially  unaltered.  For  obstacle  dimensions  much 
less  than  }.2 ,  for  example,  shallow  surface  roughness, 
the  perturbation  in  the  |£tp|  decay  rate  is  quite 
small.  Thus  along  a  distance  300  m  with /=  10  kHz. 
as  cited  in  the  above  example,  localized  dis¬ 
continuities  in  the  sea  floor  will  not  impede  the  deter¬ 
mination  of  a2  from  |  £,p ! . 


4.  Ef,  COMPONENT  AND  CRUSTAL  PARAMETERS 

The  quasi-static  range  for  £lp  dipole  fields  where 
\k2p\«  I,  as  defined  by  Kraichman  [1970,  p.  3-18. 
Table  3.9],  is  readily  obtained  as  a  special  case  of  the 
Wu  formula.  In  particular, 


|£|„I  =*  oin0(2nr' 


1 

*? 


.1 

P} 


(9) 


l*2plS0.l  —  —i/p3 


Since  this  is  independent  of  k2 ,  it  is  useless  for  deter¬ 
mining  the  properties  of  the  lithosphere  (region  2). 
the  wave  is  totally  reflected  at  the  sea  floor.  However, 
for  |  p  |  >  1, 


j£,p|  =  wfi0(2n)~ 


e~,u> 

K\  i  P 

lZ\k2p\£S\k\/kl\ 


(10) 

vi  -  /*:  P 


It  is  the  exponential  decrease  e"*,p/p  which  is  criti¬ 
cally  sensitive  to  a2 .  The  quantity  20  log,0  |  £lp(p.  0. 
0)|  is  shown  in  Figure  4  for  various  conductivities. 
Since  the  lateral-wave  terms  in  £lp  dominate  except 
very  close  to  the  source,  the  notation  £tP  will  be  used 
hereinafter. 

The  attenuation  of  £jp(p,  0,  0)  over  a  range  of 
frequencies  from  1  Hz  to  105  Hz  is  shown  diagram- 
matically  in  Figure  5.  The  attenuation  for  given  con- 
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ductivity  ratios  {a2,  deop  sediment  or  rock,  oi-  4 
S/m)  is  described  by  a  family  of  umbrellalike  surfaces. 

The  utility  of  £f?(p,  0,  z)  in  seafloor  studies  must 
be  assessed  in  terms  of  two  types  of  parameters.  The 
specific  rock-  and  sediment-related  parameters 
exemplary  of  the  region  of  interest  in  the  absence  of 
source  or  receiving  antennas  compose  one  type  (see 
>shis  section).  These  crustal  parameters  must  first  be 
specified.  A  second  type  is  associated  with  the  tech¬ 
nology  required  to  transmit  and  receive  E\p  in  a 
region  so  specified  (see  section  5).  Before  detailing  the 
rwo  types  it  is  useful  to  note  a  few  general  aspects  of 
Figure  5.  The  usual  qualities  of  dipole  fields  in  ad¬ 
joined  half-spaces  are  obsened.  The  decay  of  E\p  = 
20  logIO  1  £jp  1  in_decibels  falls  off  increasingly  fast 
with  frequency.  decays  less  rapidly  with  fre¬ 
quency  as  the  lower  layer  (described  by  <r2)  becomes 
less  conducting.  Actual  measurements  of  such  decays 
in  salt  water  at  its  interface  with  the  earth's  crust 
may  be  made  as  a  function  of  the  two  variables/ and 
p.  The  measured  curvature  may  be  fitted  to  the  ap¬ 
propriate  f  p .  £^  surface  for  a  particular  conduc¬ 
tivity.  For  measurements  at  a  particular  frequency 
such  a  procedure  for  inferring  a2  corresponds  to  in¬ 
terpolation  between  the  family  of  curves  which  cross¬ 
cut  the  type  of  surfaces  illustrated  in  Figure  5. 

Two  important  types  of  stratifications  based  upon 
independently  reported  studies  are  constructed  in 
Figure  6.  The  aspects  of  the  layered  profiles  may 
each  be  discussed  in  terms  of  its  compatibility  with 
the  E\p  measurements. 

One  important  type  of  configuration  for  which  Ef,, 
is  expected  to  be  particularly  useful  is  that  of  a  quite 
thin  sedimentary  layer  or  region  of  deep  exposed 
rock  at  the  sea  floor.  The  seismic  disturbance  studies 
of  Ewing  et  al.  [1967]  indicate  extensions  of  clay  in 
old  Cretaceous  crust  where  sedimentation  is  docu¬ 
mented  to  be  <  iOO  m.  A  typical  sedimentary  con¬ 
ductivity  reported  by  Slior  et  al.  [1970]  of  1-2  S  m  is 
associated  with  a  skin  „*'pth  d2  of  0.4-O.5  km  at  1.0 
Hz;  it  is  plain  that  at  frequencies  for  which  the  sedi¬ 
ment  layer  is  electrically  thin,  the  ELlp  component  will 
effectively  sample  an  underlying  basement  layer  of 
lower  conductivity. 

The  in  situ  resistivities  reported  by  the  collabor¬ 
ation  of  Becker  et  al.  [1982]  are  shown  as  equivalent 
conductivities  at  depths  of  about  0.3.  1,  and  1.5  km 
on  the  right  in  Figure  6.  The  mapping  of  hole  504B 

the  Costa  Rica  Rift  provides  an  insightful  view  of 
the  conductivities  to  be  expected  underlying  sedi¬ 
ment.  The  sediment  layer  is  moderately  deep  in  rela¬ 
tion  to  the  previous  example.  In  such  cases  where  the 


layer  is  significantly  greater  than  100  m.  ranging  up 
to  0.5  km,  frequencies  may  be  chosen  which  allow  the 
W  component  to  sample  sediment  only.  Varying  the 
frequency  will  allow  sampling  of  the  average  proper¬ 
ties  of  the  sediment  at  different  depths,  sedimem  of 
uniform  resistivity  at  a  given  sampling  depth  will 
allow  effective  use  of  calculated  W  to  compare  with 
a  measured  exponential  field  decay.  Where  the  resis¬ 
tivity  is  mildly  inhomogeneous  with  sampling  depth, 
the  calculated  E\p  values  are  expected  to  be  a  good 
approximation  to  actual  average  properties.  The  res¬ 
olution  of  E\p  theoretical  values  (based  upon  two 
half-spaces)  for  such  cases  and  for  <xx,  aT.  and  c. 
anisotropies  has  been  studied  recently  [Pan,  1985] 
and  found  to  have  important  geologic  implications. 

As  a  preoedbnt  to  discussion  of  specific  frequencies 
and  technology  needed  to  measure  E\p[p.  0.  0)  ef¬ 
fectively  in  typical  stratifications,  it  is  instructive  to 
plot  the  quantity  p/S2,  the  ratio  of  antenna-receiver 
separation  to  skin  depth  of  the  lower  layer,  versus  20 
Iog,0  |£fpj  at  various  orders  of  magnitude  in  fre¬ 
quency.  These  parameters  are  shown  for  3  orders  of 
magnitude  in  o2  in  Figures  7-9.  The  parameter  p  d2 
is  similar  to  the  sea  induction  number  9  defined  by 
Coggon  and  Jdorrisor.  [1970],  but  with  a2  replacing 
the  sea  conductivity  a,  in  the  skin  depth  of  their 
definition,  ft  is  noted  that  for  a  minimal  decibel  level 
of  -  300  associated  with  a  unit  dipole  of  moment  1  A 
m  (effective  moments  may  be  made  to  be  significantly 
greater,  as  will  be  shown  later  in  this  paper),  useful 
p>62  values  are  -5  or  less.  The  magnitude  of  ~eFp  is 
seen  to  decrease,  for  a  given  p,&2,  with  orders  of 
magnitude  in 

5.  E\,  COMPONENT  AND  TECHNICAL  ASPECTS 
OF  SOURCE  AND  RECEIVER 

The  attenuation  levels  in  decibels  of  E\p  for  three 
distinct  combinations  of  frequency  and  conductivity 
a2  are  shown  in  Figure  10a.  The  range  in  p  over 
which  the  exponential  decrease  used  to  obtain  a2 
and/or  /J2  occurs  is  indicated  in  Figure  106. 

The  ability  to  receive  usable  We  signal  strength 
depends  on  specialized  insulated  antenna  design.  The 
results  of  a  wide  array  of  indoor  and  outdoor  experi¬ 
ments  obtained  over  many  years  may  be  brought  to 
bear  upon  this  problem  [see  King  and  Smith ,  1981. 
chap.  8].  What  is  important  here  is  the  electric 
moment  M  of  the  transmitting  element.  M  may  be 
related  to  both  input  current  l0  and  effective  length 
hfffi  h'ff  depends  on  k2  =  /?2  +  ia2  and  kL  (see  the 
appendix). 
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In  order  .0  determine  the  exponential  decay  as¬ 
sociated  with  a  given  range  in  a2,  the  decibel  level 
identified  with  the  lowest  onset  of  inflection  (devi¬ 
ation  from  a  straight  line)  in  the  corresponding  20 
logl0  \£jp\  curves  must  be  measured.  For  the  range 
cf  10'  ‘-30  3  S'lti  in  Figure  10  this  will  occur  for  the 
10" 3  5,m  curve  at  each  of  the  frequencies  indicated; 
in  the  wider  ranges  of  o2  charted  in  Figure  4,  it  like¬ 
wise  occurs  for  the  lowest  conductivity.  In  the  latter 
curves  it  is  clear  that  the  slope  of  these  inflection 
points  decreases  with  increasing  frequency.  The 
points  along  the  10" 3  S/m  curve  at  which  the  inflec¬ 
tion  is  located  are  indicated  in  Figure  10. 

The  decay  levels  in  Figure  10  are  based  on  the  unit 
moment  A/0  =  1  Am;  finite  antennas  with  sizeable 
input  currents  will  have  an  associated  shift  in  the 
decay  upward  in  relation  to  1  A  m  by  a  constant 
factor  in  decibels.  This  upward  shift  is  shown  for 
different  effective  moments  Af<(f  in  Table  1.  Table  1 
also  lists  the  increment  in  decibels  over  the  unit 
dipole,  the  net  shifted  decibel  level,  and  the  signal 
strength  of  the  electric  field  at  the  maximal  source- 
receiver  separation,  along  with  the  requisite  receiver 
sensitivity.  Electric  moments  A/tf,  of  magnitude 
needed  to  produce  signal  levels  suitable  for  the 
receiver  sensitivities  of  Table  I  are  indeed  realizable. 
This  is  shown  for  specialized  antenna  designs  that 
are  quite  feasible  for  full-scale  seafloor  use  and  relat¬ 
ed  to  input  currents  (see  the  appendix). 

The  subject  of  atmospheric  noise  has  been  investi¬ 
gated  [d<  Bettencourt.  1984]  specifically  in  regard  to 
lateral  waves.  This  study  has  shown  that  useful 
signal-to-noise  ratios  are  attainable  for  effective  mo¬ 
ments  of  !05  A  m  at  frequencies  as  high  as  1  MHz 
and  improve  at  lower  frequencies. 

6.  CONCLUSIONS 

The  general  integral  expressions  which  implicitly 
contain  the  effects  of  electromagnetic  surface  waves 
have  recently  been  reduced  to  a  set  of  geophysically 
useful  equations.  The  lateral-wave  component  of 
the  electric  field  of  a  horizontal  dipole  has  been 
shown,  under  the  geophysically  relevant  conditions 
1  <,  \k2p\  <,  8 1 /cf//r| | ,  to  decay  as  e"SJP/p  for  a 
region  described  by  k2  =  p2  +  (with 
3\k2\).  The  sensitivity  of  to  the  conductivity  o2 
of  rock  or  sediment  underlying  salt  water,  its  decay 
as  a  function  of  p,  /,  and  p/52 ,  and  the  technical 
aspects  of  its  transmission  and  reception  indicate  that 
e2  may  be  determined  at  high  frequencies  and  low 
conductivities,  whiie  o2  may  be  determined  at  low 
frequencies  and  high  conductivities.  Electric  mo¬ 


ments  needed  to  produce  signal  levels  for  <j2  studies 
at  the  sea  floor  have  been  shewn  to  be  realizable. 
Specialized  antenna  designs  feasible  for  full-scale  use 
at  the  sea  floor  are  outlined  in  the  appendix. 

APPENDIX:  SPECIALIZED  ANTENNA  DESIGNS 

The  use  of  insulated  antennas  in  salt  water  results 
in  increased  directivity  in  relation  to  bare  wires.  It  is 
well  known  that  the  current  flowing  along  bare  metal 
wires  attenuates  rapidly  in  highly  conducting  earth 
or  salt  water  [Shen  and  King ,  1979].  Thus  propaga¬ 
tion  experiments  with  both  short  bare  dipoles  and 
longer  insulated  wires  have  been  undertaken.  A  plas¬ 
tic  enclosure  must  be  used  in  the  latter  type  to  pre¬ 
vent  infiltration  of  salt  water.  A  traveling  wave  is 
generated  by  placing  a  carbon  resistor  at  approxi¬ 
mately  7.c./4  from  the  end  of  the  antenna,  where 
/.c  =  2 nk£ 1  for  the  current  of  complex  wave  number 
kL.  The  use  of  resilient  materials  to  overcome  the 
problems  cf  thermal  disruption  of  water-tight  seals 
by  the  Joule  heating  which  occurs  in  such  antennas 
has  been  quite  involved.  An  effective  insulated  an¬ 
tenna  continuously  sheathed  with  plastic  is  shown  in 
Figure  Alb.  The  number  and  type  of  antenna  ele¬ 
ments  have  been  altered  on  a  short  time  scale  in  the 
laboratory.  Linear  broadside  arrays  of  insulated  an¬ 
tennas  have  been  studied  by  the  present  authors; 
these  increase  the  directivity  of  the  field  pattern  as 
the  number  of  radiating  broadside  elements  in¬ 
creases.  The  measured  field  patterns  of  a  monopole 
and  a  two-element  array  in  a  dissipative  saltwater 
medium  are  shown  in  Figure  A2. 

The  design  criteria  for  a  large-scale  seafloor  an¬ 
tenna  may  be  discussed  concurrently  with  those  for 
an  antenna  useful  in  fresh  water.  The  attributes  of 
seafloor  and  lakefloor  antennas  to  be  utilized  at 
lower  frequencies  may  be  regarded  as  specializations 
of  an  insulated  antenna  designed  for  generating  later¬ 
al  waves  at  the  interface  between  lake  water  and  air. 
The  dependence  of  the  dimensions  of  subsurface  an¬ 
tennas  upon  the  complex  wave  number  kL  -  PL  +  hL 
may  in  this  way  be  shown  for  a  wide  range  of  fre¬ 
quencies.  An  insulated  antenna  for  use  in  the  mega¬ 
hertz  range  in  fresh  water  may  be  discussed  concisely 
in  terms  of  a  parameter  which  contains  its  important 
dimensions,  namely, 

Si.j) 

=  2Tr[fcj.(rt,  fj ,  r >  f|«  I j.  St-  Jj)  (Al) 

The  brackets  on  the  right  side  of  the  equation  indi¬ 
cate  that  the  quantity  Zf  is  a  function  of  kL,  where  kL 
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Fig.  A I .  (a)  Glass  prototype  traveling-wave  antenna  for  salt  water.  (6)  Continuously  enclosed  plastic  version. 


depends  upon  the  radii  r„  r2,  and  r3  of  three  cylin¬ 
ders  associated  with  the  insulated  antenna.  The  three 
cylinders  associated  with  (Al)  and  the  antenna  length 
quantities  s  and  /  are  shown  in  Figure  A3.  The  figure 
caption  defines  three  difference  equations  AtJ  which 


Fig  A2.  Measured  lateral-wave  field  patterns  of  a  short  bare 
monopole  and  a  two-element  array  of  insulated  traveling-wave 
antennas;  p  =  0.8  m, :  =  d  =  0.5  cm,  and/=  600  MHz. 


measure  the  relative  positions  of  the  axes  of  the  cyl¬ 
inders  and  hence  the  eccentricity  of  the  inner  conduc¬ 
tor.  The  point  of  common  eccentricity  <;  of  the  cylin¬ 
ders  is  spaced  at  length  6  from  the  axis  r3  =  0  of  the 
outermost  cylinder.  The  complex  wave  numbers  k\ 
through  k'3  describe  the  dielectric  or  conducting 
media  in  regions  1*  through  3'  associated  with  cylin¬ 
ders  of  radii  rs,  r,.  and  r3.  respectively,  while  k* 
(=fc,)  describes  the  ambient  medium  external  to  the 
antenna.  A  specific  choice  of  insulators  may  be  made 
which,  at  a  given  operating  frequency,  satisfies  the 
conditions  |  k\  |/j  k'2  |  »  1  and  \k’2  |(r3  -  A13) «  1. 

Figure  A3  details  the  side  view  of  an  antenna 
much  like  the  laboratory  prototypes  of  Figure  Al, 
although  generalized  somewhat  by  the  displacement 
of  the  inner  conductor.  The  antenna  of  Figure  A3  is 
further  generalized  by  the  presence  of  two  lumped 
impedances  Zr,  and  ZTj  analogous  to  the  51 -ft  re¬ 
sistor  of  the  prototype.  The  two  generalizations 
permit  the  design  of  a  transmitting  element  which  is 
highly  directive.  The  directivity  is  optimized  by  the 
proper  choice  of  parameters  which  occur  as  argu¬ 
ments  in  F  of  (Al).  Thus  it  is  useful  to  write  Zc  and  f0 
entirely  in  terms  of  constant  quantities  and  antenna 
dimensions.  The  complex  wave  number  kL  for  the 
antenna  may  be  written  explicitly  as 
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The  quantity  f0  is  given  explicitly  by 
So  =  Z,  sinh  {ffcL(~  1X1,  +  l2) 

+  cc-th* 1  [(2r,  Zc)  +  coth  {ikL(lt  -  s,))] 

+  coth-1  [(Zr,  Zc)  +  coth  (ikL(!2  -  s2))3} 

•  {sinh  [ikL(- 11/,  +  coth'1  [( ZTlZc ) 

+  coth  (lAj/j  -  s,))]]  sinh  1)/, 

+  coth' 1  [<Zr,  Zc)  +  coth  (ikL{l ,  -  s,))]]] ' 1  (A3) 


where  the  characteristic  impedance  Zc  is  simply 


A  detailed  derivation  of  the  current  distribution 
along  the  lossy  transmission  line  associated  with  the 
above  quantities  as  well  as  electric  fields  in  regions  2' 
and  4'  are  included  in  recent  works  by  Shen  and  King 
[1979]  and  King  et  al.  [1981],  The  use  of  a  charac¬ 
teristic  impedance  tor  the  freshwater  antenna  whose 
current  is  parameterized  by  kL  =  fiL  +  ixL  shows  that 
conventional  transmission-line  theory  may  be  gener¬ 
alized  to  describe  the  antenna.  An  impedance  per 
unit  length,  zL,  may  be  associated  with  the  insulated 
metal  conductor.  In  this  way  the  radiation  may  be 
regarded  as  partitioned  into  units;  includes  two 
effects — ohmic  heat  losses  as  well  as  power  radiated 
to  the  ambient  lake  water. 

In  regions  of  the  earth's  crust  beneath  the  sea 
water,  useful  frequencies  extend  to  orders  of  mag¬ 
nitude  lower  than  the  megahertz  range  for  which  the 
antennas  of  Figures  Al  and  A3  (lower  diagram)  have 
been  designed.  The  layers  of  insulation  which  im¬ 
prove  the  directionality  of  antennas  used  in  the  me¬ 


gahertz  range  become  increasingly  thin  electrically  as 
operating  frequencies  of  1  Hz  and  below'  arc  ap¬ 
proached.  Such  layers  may  be  included  in  the  design, 
although  they  will  provide  little  improvement  in  di¬ 
rectionality.  The  directionality  and  efficiency  enjoyed 
at  higher  frequencies  in  fresh  water  is  difficult  to 
achieve  in  a  seafloor  version  of  the  insulated  antenna, 
pictured  in  the  lower  part  of  Figure  A3,  without 
having  S  -  s,  +  s2  be  inordinately  long  iS  is  in  kilo¬ 
meter  range).  What  is  required  is  a  length-shrinking 
factor  for  S  such  that  S',  the  length  of  a  specialized 
low-frequency  antenna,  will  be  associated  with  an  ac¬ 
ceptable  gain  level. 

For  effective  moments  Mt„  of  the  magnitude  char¬ 
ted  in  Table  1.  an  antiresonant  antenna  may  be  de¬ 
signed  which  is  essentially  that  pictured  in  the  lower 
part  of  Figure  A3,  but  with  the  lumped  impedances 
ZTx  and  ZT:  removed  and  the  metal  conductor  ex¬ 
tended  without  insulation  (bare)  into  the  water. 
These  modifications,  which  compose  only  part  of  the 
required  design,  are  shown  in  the  upper  part  of 
Figure  A3.  In  addition,  a  tubular  metal  sheath  (which 
may  be  a  metal  braid)  of  length  l0  may  be  folded 
back  upon  the  coaxial  feedline  and  be  insulated  from 
its  walls  except  at  the  driving  point.  Such  a  sheath 
essentially  constitutes  a  folded-back  ground  plane  for 
the  resulting  monopole. 

The  important  quantities  associated  with  insulated 
antennas  are  developed  in  King  and  Smith  [1981]: 
antiresonant  bare  antennas  are  treated  by  King 
[1956].  The  relevant  formulas  for  an  insulated  anti¬ 
resonant  antenna  for  use  at  the  sea  floor  are  listed 
below. 

The  radial  component  of  the  electric  field  is  given 
by 

0.  :)  =  £,„(/>.  0.  ~)  u„i,  JoKu  (AS) 

dipole 
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Fig.  A3  Insulated  antennas  for  freshwater  and  saltwater  use.  The  lower  diagram  shows  the  directional  fresh¬ 
water  antenna  of  dielectric  cylinders  of  radii  r,.  r2,  and  r, .  Cylindrical  axes  arc  related  spatially  by  -  rt  -  r,  -  r. 
where  i  <  I;  s  3)  The  upper  diagram  shows  extension  of  the  bare  inner  conductor  to  form  the  termination  of 
impedance  ZT.  ZTr  ZTj,  and  eccentricity  are  removed. 


where  /0  is  the  input  current  and  htl,  is  given  by 

,  k2e~'kl"  +  ikL  cosit  s ,  +  ik2  sinh  at  s', 

h,„  -  — —  — ~ -  (A6) 

(A£-Aj»sinh  ats, 

with  s',  being  the  length  of  the  insulated  section  of 
the  antenna  between  the  driving  point  x  =  0  (at 


which  the  outer  metal  shca»h  is  folded  back  by  a 
distance  l0)  and  the  bare  metal  termination.  The  anti- 
rcsonant  antenna  has  an  electrical  length  f}Ls\  »  nil 
with  termination  impedance  Zrf-  Kr  -  iXT) «  Zt , 
the  characteristic  impedance.  The  current  along  the 
antenna  is 


i 


-173- 


i 


t 


BROWN  AND  KING:  SHALLOW  SOUNDING  USING  SURFACE  WAVES  84? 


U  0)  coi  [fejfr -jQ-t-ICR,  'R'-iXrfR,'Q 
** '  “  c6s  [*,/,  +  i{Rr/Rt  -  iXT,/Rt) ]  ’ 

Using/  =  1  kHz,  £,/0  >  it/2  o ?  l0  a  12  its,  the  length 
of  the  bare  wire  and  folded  sheath  sections.  (To  pro* 
tect  such  sections  at  the  sea  bottom,  the  antenna  may 
be  enclosed  with  a  nonmetallic  rope  or  braid.)  if 
#000  wire  is  used  for  the  antenna,  the  radius  r,  of 
the  conductor  is  0.52  cm;  the  outer  radius  of  the 
insulating  sleeve  may  be  made  as  small  as  0.521  cm  if 
a  dielectric  coating  like  enamel  is  used.  With  the 
wave  number  of  copper  \ke |  =  688  m"1  at  1  kHz  for 
the  conductor,  the  following  quantities  may  be  calcu¬ 
lated: 

kL  =  (4.12  +  /0.32I  x  KT1  m' 1  Z,  =  3.44  +  /0.267  fl 
s,  =■=  n(2fJL)‘‘  =  381  m  |/t,„|  =  9.66  x  105  m 

The  input  current  l0  required  to  produce  an  electric 
moment  of  3  x  10*  A  m  is  /0  =  31.1  A.  The  total 
input  power  is  P0  »  | I0\2R0  ~  26.5  kW.  The  ratio  of 
the  power  Pc  dissipated  in  the  ohmic  resistance  of 
the  insulated  wire  to  the  power  PR  radiated  is  Px- 
/>*  =  0.106.  It  follows  that  P*  =  23.23  kW  and 
Pc  =  2.46  kW.  The  radiating  efficiency  of  the  insula¬ 
ted  section  is  PK  R0  =  87.6%. 

A  simple  experiment  to  test  a  higher-frequency 
version  of  the  specialized  antiresonant  antenna  rnay 
be  proposed.  In  such  an  experiment  the  nvlon-rope- 
endosed  insulated  and  bare  sections  of  the  antenna 
are  put  in  place  in  a  tidal  basin  (such  as  those  that 
occur  off  the  New  England  shoreline)  at  low  tide  and 
energized  for  measurement  using  a  suitable  receiving 
element  (effective  length  may  be  <  10  m)  at  high  tide. 
In  this  way  the  conductivity  of  the  underlying  crust 
may  be  determined  independently  using  conductivity 
probes  in  situ,  provided  the  water  is  shallow.  At/=  i 
kHz.  6,  <  10  m  so  that  the  high  tide  need  not  be 
deep  to  prevent  air-water  surface  effects. 
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The  formulas  for  the  complete  electromagnetic  field  in  region  1  (z  a  0,  kx)  due  to  a  horizontal  electric 
dipole  also  located  in  region  1  near  its  plane  boundary  with  region  2  (r  £  0,  k2\  | 12  «  l*i  lJ)  are 
reviewed  and  applied  to  determine  the  moment  of  a  magnetic  dipole  that  effectively  generates  the  field 
in  region  2.  Use  is  made  of  this  fieid  to  determine  the  locus  of  the  Poynting  vector,  the  maximum  depth 
of  penetration  into  region  2  of  the  lateral  wave  part  of  the  field,  and  the  fraction  of  power  associated 
with  the  lateral  wave  in  a  specified  range.  Application  is  made  to  the  use  of  horizontal  antennas  on  the 
seafloor  for  geophysical  exploration  of  the  lithosphere. 


1.  INTRODUCTION 


Lateral  electromagnetic  waves  are  excited  along 'a 
boundary  between  two  electrically  different  media  by 
vertical  or  horizontal  electric  dipoles  located  near  or 
on  that  boundary.  Specifically,  when  a  unit  (lxhe  =  1 
Am)  horizontal  x-directed  electric  dipole  is  located  in 
region  1  (z  >  0,  wavs  number  kt  =  /tj  +  iax  = 
o)[p0[ei  +  i<r,/ro)]u2)  at  a  distance  d  from  the  bound¬ 
ary  with  region  2  (z  <,  0,  wave  number  k2  =  02 
+  ia2  =  a)[p0(e2  +  ier2/oj)] t/2)  (Figure  1),  the  electro¬ 
magnetic  field  in  region  1  at  the  point  p,  <p,  z  in 
cylindrical  coordinates  consists  of  six  components. 
The  foliowing  three  are  of  interest  here: 

Eif{p,  ()>,;)=-  cos  4>^k2g(k2p, 


(1) 


coun 


( ki  r 

<i>\r 

l*i  L  pT  J 


Formulas  for  the  components  £10(p,  4>,  z).  Blp(p,  sp, 
z),  and  Bj-(p,  4>,  z)  are  given  by  King  and  Wu  [1983]. 
In(lH3), 


/(*zP-  *>)  -  r— 1  =  9(*zP.  *i)  =  — 
*  2p  p 


! 


ki 


1  2 


-  — -7— -j-rMr— )  k,)  (4) 

P*  k2p3  k,  \k2p 


with 


?(k2p,  *,)  =  id  +  0  -  C3(kip  2k{)  -  iS2(k2p,'2k\)  (5) 

and 


C2(u)  +  iSj(u)  =  J  (2nt)~ 1 2e"  dt  (6) 

The  distances  r,  from  the  source  dipole  and  r2  from 
its  image  to  the  point  of  observation  are 

r,  =[(_--  df  +  p1?  2  r2  =  [(.-  +  i):  +  PJ],:  0) 

The  formulas  are  accurate,  subject  to  the  conditions 
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i*il  >  3|*21  !*!pl>3  p>5|z|  p  >  5d  (8) 

They  include  three  types  of  terms,  namely,  direct  field 
terms  with  the  factor  e‘*,ri.  image  field  terms  with  the 
factor  e'k',2t  and  lateral  wave  terms  with  the  factor 
ei*jpeftiu+<n  when  region  1  is  the  sea  or  earth  and 
region  2  is  air  or  the  lithosphere  at  the  seafloor,  a,  » 
a2,  so  that  e «  e~llp,  the  direct  and  image  field 
terms  decay  rapidly,  and  only  the  lateral  wave  field 
remains.  Its  amplitude  is  greatest  when  z  +  d  is  small, 
so  that  e~t,{:+d>  -  1.  The  exponentials  in  the  lateral 
wave  terms  all  indicate  that  the  wave  travels  verti¬ 
cally  a  distance  d  from  the  dipole  to  the  boundary 
surface  in  region  1,  then  horizontally  along  the 
boundary  a  distance  p  in  region  2,  and  finally  verti- 
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j-Ortctcd  .  ^  V-L— «■£,»(£,  4>z) 

HOfiioniol  ,  -  -  ■  •  ■*  v  r.-r 

Efteinc  Occ-e  N  <  , 

31  Kt-gnt  tf  y  y*  p 

<»{  '^rrrryTTuTt,!.j  n  1 1  ii  1 1  /  ujj — *. » 


Region  <  (k|) 


Rtgcr,  2<k2)  lk,l  >50^ 

Fig.  1.  Horizontal  electric  dipole  near  the  boundary. 


cally  in  region  1  to  the  point  of  observation  at  {p,  <f>, 
z).  The  questions  to  be  answered  are:  (1)  What  is  the 
actual  path  of  the  lateral  wave  field  along  the  bound¬ 
ary  in  region  2?  (2)  What  is  the  maximum  depth  of 
penetration  into  region  2?  (.1)  What  fraction  of  the 
total  power  transferred  to  region  2  from  the  source  is 
associated  with  the  lateral  wave?  Answers  to  these 
questions  require  formulas  for  the  electromagnetic 
field  in  region  2.  These  formulas  are  known  along  the 
boundary  from  (1H3)  and  the  following  boundary 
conditions: 


eu(p,  <t>>  0)  =  £i  „(p.  <t>,  0) 

£J:(p.  4>.  0)  =  (k\/kl)Elt(p,  <t>.  Cl  (9) 

bu(p,  <f>,  0)  =  4>,  0) 

2.  THE  FIELD  IN  REGION  2  (AIR.  OCEANIC  CRUST) 

In  order  to  determine  the  depth  of  penetration  of 
the  latera'  wave  field  into  region  2  it  is  necessary  to 
obtain  explicit  formulas  for  the  complete  field  in  that 
region.  These  can  be  derived  from  the  incident  field 
on  the  boundary  2  =  0  due  to  the  horizontal  electric 
dipole  in  region  1.  The  components  of  the  field  of  an 
x-directed  dipole  in  an  infinite  region  with  the  wave 
number  fc,  are  well  known.  They  are 


where  r0  =  {p2  +  z2)1’2.  The  field  on  the  plane 
boundary  with  region  2  is  given  by  (1QHI3),  with 
z-d.  However,  this  is  not  the  complete  field  because 
of  reflection  at  the  boundary. 


The  plane  wave  reflection  coefficient  R  for  norma! 
incidence,  as  seen  from  region  i  (where  the  dipole  is 
located),  is  defined  by  the  components  of  the  field 
tangent  to  the  boundary,  that  is, 

(14) 

at  r  =  0.  In  (14), 


R 


ki  ~ 
k2  + 


Since  |  k2  j2  «  i  k,  |2,  it  follows  that 


(15) 


*^-1+2*1/*,  (16) 
On  the  boundary  2  =  0, 


Bm  ~  2[kv'kt)B^  Eun  ~  20 1  -  Me,)  U7) 

As  a  first  approximation,  let  -  0,  £ua  ~  2£jja . 
This  is  equivalent  to  an  unbounded  region  1  with  the 
source  dipole  at  z  =  —  d  and  an  image  dipole  with 
codirectional  current  at  z  =  d.  Thus  the  tangential 
electric  field  on  the  boundary  at  z  =  0  is  effectively 
double  that  of  the  source  dipole  alone:  the  magnetic 
field  is  near  zero.  It  follows  that  the  tangential  elec¬ 
tric  field  in  region  1  on  the  boundary  plane  z  =  0  is 


(18) 

(19) 


This  primary  field  is  equivalent  to  a  sheet  of  mag¬ 
netic  surface  current  Km  in  generating  a  field  in 
region  2.  It  is  defined  by 

Kn  =  »K  E|..»  =  1*  (x£u  +  5'£|»>  =  yEu  -  *£„  (20) 

Since  this  current  is  large  primarily  on  the  parts  of 
the  surface  near  the  dipole,  its  magnetic  moment  can 
be  lumped  at  the  origin  for  calculating  the  field  in 
region  2  not  too  close  to  the  origin  and  not  too  close 
to  the  boundary  surface.  The  integrated  moment  is 
obtained  from 


-EE 


Ex  dx  dy  =  -  ■ 


k'l 


f*  f1 

mx  *=  |  £r  dx  dy  =  0 


(21) 


(22) 


Hence  the  equivalent  magnetic  moment  of  a  mag- 
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neiic  dipole  located  at  the  origin  is  m  =  ymy,  as 
given  by  (21). 

To  a  first  approximation  the  field  in  region  2 
(2  ^  0)  not  too  close  to  the  origin  and  not  too  close 
to  the  boundary  surface  is  simply  the  field  of  a  y- 
directed  magnetic  dipole  at  the  origin  (Figure  2).  It  is 
given  by  (A1HA6)  in  the  appendix.  It  assumes  that 
the  tangential  electric  field  vanishes  at  the  boundary. 
This  is  adequate  for  points  in  region  2  not  too  close 
to  the  boundary.  It  can  be  improved  to  include  the 
boundary  by  calculating  higher-order  approxi¬ 
mations  with  £,lin  sa  E2(an  =  — (ct>/A-2Kz  x  B2).  This 
fairly  long  calculation  is  outlined  in  the  appendix.  It 
leads  to  the  following  improved  formulas  for  the  field 
in  region  2  (2  <  0)  including  the  boundary  with 
region  1 : 

4>.  -')-  ~TT  e'l'd  cos  4~  ~  4V‘!'0 

2nkt  \  r0  r2J 

03i 

E,jp.  <t>.  e'ui  sin  </-Y—  -  4W  <24) 

2^i  vo/  \  ro  '■0/ 

E2;lp,  4>.  :)  -  —  <?,M  cos  <t>(-)(—  -  4Y‘J,CU  +  *) 
2n/c,  VoA'-o  rlJ 


Bu{p.  <j>.  ;)  -  -  — 1  sin  <j> 

•JIa  1 

,26) 


<t>.  :)  -  —  e'4"'  cos  <p 


y  Directed  J 

Honwntct  , 

Mcqnene  Opoit  1  J 
cnme  BeonCory  |  , 

>  /  /  /  tyL+t-rr 


Re?ion  1  (k,) 


(7 


Region  2  4*) 

-• Ezp[p,<t>.z) 

Fig.  1  Equivalent  magnetic  dipole  on  the  boundary  for  deter¬ 
mining  held  in  region  2. 


with  R  =  l:\  p/2k\  and  Z  =  k\zl2kx  <  0;  C2(u)  and 
S2(u)  are  defined  in  (6). 

A  more  precise  formulation  of  the  condition 
|  A',r0 1 »  1  can  be  obtained  from  a  comparison  of  (29) 
at  2  =  0  with  (I)  at  2  =  0.  When  2  =  0,  r0~*  p  and 

V**' «'**(*,*,*,)  (30) 

*.  \k2pj 


so  that  (23)  becomes 

e:m  * «  -  -  cos  $ 


_  topoki  en,4e,i!P  cos  0 


e‘4i'°(l  + 


Bj.(p.  d».  r)  -  e'l,d  sin  <t> 

.  2nk  | 

These  formulas  are  good  approximations  everywhere 
in  region  2  except  near  the  source,  that  is,  |k,r0| »  1. 
In  these  formulas, 

$  =  H?.nR)'  +  i)  -  Cj[(R  -  Z)*/K] 

-  iS&R  -  Z)2/*]}  (29) 


_  I ..  M  f V': J4'\F(k2p,  A‘,)l  (31) 

L  p  p  k,\k2pj  J 


where,  as  in  (1),  only  ik2/p  is  retained  in  [(ik2  p) 
-  (I/p2)]  where  this  is  a  factor  of  the  Fresnel  inte¬ 
gral,  since  this  term  is  negligible  when  |fc2p|  is  not 
large.  A  comparison  of  (31)  and  (1)  shows  that  the 
two  are  in  agreement  when  r,  =  r0  =  (p2  +  d2)' 2  is 
sufficiently  great  to  make  the  direct  field  negligible 
(i.e.,  exp  ( — a  j  r0)  ^  0.04  or  a,r0  £  3),  and  p  is  suf¬ 
ficiently  large  to  make  the  term  i/k2  p3^  negligible 
compared  with  [(/Ar2/p)  —  (l/p2)]  or  j  k2p2\  large 
compared  with  1.  Calculations  from  (23)  show  that 
actually,  Elp(p,  <p,  2)  is  proportional  to  1/p  when 
\k2p\}£  1.  It  is  reasonable  to  assume  that  the  general 
expressions  (23H29)  are  good  approximations  when 
ctjr0  3  and  |k2r<j!  2z  ’ 
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O' lionet  In  fcm  Cttwttn  tronimittar  and  restivet 


Fig.  3.  Locus  of  Poyming  vector  in  half-space  model  of  lithosphere;  k,  -  (iwp0a  j)1'1.  k2  -  (iw> i0Oj)i:J.  At  r  =  0, 

Slf  m  (djijj .  and  Slt  •»  SIs. 


3.  LOCUS  OF  THE  POYNTING  VECTOR  IN 
REGION  1  (AIR.  OCEANIC  CRUST): 

DEPTH  OF  PENETRATION  OF  LATERAL  WAVE 

The  complex  Poynting  vector  in  region  2  is  given 
by 


S  =-i 
J  2/r< 

■  Ej  x  BJ  =  ~  [zE2p  -  p£j,  B%] 

>  2p0 

(32) 

In  the  range  | 

1  kz  p  \  4 1  k\;k2 1  the  contributions  from 

the  Fresnel 

integral  terms  are  negligible.  In 

this 

range,  with  z 

<0, 

E2M  4><  =)  - 

2nkl  Vo  rl) 

(33) 

Ej t(p.  <t><  -)  ~ 

(34) 

E?«(P.  4><  2)  “ 

\  r0 

(35) 

It  follows  that 

S2l  «  A  [z  +  (kj/k,)r03  cos5  <f>  S2f  **  Ap  cos5  $ 

(36) 

where 


The  real  parts  are 

Re  S2p  =  AnP  cos5  4>  Re  S2l  ~~  AK(z  +  6r0)  cos5  0 
where,  with  k  =  fi  +  ia, 


(37) 


(38) 


6 


Re  (k2/k,) 


0102  +  *1*2 
0i  +  *i 


(39) 


The  two  casts  of  interest  are  the  air-earth  or  sea 
boundary,  where  z2  =  0,  and  the  ocean-seafloor 
boundary  at  low  frequencies  at  which  k  -  (ia>p0a)12 
in  both  regions.  In  these  cases,  S  -  ^t^2/|A'il5  and 
5  =  (ffz/ffi)1'2,  respectively.  With  (8),  &  is  small,  and 
<5:  is  negligible. 

Since  z  is  negative  in  region  2,  it  is  convenient  to 
let  z'  =  ~z.  The  slope  of  the  locus  of  the  Poynting 
vector  is 


--Ref*. 

dp  S2f 


-2'  +  Sr0 


(40) 


The  equation  for  the  locus  of  the  Poynting  vector  in 
region  2  (z  s  0)  with  z’  =  -z,  is 


2' V),,J 

dp  p 


(41) 
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Since  S  is  small  and  z'/p  is  small  on  all  parts  of  the 
locus  except  near  the  origin  where  none  of  the  formu¬ 
las  is  accurate,  a  proper  approximation  over  the 
range  p  2:  5r'  is 


This  is  readily  solved  with  the  substitution  z'  =  sp, 
(dz'/dp)  =  s  +  p(ds/dp),  which  gives 

dp 

ds~  —6—  (43  a) 

P 

or 

s  -  -<5  In  (p/p0)  (436) 

Her.cc  the  equation  of  the  locus  of  the  Poynting 
vector  is 

=  —Sp  In  (p/p0)  (44) 

where  z  =  0  at  p  =  0  and  p  =  p0.  Typical  loci  are 
shown  in  Figure  3  for  the  lateral  wave  in  the  litho¬ 
sphere  below  the  seafloor  under  physical  conditions 
characteristic  of  the  measurements  made  by  Young 
and  Co.\  [1981]  on  the  seafloor.  Note  that  the  scale 
of is  enlarged  10  times  over  that  of  p.  The  depth  of 
penetration  of  the  lateral  wave  into  region  2  depends 
on  the  radial  distance  p0  where  the  field  is  observed. 
The  maximum  depth  is  at 

•  =  zi,  =  3,o0ie  =  <5p0/2.718  **  Spm  (45) 

where  e  -  2.718  is  the  base  of  the  natural  logarithm 
and 


or 

Re  S,  “  AKr0(l  —  <5  cos  ©')  cos’  <p  (49) 

The  total  power  radiated  by  the  magnetic  dipole  into 
region  2  across  a  hemisphere  of  radius  r0  is  given  by 
the  integral  of  Re  S2r  over  the  surface  of  that  hemi¬ 
sphere,  as  shown  in  Figure  4.  Thus  with  S2,  —  Re 
SjMas  given  in  (49), 

t*r.\ 

r0  dQ'  S2r  r0  sin  ©'  d<f> 

Jo 

-  nAKr&l  -  6/2)  (50) 

The  large  fraction  of  this  power  that  crosses  the  sec¬ 
tion  of  the  hemisphere  bounded  by  the  circle  through 
the  points  P(pm,z'n)  is 

(■&.  C2* 

P2s  =  ro  dQ'  s2r  r0  sin  ©’  d<j> 

Jo  Jo 

-  7r/t*r^l  -  cos  ©;  — ^  sin2  ©^  (51) 

Since  the  Poynting  vector  is  always  tangent  to  the 
logarithmic  surfaces  OQ  and  OR  in  Figure  4,  the 
power  between  them  is  transmitted  to  the  section  of 
the  boundary  surface  between  Q  and  R  where  it 
enters  region  1.  If  region  2  is  dissipative,  a  part  of 
this  power  appears  as  heat  in  the  shaded  volume. 
The  fraction  of  the  total  power  that  crosses  the  sec¬ 
tion  of  the  hemisphere  between  P  and  Q  is  readily 
evaluated.  It  is  the  power  PL  in  the  lateral  wave  that 
reaches  the  surface  between  Q  and  R. 


Pm  -  Poie  -  p0/2.7i«  (46) 

On  the  conical  surface  defined  by  (45)  the  Poynt¬ 
ing  vector  is  purely  radial,  thst  is, 

s:  “  pS2p  S2t  =  0  z'  =  z;  “  5p0/e  (47) 

This  cone  has  the  apex  half-angle  0^,,  defined  by 

a  s  ,  ,  n 

Q„  =  -  -  tan  1  —  =  -  -  tan  '  <5  ~  —  <5  (48) 

2  P«  2  2 


r*f  2  [2k 

P2l  *=  J  r0  d&  j  S2r  r0  sin  0'  d<f> 

=  nARr30(l  -  cos  ©;  -  ^  sin3  ©;j  (52) 

If  use  is  now  made  of  (48)  and  (45),  it  follows  that 

_ z'm  5p„  S  t 

C0S  'm  =  (Pi  +  i*)m  =  PJ 1  +  3:)‘ 1  =  (1  +  62)' 2  ' 


4.  DIVISION  OF  POWER  BETWEEN  LATERAL  WAVE 
AND  SPACE  WAVE  IN  REGION  2 

fhe  real  part  of  the  radial  spherical  component  S, 
of  the  Poynting  vector  is  given  by 

Rc  S,  -  Rc  [-S,  cos  ©'  +  Sp  sin  ©'] 


«  A/t(r0  ~  $z')  cos2  4> 


sin  ©'  -  ■ 


Pm 


Pm 


(P»  +  Z»)1'2  pjl+d2)'2 

Wi'h  ‘hese  values  and  neglecting  S2  «  I, 


-  l 


Pis  ~ 
and 


’K) 


PiL-nAKr}S 


Pis  1  ~  36/2  Pji  5 

Pa"  1  -  3/2  "*  Pit"  1-  3/2 


(53) 


(54) 
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Fig.  4.  Hemisphere  and  logarithmic  surfaces  for  interpretation  of  the  Poynting  vector  S,  of  >  directed  magnetic 

dipole  at  O.  (a)  Side  view.  ({>)  Top  view. 


are  the  fractions  of  the  total  power  in  region  2 

jt  continue  on  in  region  2  as  a  spherical  wave 
beyond  a  radius  rh  and  the  fraction  that  is  diverted 
into  the  lateral  wave  that  reaches  the  boundary  sur¬ 
face  between  the  radii  p  =  r0  and  p  =  2.718r0.  If 
region  2  is  nondissipative,  like  air,  all  of  the  lateral 
wave  fraction  of  power  is  transferred  to  region  I 
across  the  boundary  between  p  =  r0  and  p  =  2.718r0. 
If  region  2  is  dissipative,  a  part  of  the  power  is  dissi¬ 
pated  in  region  2  in  the  volume  PQR,  shown  in 
Figure  4. 

Since  <5  is  small,  it  is  clear  that  only  a  small  frac¬ 
tion  of  the  power  entering  region  2  is  diverted  into 
the  lateral  wave  between  p  =■■  r0  and  p  =  2.718r0,  At 
any  radius,  most  of  the  power  continues  as  a  spheri¬ 
cal  wave  that  continuously  generates  the  lateral  wave 
beyond  p  ~  2.718r0  as  it  travels  deeper  and  deeper 
into  region  2.  Note,  however,  that  when  region  2  is  a 
homogeneous  half-space,  the  entire  field  along  the 
boundary  surface  is  due  to  the  lateral  wave.  In  this 
discussion,  use  has  been  made  of  the  conical  surface 
on  which  S,  =  0,  defined  by  Q'„  ~  (n/2)  -  tan ' 1 
(:'Jp'm)  (n/2)  -  6.  Any  other  cone  can  be  used  with 

angle  ©'  =  (n/2)  -  tan " 1  (r'/p),  where  z'/p  is  ob¬ 
tained  from  (44). 


5.  APPLICATION  TO  STUDIES  OF  THE 
LITHOSPHERE  WITH  ANTENNAS  ON  THE  SEAFLOOR 

A  complete  quantitative  understanding  of  the 
properties  of  lateral  waves  is  essential  in  geophysical 
investigations  of  the  lithosphere  by  means  of  the  elec¬ 
tromagnetic  field  generated  by  antennas  in  the  ocean 
on  or  near  the  seafloor.  For  example,  in  the  work  of 
Young  and  Cox  [1981]  and  Chave  and  Cox  [1982] 
the  lithosphere  is  represented  by  a  stack  of  horizontal 
slabs  with  different  thicknesses  and  conductivities. 
The  field  of  a  horizontal  electric  dipole  near  the  sea¬ 
floor  is  assumed  to  travel  down  in  the  lithosphere  to 
be  successively  reflected  by  the  discontinuities  in  con¬ 
ductivity.  The  reflected  field  is  observed  with  the  help 
of  a  tv.ceiving  antenna  located  on  the  seafloor  at  a 
fixed  distance  from  the  source.  Actually,  the  field  at 
p,  4>,  z  in  the  sea  consists  of  two  parts:  the  lateral 
wave  which  travels  in  the  lithosphere  close  to  the 
seafloor  and  the  space  wave  that  travels  down  into 
the  lithosphere  where  it  can  be  reflected  from  bound¬ 
aries  characterized  by  abrupt  changes  in  the  conduc¬ 
tivity.  The  lateral  wave  samples  only  a  relatively  thin 
layer  with  maximum  thickness  z'm  -  (5/2.1 18)p0, 
where  <5  -  (cr2/cr1)1/2  and  p0  is  the  radial  distance 
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from  the  source  to  the  point  of  observation  in  the 
useful  intermediate  zone  where  the  magnitude  of  the 
radial  component  of  the  lateral  wave  field  is 


| £i>. 0. 0)i  -  —  | cos  0|  (55) 

Ztta  j  p 

This  is  the  entire  field  if  there  are  no  reflections  of  the 
space  wave  which  is  given  by  (23H28)  with  the  later¬ 
al  terms  omitted.  In  the  spherical  coordinates  r,  0,  <j> 
the  space  wave  has  the  following  components: 

E2j(ro,e.<t>)  =  0  (56) 


E2$(ro<  01  — 


Bu(r0,  0.  0)  = 


mo 

2nk, 


Ppk2 
2ji  fc, 


(57) 


COS  0 


(58) 


E2e{r0 .  0,  0)  =  sin  0  cos  0  (59) 

2«*i  Vo  'J 

Sl^.  s.  .inline 


(60) 

B2e(r0.Q.  0)  =  -  —  e“'V‘)r° 

2nk  | 

fik2  1  i  \ 

■I - t  -  7 — r  I  sin  0  cos©  (61) 

Vo  ro  k2rU 

Note  that  ©'  in  the  previous  discussion  is 

0'  =  7t  —  ©. 

When  |k2r0|  >  1,  the  l/r0  term  dominates,  and  the 
highly  attenuated  outward  traveling  spherical  wave 
has  the  form  e“3,0/r0  =  e~t,roelfir',/r0.  This  wave  is 
partly  of  the  electric  type  (£2,  =  0,  £2e,  and  Blt>)  and 
partly  of  the  magnetic  type  (Blr  -  small,  B2& ,  and 
£2«).  It  is  this  field  that  is  partly  reflected,  partly 
transmitted  when  incident  on  a  surface  of  disconti¬ 
nuity  in  a2.  However,  since  the  field  is  not  a  plane 
wave,  is  not  normally  incident  on  such  surfaces,  and 
is  not  independent  of  the  transverse  coordinates  p 
and  0,  it  follows  that  it  is  not  readily  determined 
except  when  the  reflection  coefficient  for  plane  waves 
is  ±1.  When  this  is  true,  and  there  are  boundaries 
that  approximate  it  quite  we  1,  the  reflected  field  is 
the  field  of  an  image  magnetic  dipole  with  equal  and 
codirectional  or  equal  and  opposite  magnetic 
moment.  If  the  reflecting  boundary  is  at  z'  =  £>,  the 
image  is  at  z'  =  2D,  and  the  field  at  p  =  p0  just  below 
the  surface  in  region  2  is  given  by  (57)  with  r0  re¬ 


placed  by  2r0  =  (4D2  +  p%)u2.  When  |fc2r0|  >  !,  this 
is 


-je 


2nkx  2r0 


(62) 


The  plane  wave  transmission  coefficient  for  the  elec¬ 
tric  field  at  the  surface  of  region  1  is 


2  cos  0' 

cos  0'  -i-  l{kjk2)2  -  sin2  ©'] 


2k2  cos  O'  2k2 

- - - - - =  cos  0' 

k2  cos  0’  +  kx  fcj 


(63) 


The  approximations  on  the  right-hand  side  of  (63) 
depend  on  |fc,  i2  » |fc2|2.  The  field  across  the  bound¬ 
ary  in  region  !  is  approximated  by 


£i„(Po.  0. 0)  -  T£fe 


imp  k\  ltJDe,2k>'°- 
2n  k\e  \  rg  _ 


cos  0 


(64) 


With  k  =  (fcop0cr)w2  the  magnitude  is 


I  £?,(Po.  0.  0)|  -  ^  ^  e-'*  -2  e'2l,,°| cos  0| 
2n  <jx 


ro 


(65) 


The  ratio  of  the  reflected  space  wave  to  the  lateral 
wave  (55)  at  p0, 0, 0  is 


=  (66) 
1*0 

where  x2  =  (u>p0o2/2)1 2.  Calculations  of  this  ratio  as 
a  function  of  2 £>/p0  for  a}  =  4  S/m  and  a2  -  0.004. 
0.01.  0.04,  and  0.1  S'm  are  represented  graphically  in 
Figure  5  for /=  1  and  2  Hz.  The  curves  show  that 
the  field  due  to  the  reflected  space  wave  first  rises  to 
a  maximum  as  the  depth  D  of  the  reflecting  layer  is 
increased  and  then  decays.  The  initial  rise  is  due  to 
the  increase  in  E2p  £20  cos  0'  =  £2o(D/r0)  as  D 
becomes  larger;  the  final  decay  is  caused  by  the  ex¬ 
ponential  factor. 

Even  at  its  greatest  value,  with  <x2  =  0.004  S  m. 
D  -  0.25po  =  5  km.  and  /=  1  Hz,  the  contribution 
by  the  reflected  space  wave  to  the  total  field  observed 
on  the  seafloor  is  less  than  40%,  with  the  lateral 
wave  contributing  over  60%.  For  other  depths  and 
conductivities  the  lateral  wave  may  contribute  as 
much  as  90%  or  more  to  the  total  field  observed  at 
p0  =  20  km  on  the  seafloor.  Since  the  lateral  wave 
penetrates  only  a  short  distance  into  the  lithosphere, 
as  shown  in  the  inset  in  Figure  5,  great  care  must  be 
used  in  interpreting  measured  values  of  the  total 
field.  If  no  consideration  is  given  to  the  lateral  wave 
and  the  entire  observed  field  is  treated  as  a  space 
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Fig.  5.  Ratio  of  reflected  rpacc  wave  field  to  lateral  wave  field  on 
seafloor:  depth  of  penetration  of  lateral  wave  (inset). 


(A6) 

where  r0  =  (pa  +  z2)1/a.  This  field  is  consistent  with 
the  boundary  condition  £2t50  ~  Q,  which  is  an  ap¬ 
proximation  of  the  actual  boundary  condition, 
namely, 

E(ua(P.  <£•  0)  =  £j. «a(P.  <£.  0) 


-  -(wlk2)i  x  B2,,„(p.  0)  (A7) 

where  ;  £  0  in  region  2.  Use  can  then  be  made  of  this 
accurate  boundary  condition  and  the  assumed  in¬ 
equality 

n2  s  k\/k\  «  1  (A8) 


wave  into  the  lithosphere  that  has  been  partially  re¬ 
flected  from  the  boundaries  of  a  succession  of  hypo¬ 
thetical  horizontal  layers,  each  with  its  own  conduc¬ 
tivity.  large  errors  in  interpretation  are  inevitable. 
The  60-90%  of  the  observed  field  that  has  sampled 
only  a  thin  layer  of  the  lithosphere  cannot  be  ig¬ 
nored. 


APPENDIX:  THE  FIELD  IN  REGION  2 

The  complete  field  in  region  2  is  obtained  as  a 
refinement  of  the  field  due  to  a  y-directed  magnetic 
dipole  with  the  magnetic  moment  (-2cop0/&1)e'M, 
located  on  the  boundary  surface  at  the  origin  of  the 
cylindrical  coordinates  p,  <p,  z,  where  is  measured 
from  the  positive  x  axis.  The  components  of  the  field 
are 


VoA'o  rl 


Bj ,(p,  <5,  Z)  =  -  ~~  eu,<  sin  <f> 

j 


,f*jro 


to  extend  the  range  of  (A1HA6)  to  include  the  region 
near  the  boundary.  This  is  accomplished  with  Max¬ 
well’s  equations  in  cylindrical  coordinates,  namely. 


<A9) 


IrB,  cB±_ 

J£e 

p  c<t>  cz 

w 

cBp  cB. 

ik2 

- —  —  »  - 

cz  cp 

<u 

c  cB ~ 

1  ik* 

~(pB,)--rf 

1 - - 

cp  ctj>_ 

J  » 

1  cE.  c£. 

p  c<t> 


<t>.  -’)  =  -  ~~  cos  <t>(r)('-T-  -  iV1'0  (Al) 


cEp  cE. 
~~~  =  iwB, 
cz  cp 

plcp  c<pj 


(A  10) 


(All) 


(A  12) 


(A  13) 


(A  14) 


(A2) 


applied  to  the  leading  terms  of  the  field  in  (A1HA6). 
after  the  variables  p  and  z  have  been  changed  ac¬ 
cording  to 


R  —  pkl/2k\  =  n2k2pQ 

Z  =  :kp2k, 

(A3)  or 

k2p  -  2 R/n1 

k}  z  —  2Z/n 

ft  ♦A)} 

H:to 

(A4) 

'o 

V0  ^2  rQ/  J 

Poki 

^cosJ— 

1  i  N 

Lttjr, 

2 nkt  C 

\r0 

4  k2rlj 

1 

(AS) 

(A  15) 

Note  that  the  newly  defined  variable  R  is  Sommer- 
feld’s  “numerical  distance.”  The  correction  to  (Al)- 
(A6)  is  to  apply  specifically  to  a  region  near  the 
boundary  where  p2  »  z2  or  r„  =  (p2  +  r2)1'2  ~  p.  In 
order  to  simplify  the  calculation  the  correction  term 
will  be  evaluated  only  for  the  leading  terms;  the 
other  terms  can  be  replaced  after  the  correction 
terms  have  been  added. 
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In  terms  of  the  new  variables  R  and  Z  the  leading 
terms  in  {A1HA6)  are 

£„  -  A  cos  4>  „  £2„  •=  -(Z/R  Vs'*  (AI6) 

Eu  ~  A  sin  <f>  e',*'*’n£ u  £u  ®  (Z/R  V2'*  (A17) 

£2i  -  A  cos  <fi  e,2*  ’3£2x  £u  « (W’"*  (A18) 

B2p-A{k2!(o)  sin  <f>  e'J*'"V52()  £2p~^-“jeiZJ,-,i 

(A  19) 

R2#  -  A[k2/w)  cos  ^  e'2*  52#  =  -(l/R)e'2S,A  (A20) 

8ls  -  A(k2«o)  sin  0  e12*  ’,:nS2t  S2,  =  (Z/RV22'*  (A21) 


and  from  (A17) 

£j*  -  (Z/RV'R  (A3I) 

far  from  the  boundary. 

The  solution  of(A26)  is  carried  out  with  the  substi- 


tution 

F  -  F(R,  Z)  =  Ril2B2+ 

(A32) 

so  that 

2  BZ  2 

5F 

az 

(A33) 

With  this  substitution  in  (A24),  (A24)  becomes 


where  A  =  mp0k\n2l4,nkx.  If  these  formulas  are  in¬ 
serted  in  Maxwell’s  equations  (A9HA14)  and  the 
terms  are  arranged  in  order  of  the  powers  of  the 
small  quantity  n,  the  following  first-order  relations 
are  obtained.  (Note  that  c/cp -*  ik2  +  cicp  =  ik2 
+  {n2kJ2)c/'cR.) 


2  IE 


2t> 


B2.  =  £ 
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(A22) 


(A23) 


With  appropriate  combination  the  following  second- 
order  equations  are  obtained: 


/I  c  c\-  c£2p 
I  T*“  R  T“"  jo ~  —  ■  r-  (A24) 

\RcR  cRj  u  cZ 


R  + 


+ 


(A25) 


If  (A22)  and  (A23)  are  combined  with  these  last  two 
equations,  the  two  equations  (A26)  and  (A29)  remain 
to  be  solved: 


subject  to  the  boundary  condition 
£jp  =>  B2t  Z  =  0 
and  from  (A  16)  and  (A20), 

»  -(Z/R  V1'*  Bu  =  -(1  /R)e,^,", 

far  from  the  boundary,  and 


subject  to  the  boundary  condition 
Bit  ~  0  Z  =  0 


(A26) 

(A27) 

(A28) 

(A29) 

(A30) 


82F  .  dF 

dZ2  +  4'  3R 


0 


and  with  (A27),  (A33)  gives 


With  (A28), 

F-  UiglZ,,* 


(A34) 


(A35) 


(A36) 


far  from  the  boundary.  The  solution  of  (A34),  subject 
to  (A35)  and  (A36),  is  required. 

Since  far  from  the  boundary  F~*  -R_1'Vz:  R,  the 
solution  near  the  boundary  can  be  obtained  in  the 
form 


F0  =  F  +  R  ~ il2e,zllK  (A37) 


where  F0  ~  0  at  sufficient  distance  from  the  bound¬ 
ary  where  -R~ll2eiZ*m  is  the  solution.  Since 
[(c*2/5Z2)  +  4i{3/dR)]R~ il2eiZ2,fi  =  0,  it  follows  that 


82F0  8F0 

aF  +  4,air° 


(A38) 


Also,  with  (A35)  it  follows  that 


£Fo 

cZ 


—  2/R 


-i/j 


(A39) 


A  solution  of  (A38)  with  (A39)  can  be  obtained  with 
the  Fourier  transform 

f,({,  Z)  «  £V0(R,  Z)e~'tK  dR  (A40) 


When  (A38)  and  (A39)  are  Fourier-transformed,  they 
give 

/UP 

~r~r  —  4{r  o  =  0  F0  =  A(VS*  (A4I) 
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where 


— 2(jri)s,ar,,J  (A42) 


With  (A41)  in  (A42), 


(A53) 


1/2 


so  that 


C2(V’2  -  0 


(1  l,2e2V>Z 

fod.  Z)  =  -7H-— 

c'V2  -  0 


(A43) 


(A44) 


is  the  Fresnel  integral.  Thus 


1/2 


/  -  4n( -)  ^'V^Cid  +  i)  -  Cj(u)  -  iSj(a)]  (A54) 


and 


0  +SH 


where 


^  S  /(27T/?)1 


When  the  inverse  transform  of  (A44)  is  substituted  in 
(A37),  the  solution  for  F  =  F(f?,  Z)  is 

F(R.  Z)  =  -jT''VZ5* 

-fivj  p  — 

W  V2iV2-i) 

With  (A45),  (A32)  gives 

e,z5  *  (  i  \l  2 

where 

I  =  /(/?»  Z)  =  f '  l2  ■■■  «€«*  di 

J-*  ?  '*  With  (A23)  and  (A55), 

This  integral  can  be  expressed  in  terms  of  the  Fresnel  eiz:.n 

£».  -  -r-  U  +  9) 


(A45)  and 

?  =  id  +  i)  -  c2[(/?  -  Z)2;K] 
-  i S2[(R  -  Z)2m  s  S  0. 

(A46) 


(A55) 


(A56) 


(A57) 


When  (A55)  is  substituted  in  (A20),  this  becomes 


.  e 


iZ:  R 


Blt  -  -A(k2  vj)  cos  4>  e‘1K"‘  — -  (1  +  V)  (A58) 


(A47) 


integral.  As  a  first  step,  note  that 
1  f  /I  cl  \ 

i  rziri,)-{2rz-,,r 

=  e-J;z[X  4 1eii,i*e,<*dS 


(A59) 


so  that  with  (A  18), 


„.z:  R 


£j.  /l  cos  4>  e‘2R  "5  —  (1+0)  (A60) 


I  2 


=  2^-J  f-z<Vz=* 

Since  /(x)  =  0,  it  follows  that  for  z  <,  0, 


(A48) 


With  (A33)  and  (A55), 


/  -  4(  eJiz  £  e '  dZ'  (A49) 


With  the  change  in  variable  Z'  =  R  -  Z", 

/  =  4(^)  e1,Ze'<R  |  elz‘2l*dZH  (A50) 
Finally,  let  r  =  Z"2/R.  Then 


- fU  +  (1+  J  (A6U 

Substituting  this  in  (A1 6)  gives 

E2„  =  —A  cos  0  e!j*"Vz<  *  —  f"2  +  (1  +  #)]  (A62) 

RIR  J 


SO 


When  the  variables  in  (A62),  (A60),  and  (A58)  are 
changed  and  the  terms  that  were  omitted  in  these 
/aR\i*  fx  eu  equations  are  reinserted,  (A  1),  (A3),  and  (A5)  become 

IT)  ;7~;i.z  dt  (A51)  (23),  (25),  and  (27),  respectively. 

^  "  n  The  second  equation  to  be  solved  is  (A29).  With 

where  «  =  (/?-  Z)2/R.  Also,  (A22)  it  becomes 


/  =  4|  — - ) 

vRj 


r 


(2*1) 


U2  *  -  z  (I  +  0  -  c,(«)  -  1S:(U)  (A52) 
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When  the  two  equations  in  (A23)  arc  combined,  the 
result  is 


—  L 

=  2L  cZ  ”  R  m 


so  that  with  (A22}, 

ifc2£lp  t  c’Zj.  1  - 

•fT  2Lir-RfzJ'2lzr  +  «i"  (MS) 

When  this  is  substituted  in  (A63),  it  reduces  to 

(jss  +  S'5S;)C!*"0  <A“’ 

which  has  the  solution 

(A67) 

This  satisfies  the  conditions  (A30)  and  (A31).  When 
substituted  in  (A17), 

Elp  -  A  sin  <p  ^  e'2*  "Vz:  *  (A68) 

R 

With  (A22)  and  (A21), 

nZ 

Bu  «  A(k:  vS,  sin  <t>  ~J  e,2R  "Vz''*  (A69) 

A 

The  substitution  of  (A67)  and  (A55)  in  (A64)  gives 


so  that  with  (A  19), 

BJp  -  A{k2/(a)  sin  4> 

[f(,+5*)-f]  lft7" 

When  the  variables  in  (A68),  (A69),  and  (A71)  are 
changed  and  the  terms  omitted  in  the  determination 
of  the  field  along  the  boundary  are  included  to  form 
(A2),  (A4),  and  (A6),  the  complete  formulas  given  in 
(24),  (26),  and  (28)  are  obtained. 
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Properties  of  the  Lateral  Electromagnetic  Field  of  a 
Vertical  Dipole  and  Their  Applications 

RONOLD  W.  P.  KING,  life  fellow,  ieee 


A&strsei— The  formulas  for  the  eJectrocasgcelic  field  In  Region  l  iz 
t  0,  i, )  due  to  •  vertic*!  elecirk  dipole  tko  In  Region  I  near  Its  plane 
boundan  wfih  Region  2  (:  S  0,  i*;  |J*|:  «  ««  reviewed.  The 

corresponding  formulas  for  the  field  in  Region  2  are  then  determined. 
Use  is  made  of  this  field  to  determine  the  locus  of  the  Pointing  vector 
and  the  maximum  depth  nf  penetration  into  Region  2  of  the  lateral* 
wave  part  of  the  field.  Application  is  made  to  the  use  of  the  vertical 
antenna  in  the  sea  for  the  measurement  of  the  conductivity  of  the 
oceanic  crust. 


I.  Introduction 

LECTROMAGNETIC  surface  waves  of  a  type  known 
as  lateral  waves  are  excited  dong  a  boundary  be- 
tween  two  electrically  different  half-spaces  by  both  ver¬ 
tical  and  horizontal  electric  dipoles  located  near  or  on  that 
boundary.  The  firs:  complete  analysis  of  the  field  gener¬ 
ated  by  a  vertical  dipole  was  given  by  Sommerfeld  (lj. 
(2J  in  terms  of  general  integrals  of  the  Hertz  potential  from 
which  expressions  for  the  components  of  the  electromag¬ 
netic  field  couid  be  obtained  by  differentiation.  The  ap¬ 
proximate  evaluation  of  these  integrals  occupied  many  in¬ 
vestigators  over  a  wide  span  of  years.  Notable  in  its 
application  to  radio  propagation  between  vertical  anten¬ 
nas  on  the  earth  or  sea  was  the  work  of  Norton  (3],  which 
provided  extensive  tables  and  graphs.  A  comprehensive 
summary  and  reanalysis  of  the  problem  are  contained  in 
the  important  book  by  Banos  (4)  and  in  a  paper  by  Wait 
and  Campbell  |5J  who  obtain  approximate  simple  for¬ 
mulas  in  three  nonoverlapping  ranges  known  as  the  near 
or  qujsi-static  field,  the  intermediate  field,  and  the  far  or 
asymptotic  field.  A  summary  and  an  extensive  listing  ot 
formulas  in  these  ranges  are  in  the  monograph  by  Kraich- 
man  (6j.  Beginning  with  the  work  of  Siegel  and  King  |7)- 
19).  numerical  methods  and  high-speed  computers  were 
used  to  evaluate  the  general  Sommerfeld  integrals  and  de¬ 
termine  the  electromagnetic  field  of  horizontal  electric  di¬ 
poles  in  sea  water  near  the  air  surface.  This  was  continued 
in  more  general  terms  by  King  and  Sandler  ( 10|.  Bubenik 
[II],  King.  deBettencourt.  and  Sandler  1 12],  King.  Sand¬ 
ler,  and  Shen  (13).  and  Rahmat-Samii.  Mittra,  and  Par- 
hami  ( I4J.  A  comprehensive  tabulation  and  graphical  rep¬ 
resentation  of  numerically  evaluated  fields  over  wide 
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ranges  of  permittivity,  conductivity,  and  frequency  are  in 
King  and  Smith  [15]. 

Because  neither  the  general  integrals  for  the  Hertz  po¬ 
tentials  nor  the  numerically  evaluated  tables  and  graphs 
for  the  electromagnetic  field  calculated  from  them  pro¬ 
vided  adequate  physical  insight  into  the  nature  of  the  elec¬ 
tromagnetic  lateral  waves— which  dominate  the  field  along 
boundaries— and  the  associated  fields  in  the  adjacent  re¬ 
gions,  exact  integrals  specifically  for  all  of  the  compo¬ 
nents  of  the  electric  and  magnetic  fields  were  derived  for 
the  field  of  the  horizontal  dipole  by  King  and  Smith  |15j 
and  for  the  vertical  dipole  by  King  (16).  Similar  integrals 
but  specialized  by  the  condition  u>«  «  a  for  geophysical 
applications  were  derived  for  the  horizontal  dipole  on  Ae 
sea  floor  by  Chavc  and  Cox  (17)  and  for  the  vertical  di¬ 
pole  by  Edwards  et  al.  (18),  ( 19).  Beginning  in  the  papers 
by  Wu  and  King  |20],  (21)  and  King  and  Wu  |22)  for  the 
horizontal  dipole  and  by  King  )  16]  for  the  vertical  dipole, 
the  genera!  integrals  for  the  components  of  the  electric 
and  magnetic  fields  were  integrated  to  obtain  simple,  ac 
curate,  and  continuous  formulas  valid  over  radial  dis¬ 
tances  from  very  close  to  the  source  to  infinity.  These 
apply  specifically  to  the  field  in  Region  1  and  along  the 
boundary  in  Region  2  (when  the  dipole  is  in  Region  I  or 
on  the  boundary  in  Region  2),  subject  to  the  inequality 
|A-,|  s  i\k2\  where  kt  and  k,  are  the  wavenumbers  of  the 
two  half-spaces.  Applications  of  these  formulas  were 
made  to  communication  with  submarines  by  King  and 
Brown  (23),  to  the  detection  of  buried  objects  by  King 
)24] .  [25).  and  to  measurements  3n  the  sea  floor  by  King 
|26)  for  an  isotropic  oceanic  crust  and  by  Pan  |27)  for  an 
anisotropic  crust.  The  determination  of  integrated  for¬ 
mulas  for  the  field  throughout  Region  2  including  a  de 
tailed  study  of  the  lateral  waves  is  carried  out  in  King. 
Owens,  and  Wu  (28)  for  the  horizontal  dipole.  The  cor¬ 
responding  investigation  of  the  fields  of  a  vertical  electric 
dipole  is  the  subject  of  this  paper. 

II.  Electromagnetic  Fields 

Consider  a  unit  (Lhc  =  1  A  •  m)  vertical  c-directed 
electric  dipole  located  in  Region  I  (:  z  0,  wavenumber 
kt  =  j3,  +  /a,  =  a)(/io(<,  +  at  a  distance  d 

from  the  boundary  with  Region  2  (t  S  0,  wavenumber  k2 
-  02  +  JOT;  =  u(jr0(€2  +  »Wu)]w2)  (Fig.  1).  The  rota- 
tionally  symmetric  electromagnetic  field  in  Region  1  at 
the  point  p.  z  in  cylindrical  coordinates  consists  of  the 
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Fig.  t.  Vertical  dipole  at  (0.  J)  in  Region  I. 

three  components  E^,  and  Bld.  Each  of  these  is  con¬ 
veniently  expressed  as  a  sum  of  three  parts,  viz.,  the  di¬ 
rect  field,  the  perfect  image  (reflected)  field,  and  the  lat¬ 
eral-wave  field.  They  are  given  by  (16]  . 

»'<«•  =>  ”  +  S''"1-  =>  +  *«'•  =>•  (I)  E'.(P.  S)  =  ^  f  ^  j„(MX>  „x 

4ttkJ  jo  7j 

£t(p,  2)  =  E'l(p.  z)  +  E\(p,  z)  +  £{(p.  z),  (2) 

where,  with 


(9) 


ggO  Jtic 
4xA2  ,Vr: 


and 


r,  »  (p2  +  (2  -  d)2]1'2 
r2  =  ( p 2  +  (2  +  d)2}1'2 

A)  =  At72  +  ^:7i 
7  =  (A,2  -  X2)l/2,  7  =  1,2: 


(3) 


(4) 


rl  r-2)  \  r2 

ik T  3/:i  3/V 

Ji  ~  n  -  r\)\  ,l0> 

juries  f“  -*Tri<: -*■*/> 

SU.e)  =  -^jo— A(MX=A 

-  (ID 


<(p 


e 

o  7, 


d,(Xp)X2  dX 


£|p(P,Z)  "  2ttA:t  Jo  N  MXfl)X  X 


=  _i£°  Jlinflb.  _  i\ 


4x 


\n  r]t 

K (P.  0  =  77!  ±  ^,b‘rf|7,(Xp)XJ  dX. 
4xA]  Jo 


(5) 


upok2 


£':(p.  c)  =  - 


2xA, 

T  Jo 


f'i'l:WVil7(.(:P,  A*,)  - 


rt 


-  fi'Vi(c  +  i/) 


2xA: 


/V 


d„(Xp)X  dX 


( 


z  >  d 
0  i.-  2  -S  d 


w^Ai 

2xA? 


-iijp 


**'*(*2P.  A,). 


(12) 


(13) 


-  “1*0  JhnfUd  _  Hi  _  3f\ 

4xA2  \ r ,  r2  r?j 


In  these  formulas 


g(A:p,  A,)  =  /(A2p,  A,)  - 


2  -  d 
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A  j  \k2pj 
where  p  s  A  2  p/2  At  and 

S(P)  =  |  (1  +  0  ~  C:(p)  -  iS:(p) 


(14) 


-r 

jp 


(2xf) 
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r\  / 


(ik] 

3A|  3 

£\1 

\7 

"  r?  "7 

])\ 

(15) 

is  the  Fresnel  integral.  The  last  term  in  (12)  with  the 
wavenumber  A|  in  the  exponent  is  actually  not  a  part  of 
'  '  the  lateral  wave  but  a  correction  term  for  the  image  field 
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given  in  (9).  For  large  arguments 

/(Asp.  A|)  —  g(k2p.  a’i)  —  —  Aj/A'sp". 

\k2p\  >  S\k]/kl\.  (J6) 

The  integrated  formulas  for  the  direct  and  reflected 
fields  in  (5)-(i0)  are  exact.  Those  for  the  lateral-wave 
field  in  (1 1)-(!3)  were  evaluated  with  the  approximation 

gil !(:+</)  _  giLHz  +  ti)  _ 

under  the  conditions 

i*i i  ^  m 

p  &  5c 

P  >  5 d.  (18) 

The  first  of  these  is  essential  to  the  integration  of  (II)- 
(13)  in  which  |As/A||:  is  treated  as  a  small  quantity.  The 
specific  ratio  |A,|  a  3|As|  is  verified  by  the  comparison 
o.  the  integrated  formulas  with  the  numerical  evaluation 
of  the  integrals  ir.  critical  ranges.  The  requirement  that  p 
be  large  compared  to  c  and  t>  is  needed  only  for  the  lateral- 
wave  terms  because  of  the  approximation  (17).  Since  the 
depth  of  penetration  of  the  lateral  waves  is  only  a  fraction 
of  the  radial  distance,  this  is  generally  not  an  important 
restriction. 

The  lateral-wave  electromagnetic  field  in  Region  2 
along  the  boundary  c  =  0  where  r,  =  r2  is  readily  ob¬ 
tained  from  the  field  in  Region  1  with  the  help  of  the 
boundary  conditions.  Note  that  direct  and  reflected  field 
terms  in  E2„(p.  0)  are  omitted.  Thus 


B:o(p.  0)  =  Bl0(p.  0)  =  /'V-'7U':P.  *,) 

2irk  7 


E,„{p.  0)  =  £,„(p.  0)  =  eli"li,,L:,’f(k:p.  A,) 


2rk', 


to  formulate  for  subsequent  practical  applications.  The 
principal  restriction  is  the  requirement  |Jtf|  »  |A>|  as 
specified  on  the  left  in  (18).  With  this  condition  it  is  ev¬ 
ident  that  the  first  term  in  N  is  the  larger  one.  This  permits 
the  separation  of  each  of  the  integrals  into  two  parts  by 
writing 

1  1  /!  1\ 

n  =  nU\n'1ZJ  (25) 


where 


N0  a  k I?;  **  ki(k2  -  X~) 


(26) 


The  first  part  of  the  integrals  is  given  by  (22)~(24)  with 
N0  substituted  for  N.  In  these  it  is  clear  that  the  major 
contributions  must  come  from  the  range  X  -  0(As). 
Therefore.  yt  =  (A]  -  X*)1'1  ~  A,  ar.d  the  integrals  re¬ 
duce  to 


~  2*1 ' 
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7: 


'  J |  ( Xp)  X*  d\ 


ik-> 


Pe*‘-  jLul 
2rA(  \r0 
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(27) 
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2tAt  Jo 
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2irk]  \r0 


3_ 

r6 


3  / 

A;  I'h 


PZ 

d) 

(28) 
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(20) 


“Po*:  ,i 

irf 

//As 

1 

2irA] 

( 

In,  ■ 
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//As 

3 

3/  \ 

fil 

kid) 

£:.-(P-  0)  =  p  £,-(p.  0)  =  /'Vl:'\«’(A,p.  A,). 

At  ^  2  irk] 

(21) 

The  field  in  Region  2  in  genera!  is  given  by  the  following 
exact  integrals  which  are  derived  in  1 16]: 

s^.z)Jjf\’CZflAa^dX  m 

Zir  Jo  N 

r  y2eht,le-n:: 

Jo 


(29) 


where  r„  =  (p:  +  j2)1'2.  The  integrals  in  (27)-(29)  are 
like  those  in  (5)-(  10).  but  with  d  =  0  and  the  change  y, 
-*  y2.  As  in  (5)-(IO).  the  integrated  exact  formulas  arc 
obtained  from  the  field  of  the  vertical  electric  dipole  in  a 
homogeneous  infinite  medium  given  in  King  |29|. 

In  the  second  part  of  each  integral  the  factor  UN  is  re¬ 
placed  by 


N 


_1_ 

N0 


1 


1 


*17:  +  *37i  *i7: 


(30) 


£:P(p. :)  =  - 

£^(p.  z)  =  - 
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2it 

<£Po  f 
2*  .!< 


N 

gfiidg-h:: 

N~ 


y,(Xp)X-\/X  (23)  Specifically 


7„(Xp)X'</X  (24) 


p">,„  _  />o*:  judr 

^:o(P-  z)  =  e  u2o(p.  z) 


where  N  =  Ajy:  +  k\yt  and  y,  -  (A;  -  X2)u2.j  =1,2. 
The  evaluation  of  these  integrals  can  be  carried  out  di¬ 
rectly  subject  to  certain  restrictions,  which  it  is  important 


(31) 
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4’(p.  2) 


G^ip.  z) 


Ear  <P,  2) 
G2:(p,  Z) 


e*'JG2p(p.  z) 

2  <  0  (32) 

j^jO  In 

~~2t:  6  -Z'P'  z’ 

ra-a^****- 

zso.  (33) 


^2p(P.  2)  =  E^P,  2)  +  EzpiPi  Z) 


The  three  functions  G3i,  G3p>  and  G3:  are  evaluated  in 
Appendix  I.  The  results  are 


<(p,  Z)  =  r4l  e,ll<V1:' 
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with  /?  =  k\pl2k],  Z  =  k\z!2k\  and 
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P  (2*/) 
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(37) 

The  complete  field  is  the  sum  of  (27)— (29)  and  (34)- 
(36).  The  final  formulas  for  the  field  in  Region  2  due  to  a 
vertical  electric  dipole  at  z  =  d  in  Region  1  are 

*2«(P.  z)  =  <’(p,  z)  +  S3*(p,  z) 
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E2 :(p.  2)  -  £2°;(p,  Z)  +  £2;(p;  z) 


(39b) 


h y 

J*2P  Zl 
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J_\ 
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.  e-,(R-2 Z)ff{(/?  _  Z)2//?]j  ,  Z  <  0. 

(40) 

In  (39b),  rd  =  (p2  +  d2)'12  and  f(k2p,  kt)  is  defined  in 
(14).  These  formulas  are  good  approximations  throughout 
Region  2  except  near  the  source.  They  correspond  for  Re¬ 
gion  2  to  (11)-(13)  for  Region  1.  The  components  B2*(p, 
Z)  and  £3;(p,  z)  satisfy  the  boundary  conditions:  53d(p, 
0)  =  S|6(p,  0)  and  £3:(p,  0)  =  (k 2/k \ )  £1;(p,  0).  To 
satisfy  the  boundary  condition  £3p(p,  0)  =  £lp(p,  0),  a 
separate  formula  (39b)  for  £3p(p.  0)  is  required.  This  is 
derived  and  discussed  in  Appendix  II.  Note  that  in  (39a) 
the  term  in  1/p2  has  been  added  in  the  square  bracket.  The 
evaluation  of  £2p(p,  z),  z  <  0,  in  Appendix  I  was  carried 
out  for  k2p  not  small.  This  restriction  was  not  made  in  the 
evaluation  of  £|P(p,  z)  so  the  ‘-is  is  a  better  approxi¬ 
mation  when  k2p  is  kept  small. 


III.  The  Locus  of  the  Poynting  Vector  in 
Region  2 

The-  formulas  (38)-(40)  for  the  field  in  Region  2  include 
a  spherical  wave  that  travels  outward  from  the  equivalent 
source  at  (0,  0)  in  Region  2  and  a  lateral  wave  that  pro¬ 
ceeds  along  the  boundary.  It  is  of  interest— especially  in 
measurements  made  on  the  sea  floor— to  know  how  deep 
into  Region  2  the  lateral  wave  proceeds  before  returning 
to  the  boundary  at  the  point  of  measurement.  This  can  be 
determined  by  following  the  locus  of  the  Poynting  vector. 
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This  is  defined  as  follows: 

S2(p,  2)  =  —  \E2{p,  z )  x  B* (p,  c)] 
2po 

=  zr-  f zE^{p,  z)  £?*(p,  z) 


-  pEu{p,  z)  BUp.  2)J.  (41) 


The  asterisk  indicates  the  complex  conjugate.  Since  2  is 
negative  in  Region  2.  it  is  convenient  to  introduce  2'  = 
-z.  The  slope  of  the  locus  of  the  Poynting  vector  is 


_  S:.(p,  z )  _  E^jp.  z) 

dp  6  %(p.  2)  C  -E2i(p.  z)  ' 


(42) 


Evidently  the  locus  of  the  Poynting  vector  is  perpendic¬ 
ular  to  the  lines  of  the  electric  field.  In  the  range  p  Sc  5z'. 
the  second  term  in  (40).  which  is  multiplied  by  z2/r%.  can 
be  neglected  compared  to  the  first  term.  It  follows  that 


E20(p,  Z)  r"  \fo  rn  hro/  *i  \P  P'J 
-£2:(P.  2)  /j£  _  i_  _  J\ 

\r»  r20  k,r^J 


(43) 

where  the  Fresnel  integral  terms  have  been  omitted  since 
they  are  negligible  when  k2p  is  not  large.  In  the  near  and 
intermediate  fields— which  are  the  only  ones  of  interest  in 
low-frequency  measurements  on  the  sea  floor— the  fol¬ 
lowing  condition  is  valid: 

-  !*;p2|  «  3  or  (kpl  <  0.6.  (44) 

With  (44)  the  !/r„  -  1/p  terms  in  (43)  are  negligible  and 

EzplP-  2)  __  3zp  /  k2r0  \ 

~£;.(p.  2)  rf,  k,p2  [k2r„  +  i)  ' 


At  low  frequencies  k2  -  (1  +  /)/3:  where  /3:  =  (wpi ,o,/ 
2)1’  Also,  kJkl  =  (a-</a,  )112.  It  follows  that,  with  r„  = 

(p-  +  2* ),/*  -  p 

E2fl(p.z)  3: +  5/3 2p2  -3:'  +  5/3:P: 

RC  -£,.(p,  2)  ~ - p - p -  (46> 

where 

6  =  (a2/or,  ),/2.  (47) 

When  (46)  is  substituted  in  (42),  this  becomes 

d -•  2-r' 

i~  =  ~-  «&P-  (48) 

dp  p 

This  equation  is  readily  solved  with  the  substitution  z'  — 
jp’,  ( dz'/dp )  =  2 p.v  +  p2(ds/dp).  Thus 


ds  _  dp 
s  -  6{i2  p 


(49) 


osumCL  f,  tn  meters 


Fig.  2.  Lorn  of  Poynting  vector  in  half-space  model  of  the  oceanic  crust; 
l,  >•  (iuftt.a,)' 4.  *  S„(a,.  0)  -  (o./ot)S:,(p1;.  0). 

0)  ■  S,.(Po>  0). 
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Fig.  3.  Locus  of  Poynting  vector  in  half-space  model  of  the  oceanic  crust; 
4,  =  (ib.-fl.l0l)1  \  4;  »  (iu^a;)1 ::  5,„<p„.  0)  =  (o:/o,)S:„tp„.  0); 
5,,(p„.  0)  =  S;..(p„.  0). 


so  that 


In  (s  -6/ S:)  =  In  Cp  (50) 

where  C  is  a  constant  of  integration.  The  solution  with  s 
=  2  'Ip2  and  C  =  -5/32/po  is 

Z‘  =  5/3,p2(I  -  p/p0).  (51) 

This  equation  defines  the  locus  of  the  Poynting  vector  be¬ 
tween  the  source  at  p  =  0.  2'  =  0  and  the  point  of  obser¬ 
vation  at  p  =  p0,  z’  =  0.  The  maximum  depth  of  pene¬ 
tration  is  determined  by  dz'hlp  =  0.  With  (51).  the 
coordinates  of  the  point  of  deepest  penetration  into  Re¬ 
gion  2  are 

2pn 

P  =  P„,  =  — 

2'  =  z'm  =  |  5/3 2p-n  =  —  5/3,p5.  (32) 

Note  that 

5/32  —  /3j//3 1  =  cri/?j 

=  (upo/2o,)l/2.  (53) 

Here  /?,  is  the  surface  resistance. 

Graphs  of  the  loci  defined  by  (51)  are  shown  in  Figs.  2 
and  3  for  parameters  that  apply  to  actual  measurements 
made  on  the  sea  floor.  Fig.  2  applies  to  the  sea-sediment 
boundary  with  cq  =  2.85  S/m,  a2  =  0.3  S/m,  and/  = 
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0. 125  Hz.  Fora  radial  range  of  1  km,  the  maximum  depth 
of  penetration  is  about  18  m.  Fig.  3  applies  to  a  sea-rock 
boundary  with  ot  =  2.85  S/m,  a2  —  0-01  S/m,  and/  = 
0. 125  Hz.  For  a  radial  range  of  5  km,  the  maximum  depth 
of  penetration  of  the  lateral  wave  into  the  rock  is  only 
15.3  m. 

IV.  The  Measurement  of  the  Conductivity  of  the 
Oceanic  Crust 

An  interesting  set  of  measurements  has  been  reported 
by  Edwards  et  al.  [30]  for  determining  the  conductivity 
of  the  oceanic  crust  below  the  Bute  Inlet,  British  Colum¬ 
bia.  Canada.  It  provides  a  useful  vehicle  for  the  applica¬ 
tion  and  discussion  of  the  theory  developed  in  the  preced¬ 
ing  sections.  The  site  of  the  measurements  has  the  cross 
section  sketched  on  the  right  in  Fig.  4.  The  sea  water  (Re¬ 
gion  1,  0|  =  2.85  S/m)  has  a  depth  =  640  m  in  a 
channel  that  is  almost  4  km  wide  at  the  surface  and  2  km 
wide  on  the  floor.  Below  the  water  is  a  layer  of  sediment 
(Region  2.  o:)  that  Alls  a  trough  that  is  estimated  to  have 
a  central  depth  near  D2  =  600  m.  The  conductivity  of  the 
sediment  was  estimated  from  measurements  of  the  mois¬ 
ture  content  of  sample  cores  to  be  between  1/11  to  1/5 
that  of  the  salt  water,  so  that  a2  ~  0.26  S/m  to  0.57  SI 
m.  The  country  rock  (Region  3,  <r3)  below  the  sedir.ient 
has  a  conductivity  of  the  order  of  a3  -  0.01  S/m.  Above 
the  sea  water  is,  of  course,  the  air  (Region  0). 

The  antenna  used  by  Edwards  et  al.  was  an  insulated 
conductor  that  extended  from  the  sea  floor  to  the  air  sur¬ 
face  so  that  h  -  Dx  =  640  m.  At  each  end  the  antenna 
was  conductively  connected  to  the  salt  water  by  bare  metal 
rods.  Its  consecutive  locations  in  the  Bute  Inlet  are  indi¬ 
cated  by  the  numbered  circles  in  Fig.  4.  At  the  very  low 
frequency  of  /  =  0. 125  Hz,  the  wavenumber  of  the  salt 
water  was  kx  =  (IaJ^^oc^^)l,2  =  1.68  X  10"3  e'*'4  m"1  and 
the  electrical  length  of  the  antenna  was  /3,  h-  0,76,  which 
is  short  enough  so  that  a  current  with  the  uniform  ampli¬ 
tude  I  was  maintained  over  its  entire  length.  The  electric 
moment  is  Ih„  where  hf  is  the  effective  length  of  the  an¬ 
tenna.  For  an  antenna  of  length  h  in  an  ocean  with  a  depth 
D |  that  is  much  greater  than  both  the  skin  depth  and  the 
length  of  the  antenna,  the  effective  length  is 

/>,  =f  dz  =  «:,•' (1  -«*'*).  (54) 

Jo 

With  k,  =  1.68  x  10-3  <?'W4  m“'  and  h  =  640  m,  h,  = 
438e'° 335  m.  Since  the  antenna  extends  from  the  sea  floor 
to  the  surface  with  h  -  Dt  =  640  m  ar.d  this  is  actually 
less  than  the  skin  depth  d,  ~  of1  =  847  m,  the  presence 
of  the  sea-air  boundary  must  be  taken  into  account.  This 
is  readily  done  since,  at  the  very  low  frequency  used,  the 
reflection  coefficient  at  the  air-sea  boundary  for  the  mag¬ 
netic  field  of  a  wave  incident  from  the  sea  is  extremely 
close  to  -1.  It  follows  that  the  boundary  surface  can  be 
approximated  by  a  magnetic  wall  on  which  the  tangential 
magnetic  field  vanishes.  That  is,  £u(p,  h)  =  0.  This 
means  that  the  entire  air  half-space  can  be  replaced  by  an 


Fig.  4.  Location  of  measurements  by  Edwards  et  al.  j30). 


inverted  image  of  the  lower  half-space  containing  the  sea 
and  oceanic  crust.  The  antenna  thus  has  an  image  with 
reversed  current  so  that  the  effective  length  becomes 


he 


>h  f>2A 

i  e**11  dz  -  \  e‘i,:  dz  =  /kf'O  -  <?,i,A)2- 
o  Ja 


(55) 

With  Jt,  =  1.68  x  10"3  e‘tU  m-1  and  h  =  640  m,  this 
gives  ht  -  321e-,°  12  m.  Ii.  order  to  maintain  the  zero 
value  of  the  magnetic  field  at  z  =  h— now  the  midpoint  in 
the  ocean  with  image  which  has  a  combined  depth  of  2h— 
the  lateral  wave  traveling  in  the  oceanic  crust  at  z  <  0 
must  also  have  an  image  that  travels  along  the  image  of 
the  crust  at  z  >  2h  The  contribution  of  the  image  wave 
to  the  field  at  (p,  0)  on  the  sea  floor  is  identical  with  that 
of  the  actual  wave  but  with  opposite  sign  and  with  an  ad¬ 
ditional  distance  2 h  of  travel  down  in  the  sea  water  from 
the  plane  z  =  2h  to  the  plane  z  =  0.  The  total  magnetic 
field  observed  in  the  sea  on  the  sea  floor,  that  is,  at  (p,  0) 
in  Region  1 ,  includes  the  lateral  wave  traveling  vertically 
upward  into  the  sea  from  the  sediment,  the  image  wave 
traveling  vertically  down,  and  multiple  reflections  of 
these.  The  magnetic  field  at  any  point  ;  is  given  by 


z>  =  5|$(p,  0) 


yti:  _  e'ti (26  - :) "l 

.  1  +  rme'2i|A  J 


(56) 


where 


k,  -  k2  Vuj  -  yfa2 

■  ■■■»  ■’■■■ '  m  —  —=■■■■  . _ 

k\  +  k2  4a\  +  sa2 


(57) 


is  the  reflection  coefficient  of  magnetic  type  at  the  sea- 
sediment  boundary.  Note  that  B^(p,  h)  =  0  as  required. 
With  a2  =  0.4  S/m  and  <r(  =  2.85  S/m,  ,Fm  =  -0.45. 
The  field  on  the  sea  floor  at  z  =  0  is  given  by 


B,*(p,  0)  -  J3£(p,  0) 


r  ,  _  1 

.1  +  rme,2i,\ 


(58) 


The  complete  effective  length  as  modified  by  the  effect  of 
the  air-sea  boundary  is 


f  (1  -'^(1  - 

h*  ~  *,  1  -f  rmei2*'h 


(59) 


With  T„  =  -0.45,  =  1.68  x  10-3  eitH  m-',  and  h  = 
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640  m 

hr  =  326c""'241  m.  (60) 

With  Tm  ~  0.  hr  =  329e"i0W  m.  Clearly,  only  the  first 
reflection  is  significant. 

It  is  to  be  noted  that  while  ail  of  the  multiple  reflections 
of  the  lateral  waves  reaching  the  point  of  observation  at 
(p,  0)  in  the  sea  are  included,  the  antenna  generating  these 
waves  includes  only  the  section  of  length  2/i  in  the  sea 
with  image  and  images  of  equal  length  in  the  oceanic  crust 
and  its  image.  This  gives  a  total  length  of  6h  with  a  uni¬ 
form  current  that  alternates  in  sign  in  successive  lengths 
h.  The  effect  of  multiple  reflections  on  the  waves  leaving 
the  antenna  arc  not  included  and  cannot  be  provided  by 
image  antennas  unless  the  reflection  coefficient  of  the  crust 
is  close  to  ±1— which  it  is  not.  When  <r;  lies  between 
0.26  and  0.57  S/m.  and  <r,  =  2.85  S/m.  the  reflection 
coefficient,  —  (s/cri  —  -/^/(Vai  +  ranges  from 
-0.53  to  -0.38.  The  formula  (59)  is  evidently  accurate 
so  long  as  contributions  from  image  antennas  beyond  4fc,/i 
are  negligible.  That  is,  it  is  necessary  that  = 

e~4 ("h  «  1.  With  ai  =  1.188  x  10" J  m"1  and  h  =  640 
m,  e"40'*  =  0.02.  It  follows  that  the  magnitude  of  the 
lateral  wave  and  its  image  should  be  correct  within  2  per¬ 
cent  when  (59)  is  used.  Note,  however,  that  (59)  is  not 
useful  in  the  limit  of  zero  frequency.  An  alternative  for¬ 
mula  that  has  application  in  this  limit  is  given  and  dis¬ 
cussed  in  Appendix  III. 

Measurements  of  the  horizontal  magnetic  field  on  the 
sea  floor  were  made  by  Edwards  et  al.  with  the  transmit¬ 
ting  antenna  at  the  numbered  locations  relative  to  the  sta¬ 
tionary  receiving  antenna  (magnetometer),  as  shown  on 
th'  1  rt  in  Fig.  4.  The  measured  field  is  shown  by  the 
nuiii^red  crosses  in  Fig.  5  as  a  function  of  the  radial  dis¬ 
tance  from  the  base  of  the  transmitting  antenna. 

The  values  of  the  wavenumbers  krj  =  0.  1,  2,  3.  for 
the  air  (<r0  =  0),  sea  water  (o,  =  2.85  S/m),  sediment  (o: 
=  0.26.  0.3,  0.4,  and  0.57  S/m),  and  rock  (a,  =  0.01  S / 
m)  are  listed  in  Table  I  together  with  the  ratio  6  =  (a:/ 
o,)12,  the  range  of  electrical  distance  \k:p\  that  corre¬ 
sponds  to  the  actual  range  0.1  SpS  2  km,  the  maximum 
allowable  range  of  p  to  satisfy  the  condition  for  the  ne¬ 
glect  of  the  far-field  terms,  and  the  associated  maximum 
depths  of  penetration  of  the  Poynting  vector. 

in  general,  the  electromagnetic  field  in  a  four-layered 
region  cannot  be  determined  from  formulas  for  the  field 
in  a  two-layered  region.  In  the  case  at  hand,  the  properties 
of  the  layers  at  the  very  low  frequency  and  the  locations 
of  the  transmitting  antenna  and  the  magnetometer  provide 
a  special  situation  which  makes  the  two-layer  theory  use¬ 
ful  for  determining  the  conductivity  of  the  layer  of  sedi¬ 
ment  from  measurements  of  the  magnetic  field  on  the  sea 
floor.  However,  the  idealization  that  all  boundaries  are 
parallel  plane  surfaces  is  required. 

The  measured  field  is  in  the  sea  water  (Region  1 )  at  its 
boundary  with  the  sediment  (Region  2).  Theory  shows 
that,  if  the  sea  were  unbounded  upward  and  the  sediment 
unbounded  downward,  the  direct  and  reflected  fields  of 
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Fig.  5.  Mjgnctu  held  mcjMired  b)  Eduard'  r;  «/.  |.M)|  jnd  Held  ,Au 
lalcd  fnsm  162)  and  (70 )./  «  0.125  Hz.  e,  *  2.85  S'm.  o.  »04Sm 
o ■  «  0.01  S-'m:  D,  =  640  m.  D;  «  600  m. 

the  vertical  antenna  cancel  so  that  the  entire  magnetic  field 
on  the  boundary  is  the  lateral-wave  field.  However,  the¬ 
ory  also  shows  that  for  the  radial  distances  involved  in  the 
measurements  the  maximum  depth  of  penetration  of  the 
lateral  wave  into  the  sediment  is  a  small  fraction  of  the 
d„pih  D:  of  that  sediment.  This  means  that  the  lateral 
wave  field  B\0(p.  0)  is  the  same  when  D:  »  c'„  as  when 
D2  =  w.  But  it  may  not  be  the  entire  field.  There  may  be 
a  significant  reflected  field  from  the  sediment -rock 
boundary  that  travels  upward  in  the  sediment  to  the  point 
of  observation  in  the  sea.  Furthermore,  since  the  vertical 
antenna  extends  to  the  air-sea  surface,  its  currents  also 
generate  a  lateral  wave  that  propagates  along  that  bound 
ary  and  down  in  the  sea  to  the  point  of  measurement  on 
the  sea  floor.  Thus 

Bio(p .  0)  =  B\0(p.  0)  +  Bl(p.  0)  +  B[0(p.  0)  (61) 
where 


is  the  lateral  wave  along  the  sediment-sea  boundary,  as 
given  by  (11).  The  Fresnel  integral  term  is  negligible  over 
the  distances  involved.  The  second  term  in  (61) 

BUps  0)  =  -”j  //»,<* (63) 

is  the  lateral  wave  that  travels  along  the  air- sea  boundary 
a  radial  distance  p  and  then  proceeds  vertically  down  the 
depth  Z),  of  the  sea  to  the  point  of  measurement  on  the 
sea  floor.  fl[0(p,  0)  is  the  field  that  propagates  down  in 
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TABLE l 

Numerical  Values  of  Parameters 

/  «  0.125  Hi.  ig  a  0.25  x  10~*  a~li  ffj~Qd)lS/m,  kj  <=0.99  x  lO'V*'4  m-1; 
ax  =  2.53  S/m,  fc,  «  1.68  x  10_,«,,/4  m-1;  A  a  640  m,  A,  «  3TO*'*0-1*1  m 

3j  in  5/m  I  0.28  03  0.4  0.57 

i,  lam-1  SJMxitrV'/*  5.44 x  10' V'4  8.44 x  10"V'/4  7.50 x  HrV*/4 

■  {oj/ff,)1'"1  030  G374  03TS  0.45 


0.20  km 
72.9  m 


3j  in  5/m  j 

0.28 

1 

03 

0.4 

tj  la  m*1 

5.05  X  10-V'/« 

S.44  x  10-V'/4 

6.44  X  10-V*/4 

i  a  (ffj/ff,)*'1 

030 

0474 

03TS 

Rxnjt 

0.1  <  p  <  2  km 

0.05  <  jk]pl  <  1 

0.054  <  |k,p|  <  1  JOt 

0-064  <  |t,p!  <  133 

Xcu  field 

P  £  0.61*7*1 

|  1.19  km 

1.10  km 

0.93  km 

a  0.15 iffifi1 

1  22.7  m 

22.6  m 

223  m 

tniutoted  H 

r~ 
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Rigicn  2:  Sediment 
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Fig.  6.  Schematic  diagram  locating  the  equivalent  source  dipole  for  the 
field  in  Region  2  at  (0. 0).  its  image  with  reversed  cunent  at  (0,  -  2D:). 
and  the  point  of  observation  in  Region  I  at  ip.  0) 

the  sediment  as  a  spherical  wave  given  by  (27),  is  par¬ 
tially  reflected  at  the  rock  boundary,  and  then  travels  up¬ 
ward  to  the  sediment-sea  boundary  where  it  is  partly  re¬ 
flected,  partly  transmitted  to  the  point  of  observation  in 
the  sea.  This  is  shown  schematically  in  Fig.  6. 

It  is  readily  shown  that  0)  is  negligible  com¬ 

pared  to  £^(p,  0).  The  ratio  B^ip,  0)/Bfc(p,  0)  is  dom¬ 
inated  by  the  ratio  kllk2  -  u2  p^toliotp^a^  ~  — / 1 .74.  x 
10”"  when  /  =  0.125  Hz  and  as  =  0.4  S/m.  This  is  so 
small  that  £?d(p,  0)  can  be  neglected.  It  follows  that 

IMP.  0)  =  3k(p.  0)  [1  +  Bf*(p.  0)/flUp,  0)J. 


The  field  B[d(p,  0)  can  be  determined  in  a  step-by-step 
manner.  Consider  first  the  spherical  wave  traveling  down¬ 
ward  in  the  sediment  from  the  equivalent  vertical  dipole 
at  (0, 0)  in  the  sediment.  This  is  incident  on  the  sediment- 
rock  boundary .  If  on  this  surface  it  is  treated  as  a  locally 
plane  wave,  the  reflection  coefficient  is 

r  (a3/a2)  cos  9  -  v^/aj)  -  sin*  9 

Jir  r" -  ■  (65) 

(a3/a2)  cos  0  +  v(a3/a2)  -  sin  0 

where  the  angle  of  incidence  is  0  and  cos  9  = 
ZtyVbl  +  (p/2)2.  With  a3  =  0.01  S/m  and  a2  =  0.4  S/ 
m,  the  quantity  a3/a2  -  0.024  is  very  small.  It  follows 


that,  except  for  very  small  angles,  sin3  0  is  significantly 
greater  than  a3/a2  and  f„  ~  —  1 .  This  value  is  indepen¬ 
dent  of  the  precise  value  of  o3/a2  so  long  as  this  is  small. 

With  fer - 1 ,  the  reflected  field  is  the  same  as  the  field 

of  an  image  of  the  source  dipole  and  located  at  (0.  -2  D2) 
but  with  reversed  electric  moment,  i.e..  with  the  moment 
-lhr.  The  magnetic  field  of  this  image  dipole  incident  on 
the  sea  floor  from  below,  i.e.,  from  the  sediment,  is 

°> -?)(;)  m 

where  r  =  (4 D\  +  p2)ta  is  the  distance  from  the  image 
dipole  at  (0.  -  2D:)  to  the  point  (p,  0)  on  the  boundary 
but  in  the  sediment.  The  point  of  observation  is  at  (p.  0) 
in  the  sea.  The  field  at  this  point  is  given  in  (66)  multi¬ 
plied  by  the  transmission  coefficient.  That  is 

BUp.  0)  =  BUp ,  0)/.,  (67) 

where  /„  is  the  transmission  coefficient  for  B\e(p.  0) 
which  is  transverse  to  the  plane  of  incidence.  It  is  given 
by 

,  2k]  cos  0 

Jet  ~  _  ,  /7T - T5 — ~  V  ' 

k]  cos  0  +  k2\k]  ~  k2  sin'  0 
2(0|/a2)  cos  0 

^  .  ■■  - — -  •  (Oo) 

(a,/a2)  cos  k.  +  v(0|/a:)  -  sin'  0 

Since  k\/k]  =  a2/ai  =  0.4/2.85  -  0.14  is  quite  small  and 
significant  reflections  occur  only  when  p  >  2D2  and  plr 
is  not  a  small  fraction,  a  satisfactory  approximation  is 

fel  ~  cos  0  +  (o2lax)il2  ~  2D 2  +  r{a2lax)v2  (69) 

since  cos  9  =  2  Dy'r.  The  Brewster  angle  at  which  the 
entire  field  is  transmitted  into  the  sea  occurs  with  p  -  3  5 
km  when  D2  =  600  m.  It  follows  with  (64),  (66),  and 
(67)  that 

'  Go:  +4kpi/;,')®)|  <7°) 
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where  r  =  (4D?  +  p2)m.  This  is  the  total  magnetic  field 
at  the  point  of  observation  (p.  0)  on  the  sea  floor  due  to 
the  lateral  wave  traveling  in  the  sediment  along  a  locus 
like  those  shown  in  Fig.  2  and  the  reflection  from  the  rock 
layer  at  the  depth  D2. 

The  magnitude  of  the  lateral-wave  magnetic  field  given 
by  (62)  has  been  calculated  with  <r(  =  2.35  S/m,  D\  - 
640  m,  a2  =  0.4  S/m,  D2  -  600  m,  and  o>  ~  0.01  S/m 
over  a  radiai  range  from  p  =  0.1  to  p  =  10  km.  It  is 
shown  in  Fig.  5.  The  complete  magnetic  field  including 
the  reflection  from  the  rock  iayer  as  calculated  from  (70) 
is  shown  in  broken  line  in  Fig.  5.  The  reflected  field  is 
seen  to  produce  a  significant  decrease  in  the  field  due  to 
the  lateral  wave  in  a  range  centered  around  p  =  3.5  km. 
At  this  distance,  the  angle  of  incidence  on  the  sediment- 
sea  boundary  of  the  diagonally  upward-traveling  reflected 
field  from  the  rock-scdiment  boundary  is  the  Brewster  an- 
gle  of  8  =  71°  (see  Fig.  6). 

When  compared  with  the  magnetic  field  measured  by 
Edwards  et  at.  in  the  Bute  Inlet  at  the  numbered  locations 
shown  in  Fig.  4,  the  theoretical  curve  is  seen  to  be  in 
excellent  agreement  over  the  entire  range.  This  indicates 
that  the  conductivity  c-f  the  sediment  must  have  an  aver¬ 
age  value  very  near  a2  =  0.4  S/m.  This  value  differs  from 
a2  =  0.52  S/m  calculated  by  Edwards  et  al.  from  the  same 
data  by  a  meihod  that  is  not  given  in  detail.  However, 
with  u>e2  =  0  and  k2  =  (/wpo'rj)1'2,  the  formula  in  Ed¬ 
wards  et  al.  [19.  eq.  (20)]  is  essentially  the  same  as  (62). 

V.  Conclusion 

The  complete  field  in  Region  2  has  been  derived  to  sup¬ 
plement  the  already  available  field  in  Region  i  due  to  a 
vertical  electric  dipole  at  a  distance  d  in  Region  I  from 
the  boundary  between  the  two  regions  for  which  |k||  > 
3 |Jk2 1 .  The  new  formulas  are  applied  to  determine  the 
properties  of  the  field  in  Region  2.  including  the  locus  of 
the  Poynting  vector  of  the  lateral-wave  part  of  the  field 
and  its  maximum  depth  of  penetration.  Direct  application 
to  measurements  on  the  sea  floor  show  excellent  agree¬ 
ment  wiih  measurements  when  appropriate  values  of  con¬ 
ductivity  and  depth  are  selected. 


Appendix  1 

Evaluation  of  thk  Integrals  G2{p.  z) 
The  integrals  to  be  evaluated  are 
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Except  for  small  arguments,  the  Bessel  functions  in  (Al  )- 
(A3)  are  well  approximated  by 
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so  that  (A1)-(A3)  r.  "‘h  becomes  the  sum  of  two  integrals. 
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With  FP(X2)  =  y2F(  X2)  substituted  for  F(  X2)  in  (A9),  this 
gives  G2„(p,  z). 

Let  the  variable  in  the  second  integral  in  (A9)  and  (A  10) 
be  changed  to  X'  =  -  X,  dX'  =  -d\,  X  =  »  -»  X'  = 
-  oo.  Thus,  the  second  integral  in  (A9)  becomes 
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The  second  integral  in  (A  10)  becomes 
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Thus,  the  integrals  in  (A1)-(A3)  are 
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where 
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X2  c/X  (A14)  The  Megral  4  can  be  expressed  in  terms  of  the  Fresnel 
integral.  As  a  first  step,  note  that 
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It  is  evident  from  the  form  of  (AS)  that  the  principal 
contributions  to  the  integrals  must  come  only  when  X  is 
near  As.  This  means  that  X:  can  be  neglected  compared 
with  A,  since  (A,!2  »  |A2|2.  It  is  readily  shown  that  the 
zero  of  N  in  (A5)  occurs  at  X  =  AsA2/(A-i  +  A;)1,2  -  A2 
-  A2/2Aj.  This  suggests  a  change  Oi  variable  of  the  form  pj,|s  ,ntegral  can  be  evaluated  with  the  substitution  .r2 
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where 
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In  (A  16),  t  is  the  dimensionless  variable  of  integration. 
It  follows  that 

X2  -  k  3(1  +  2/jit) 
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In  amplitudes 
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With  these  values 
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With  the  substitutions 

/v  =  (s/fftr  +  ZI'fiR) 

-.v2  =  (A  +  Z/Vifl)2 

i  </y  =  utr 
the  integral  becomes 

r 

J  -  oo 


(A25a) 


2/  _  ;,7  „ 

~r=  e  e 
yfiR 


</v 


1  1 
N  "  N() 


I 

A-JA, 


1 


kxk 


2*1 


_ 1_ 

i  s/t  +  1  iVr 
1 


-(f) 


1/2 


<.-2'V7-’* 


>/t(s/t  -  /') 


(A20) 


It  follows  that 
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This  gives  for  Z  <  0 


The  lower  limit,  X  =  0,  in  the  integrals  (A13MA15)  be¬ 
comes  t  =  -l/in  -  -2k]lk\  where  |2A|/A;j  »  1.  It 
follows  that  the  very  large  lower  limit  can  be  approxi¬ 
mated  by  -  oo.  This  means  that  the  second  integrals  in  ...  , e 
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Finally,  let  t  =  Z”2/R,  dZ"  di,  so  that 

(A29, 

where  ?»(/?-  Z)2IR  with  Z  <  0.  The  integral  can  be 
expanded  as  follows: 
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is  the  well-known  Fresnel  integral.  In  this  notation 
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Here  the  first  integral  vanishes;  the  second  is  like  that  in 
(A25b)  and  equal  to  -Jr.  Thus 
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e2iZe~,R<5  (P),  Zs  0.  (A32)  The  integration  of  both  sides  with  Z  <  0  gives 
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The  second  integral  (A14)  for  G2p(p,  z)  differs  from 
the  integral  for  G2*(p,  z)  only  in  the  additional  factor  y2 
=  (k\  -  X2)1'2  -  ik2Tmlk\.  Hence,  with  (A21)  and  (A22) 


7P  =  |  (~jm  e™  j  ^  e-^e'^Z'  dZ\  (A37) 

This  can  be  integrated  with  the  substitution  Z'  =  R  -  Z" 
to  obtain 
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This  integral  can  be  evaluated  in  the  manner  used  for 
(A22).  Thus 
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This  integral  can  be  evaluated  with  r  =  jc2,  dr  =  2jc  dx. 
The  integral  is 
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The  integral  for  G2;(p,  z)  in  (A15)  differs  from  the  in¬ 
tegral  for  G2d(p,  z)  in  the  factor  Xe,w2  -  /&■>.  Thus,  with 
(A33) 

G2j(p,  z)  —  ~§  ^  eiiifie2iZe-^ [(R  -  Z)2IR], 

Z  5  0.  (A40) 

Appendix  II 

The  Radial  Electric  Field  Along  the  Boundary 

When  the  source  dipole  is  in  Region  1  (\ki\2  »  |&2|2), 
the  field  in  Region  2  is  transmitted  vertically  in  a  narrow 
cone  across  the  boundary.  This  cone  is  bounded  by  the 
critical  angle  for  total  internal  reflection.  When  the  dipole 
is  horizontal,  this  cone  is  in  the  direction  of  maximum 
radiation;  when  the  dipole  is  vertical,  the  radiation  along 
the  axis  of  the  cone  is  zero.  This  leads  to  special  compli¬ 
cations  with  the  approximation  (17)  in  determining  the 
radial  electric  field  near  the  boundary  close  to  a  vertical 
dipole  when  this  is  at  a  distance  d  from  the  surface,  and 
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makes  (39a)  invalid  at  the  surface  z  =  G.  The  formulas 
(6),  (9),  and  (12)  in  (2)  with  the  boundary  condition 
£*p(Pi  0)  =  £iP(p.  0)  give  the  correct  value  at  z  -  0. 
The  appropriate  formula  (39b)  can  be  derived  directly 
from  the  integral  (23)  with  z  =  0.  Thus 
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The  final  integral  in  (A41)  can  be  separated  into  two  in¬ 
tegrals  with  (25)  and  (26).  These  are 
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where  G2l)(p.  0)  is  obtained  from  (A33)  with  Z  -  0.  The 
first  integral  is  evaluated  in  the  manner  of  ( 16.  Appendix 
A.  eq.  (A3)].  The  result  is 
P*  y,ehui 

- - 7|(Xp)X:  </X 
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When  (A43)  is  substituted  in  (A42)  and  this  is  inserted  in 
(A41),  the  final  formula  is  (39b). 
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The  Effective  Length  of  the  Antenna 

The  formula  (62)  for  the  magnetic  field  on  the  sea  floor 
corresponds  to  the  formula  (20)  given  by  Edwards  et  at. 
[19]  but  their  effective  length  is 

,  /  1  -  2ed,l‘  +  e'n,h  i  1  -  e'1'1' 

e  “  A,  1  -  e'u'h  "  A,  1  +  elk'h  •  (A44) 

Their  formula  is  obtained  from  the  exact  integral  in  the 
low-frequency  limit,  u  -»  0,  with  the  condition  that  the 
reflection  coefficient  of  the  crust  be  close  to  - 1 . 

It  is  interesting  to  note  that  (A44)  is  exactly  the  effec¬ 
tive  length  of  a  semi-infinite  array  of  images  extending 
from  the  sea-air  boundary  to  +  « ,  with  the  reflection  coef¬ 
ficient  of  all  images  of  the  sea-crust  boundary  set  equal 
to  - 1 .  No  reflections  from  the  actual  sea-crust  boundary 
at  z  =  0  are  included,  only  reflections  from  its  images  in 


This  is  exactly  (A44).  The  field  generated  by  this  array 
violates  the  boundary  condition  that  BId(p,  z)  =  0  when 
z  -  h,  3/r,  5 /»,*•*,  i.e.,  on  the  sea-air  boundary  and  its 
images,  yet  assumes  the  reflection  coefficient  for  each  of 
these  boundaries  to  be  —1.  The  lateral  wave  along  the 
actual  sea  crust  boundary  is  preserved  because  the  reflec¬ 
tion  coefficient  for  it  has  its  true  value  and  is  not  set  equal 
to  - 1  as  for  ail  images  of  the  same  boundary.  However, 
the  lateral  waves  along  the  image  boundaries  are  all  can¬ 
celled.  If  the  contribution  from  the  image  lateral  wave  in 
(59)  is  set  equal  to  zero  (the  term  e*2i,/'  in  the  numerator) 
and  rm  is  set  equal  to  -  I,  (59)  is  identically  (A44). 

So  long  as  e~i”,h  «  1.  the  formula  (59)  should  be 
more  accurate  than  (A44).  However,  in  the  limit  w  -♦  0. 
(59)  has  no  application  and  (A44)  reduces  to  hi 2.  With  A, 
=  1.68  x  10--'  e,tlA  m-1  and  h  =  640  m.  (A44)  gives 

hr  =  318  en'°.  (A46) 

This  differs  from  hr  =  326  given  by  (59)  by  2.5  percent. 
Since  the  first  reflection  from  the  sea-air  boundary  makes 
the  only  really  significant  contribution,  the  treatment  of 
higher  order  reflections  is  largely  irrelevant. 
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floor  carefully  designed  for  different  frequencies  or  distances,  these 
formulas  may  be  used  to  diagnose  the  electrical  properties  of  the 
rock.  When  the  rock  is  made  up  of  many  layers  or  there  is  a  layer  of 
sediment  above  the  rock,  the  problem  is  more  complicated.  The  work 
of  Dunn  [5]-[7]  provides  generalized  formulas  for  lateral  waves 
generated  by  a  horizontal  electric  dipole  with  unit  moment  in  sea 
water  near  its  boundary  with  a  medium  of  arbitrary  thickness  and 
electrical  properties  intermediate  to  those  of  the  sea  water  and  the 
rock  (the  three-layer  problem).  Experiments  corresponding  to  this 
configuration  have  been  performed  in  the  laboratory  using  a  water 
tank. 

D.  Theoretical  Formulas 

The  assumed  model  of  the  earth’s  crust  consists  of  a  layer  of 
sediment  (region  2)  over  a  half-space  of  rock  (region  3)  and  beneath  a 
half-space  of  sea  water  (region  1).  The  source  antennas  are  in  the  sea 
water  near  the  sea  floor.  The  geometry  is  shown  in  Fig.  1.  When  the 
wavenumbers  of  the  three  regions  satisfy  |A:i | 2  >  |A:2|2  ►  |Ar3|2 
(which  is  adequately  satisfied  when  | /rj |  Sr  3|£2|  it  3| Ar3|),  and  the 
horizontal  distance  p  between  the  horizontal  transmitting  and 
receiving  antennas  is  sufficiently  large,  the  field  at  the  receiving 
antenna  is  that  of  a  lateral  wave.  This  is  generated  by  the  transmitting 
antenna  and  travels  first  down  through  the  sediment  (when  this  is  not 
too  thick)  into  the  rock  and  then  radially  outward  in  the  rock,  and 
finally  proceeds  back  through  the  sediment  into  the  sea  water  and  to 
the  receiving  antenna.  The  most  useful  components  of  the  field  are 
E,„  and  Elt.  They  are  expressed  approximately  as  [5]: 

£„=-/£,  cos  (1) 

\  P  P  p  / 
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Abstract— An  indoor  experiment  to  simulate  lateral  waves  propagating 
along  the  sen  floor  when  this  consists  of  a  layer  of  sediment  over  rock  has 
been  carried  out.  The  measurements  are  compared  with  theory. 

I.  Introduction 

Lateral  waves  propagating  along  the  sea  floor  may  be  used  to 
explore  the  electrical  properties  of  the  continental  shelves  and  oceanic 
lithosphere  J1J,  [2],  When  the  sea  floor  is  uniform  rock,  a  set  of 
accurate,  very  general  and  simple  formulas  for  the  surface-wave  field 
of  horizontal  antennas  near  a  boundary  surface  (the  two-layer 
problem)  has  been  derived  13],  {4],  With  measurements  on  die  sea 

Manuscript  received  August  22,  1985,  revised  September  25,  1985.  This 
work  was  supported  in  part  by  the  Joint  Services  Electronics  Program  under 
Contract  N000I4-84-K-0455  with  Harvard  University. 

The  author  was  a  Visiting  Scholar  from  the  People’s  Republic  of  China  at 
the  Gordon  McKay  Laboratory,  Harvard  University,  Cambridge,  MA  02138. 
He  is  now  with  the  China  Research  Institute  of  Radio  Wave  Propagation,  Xin 
Xiang,  Henan  Province.  People’s  Republic  of  China, 

IEEE  Log  Number  8405399. 


•  erfc  (V  -ikjpv1/!)  exp  (-/fcjp»>2/2),  (4) 

where  I  is  the  thickness  of  the  intermediate  layer  of  sediment  (region 
2)  and  v  is  the  equivalent  normalized  surface  impedance  in  region  3, 
given  by 

„  ia  cos  k2/+sin  k2l 

6  - - — - : — —  ,  (5) 

/  cos  k2l+a  sm  k2l 

with 

&  =  k}/k2,  a  —  k2/k\.  (6) 

A  comparison  of  (1)  and  (2)  with  the  corresponding  formulas  for 
the  two-layer  problem  [3],  (4)  shows  the  following  differences. 

1)  For  all  of  the  components,  there  is  an  extra  factor  C  =  (cos  k2l 
-  ia  sin  k2f)'2  that  depends  on  the  thickness  and  electrical 
properties  of  the  middle  layer,  but  does  not  involve  the  horizontal 
distance  p. 

2)  The  equivalent  normalized  surface  impedance  a  of  the  two-layer 
problem  is  replaced  by  »  in  the  three-hycr  case. 
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Geometry  of  the  problem. 


3)  The  wavenumber  fc2  in  the  two-layer  problem  is  replaced  by  ky 
When  /  *=  0,  (I)  and  (2)  are  identical  to  the  corresponding  formulas 
for  the  two-layer  problem  except  that  kj  is  replaced  by  ky 

m.  Apparatus  and  Measurements 

The  experiment  was  conducted  in  the  laboratory.  The  apparatus 
included  a  model  tank,  generator,  vector  voltmeter,  transmining 
antenna,  and  automated  movable  receiving  antenna.  The  octagonal 
tank  measures  8.5  It  in  diameter,  2.5  it  in  height.  Schematic  diagrams 
of  the  experimental  setup  are  in  Figs.  2  and  3.  The  transmitting 
antenna  is  located  at  the  center  of  the  tank;  the  receiving  antenna  can 
move  radially  outward  from  the  transmitter  on  a  track.  Both  of  the 
antennas  are  horizontal  insulated  linear  dipoles,  oriented  in  the  radial 
direction.  The  depths  of  the  dipoles  from  the  water  surface  are  d  =  2 
cm  for  the  transmitter  and  z  -■  1.7  cm  for  the  receiver.  In  order  to 
have  the  radial  range  extend  a  few  wavelengths,  the  frequency  was, 
chosen  to  be  1.503  GHz.  The  tank  is  filled  with  distilled  water.  Due 
to  relaxation,  the  effective  conductivity  of  distilled  water  at  a 
frequency  of  1.5  GHz  is  approximately  0.49  S/m.  The  relative 
dielectric  constant  t,  is  80.0,  virtually  the  same  as  the  static  value. 
Because  the  decay  length  in  the  water  at  this  frequency  is  only  9.6 
cm,  the  depth  of  the  water,  viz.,  46  cm,  is  about  five  decay  lengths.  It 
follows  that  the  bottom  of  the  tank  will  not  affect  the  field  patterns. 

On  the  water  surface  there  is  a  slab  supported  by  four  plastic 
columns.  This  slab  is  also  octagonal  and  a  little  smaller  than  the  tank 
in  size.  It  consists  of  one  or  more  sheets  of  homosote  adhered  to  a  slab 
of  styrofoam,  16  cm  thick.  The  layers  are  held  together  by  plastic 
bolls  and  nuts  to  assure  flatness.  Initially  the  composite  slab  was 
wrapped  with  vety  thin  plastic  film  to  keep  the  homosote  dry.  After 
the  field  had  been  measured  with  the  dry  homosote,  the  plastic  film 
was  removed  and  the  homosote  was  lowered  into  the  water  for  three 
days  to  absorb  water.  In  the  process,  the  thickness  of  each  sheet  of 
homosote  increased  from  1.35  cm  to  1.6  cm.  By  weighing  a  small 
sample  of  the  homosote,  it  was  estimated  that  the  completely  wet 
homosote  slab  included  18  percent  water.  Since  the  conductivity  and 
relative  dielectric  constant  of  the  styrofoam  are  nearly  the  same  as 
those  of  air,  it  is  unnecessary  to  distinguish  the  styrofoam  from  the 
air.  The  electrical  properties  of  the  homosote  were  not  measured 
directly.  Since  the  homosote  material  is  made  of  paper,  its  relative 
dielectric  constant  e2,  and  the  loss  tangent  p2  =  <r2/ox2/«o  when  dry  at 
1 .5  GHz  may  be  estimated  as  18): « p  *  2.7,  pp  »  0.06  and  » 
0.01352  S/m.  For  the  wet  homosote,  the  corresponding  parameters 
are  estimated  to  be 


cj?=2.7x0.82  +  80x0.18  =  16.61,  (7) 

of1 =0.01352x0.82  +  0.49x0.18=0.0993  S/m.  (8) 

When  the  homosote  is  wet,  the  electrical  properties  in  the  three 
regions  approximately  satisfy  the  condition  |A|  |  £  3|*2|  a  3|A}|,as 
required  by  the  real  problem  shown  in  Fig.  1. 

The  radial  electnc-field  component  El0  was  measured  with  one, 
two,  and  four  sheets  of  homosote  in  both  the  dry  and  wet  states.  The 
measurements  are  shown  in  Figs.  4  and  5. 
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Fig.  3.  Schematic  of  track  in  tank. 


IV.  Discussion 

In  Fig.  4  the  amplitude  and  phase  of  E\0,  as  measured  with  the  dry 
homosote  on  the  water  surface,  are  plotted.  The  dotted  lines,  dashed 
lines,  and  dot-dashed  lines  represent,  respectively,  measurements 
with  one,  two,  and  four  sheets  of  dry  homosote  (/  =  1 .35,  2.7  and 
5.4  cm).  The  solid  lines  apply  with  the  homosote  absent  From  Fig 
4(a)  it  may  be  seen  that  when  the  horizontal  distance  p  is  smaller  than 
0.25  m,  the  amplitude  curves  are  oscillatory.  The  distance  between 
two  adjacent  minima  is  2  to  3  cm.  On  the  other  hand,  the  wavelength 
in  the  water  for  /  =  1.5  GHz  is  X,  =  2.2  cm,  and  in  the  distance 
range  Im  (Artp)  £  2.5,  the  direct  wave  in  the  water  is  not  small.  It 
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Fig.  4.  M enured  redul  electnc  field  E{,  m  witer  (region  1)  astr  boundary 
with  dry  bosnosoce  dab  (region  2)  beneath  air  (region  3),  d  «*  2.0  cm,  I  =* 
1.7  cm,  /  =  1.503  GHz,  X3  ■  12.2  cm.  (a)  Amplitude,  (b)  Phase. 


Fig.  5.  Measured  radial  electric  field  E{,  in  water  (region  !)  near  boundary 
with  wet  homosote  slab  (region  2)  beneath  air  (regioo  3);  d  «  2.0  cm.z  » 
1.7  cm,/  =»  1.503  GHz,  Xj  =  4.9  cm.  (a)  Amplitude,  (b)  Phare. 


interferes  with  the  lateral  wave  so  that  the  total  field  is  oscillatory 
with  an  interference  distance  of  2.2  cm.  When  p  a  0.25  m,  the 
amplitude  curves  decrease  smoothly  with  an  interference  distance  of 
about  20  cm.  This  is  caused  by  reflections  from  the  ceiling  which  is 
3.1  m  above  the  water  surface.  The  effects  of  the  ceiling  were  noted 
and  analyzed  previously  in  conjunction  with  the  experiment  by 
Brown  et  al.  [9].  All  four  amplitude  curves  are  very  close.  When  p  < 
0.45  m,  die  dashed  line  is  about  5  dB  higher  than  the  dotted  line,  and 
the  solid  and  dot-dashed  lines  are  in  between.  When  p  Js  0.45  m, 
these  four  curves  have  different  interference  patterns  but  arc  cot 
significantly  different  in  terms  of  an  average  field.  The  corresponding 
phase  curves  are  plotted  in  Fig.  4(b).  They  show  that  when  p  a  0.2 
m,  all  four  phase  curves  are  essentially  straight  lines  and  so  represent 
outward  traveling  waves  with  a  wavelength  of  20  cm.  Therefore,  the 
waves  propagate  through  the  air.  When  p  <  0.2  m,  the  interference 
with  the  direct  wave  causes  the  phase  curves  to  vary  rapidly  and  in  a 
complicated  manner. 

The  measured  fields  with  the  wet  homosae  slab  are  plotted  in  Fig. 
5.  From  the  curves  in  Fig.  5(a),  it  may  be  seen  that  when  p  £  0.2  m, 
the  amplitudes  of  the  fields  with  the  wet  homosote  slab  are  much 
larger  than  with  it  absent.  The  interference  with  the  direct  wave  is 
almost  invisible  with  one  and  two  sheets  of  homosote,  and  not 
significant  with  four  sheets.  This  means  that,  for  the  three-layer 
problem  with  the  wet  homosote  layer,  the  lateral  wave  has  increased 
significantly  in  this  distance  range,  while  the  direct  wave  in  the  water 
is  about  the  same  as  for  the  two-layer  problem.  Therefore,  the 
amplitude  curves  of  the  total  field  are  higher  than  the  corresponding 
curves  for  the  two-layer  problem  and  have  smaller  oscillation. 

In  the  range  from  p  =■  22  cm  to  32  cm,  the  amplitude  curve  for  the 
four-sheet  case  has  a  deep  minimum  with  an  interference  distance  of 
about  5  cm.  In  this  case  the  wavelength  in  the  middle  layer  is  X2  = 
4.9  cm.  The  combined  thickness  of  the  four  sheets  of  wet  homosote  is 
6.4  cm,  which  is  more  than  a  wavelength  in  the  medium.  Since  the 
loss  tangent  of  the  middle  medium  is  oniy  0.067,  Im  (frjp)  is  smaller 
than  1 .4  in  this  distance  range.  Hence,  the  deep  minimum  reveals  that 
there  is  a  wave  propagating  in  the  middle  layer  that  interferes  with  the 
lateral  wave  propagating  in  the  air.  Corresponding  deep  minima  do 
not  appear  in  the  curves  for  the  one-  and  two-sheet  rases.  The  reason 
for  this  is  probably  that  the  thickness  of  one  and  two  sheets  of  wet 
homosote  is  less  than  the  cutoff  wavelength  in  the  waveguide  of  the 
middle  layer.  Therefore,  there  is  no  propagating  wave  in  the  middle 
layer. 

When  p  2:  0.4  m.  the  amplitude  curves  with  wet  homosote  are 
oscillatory  with  an  interference  distance  of  about  20  cm.  For  the  one- 
and  two-sheet  cases,  the  difference  in  magnitude  between  each 
adjacent  maximum  and  minimum  is  more  than  10  dB— much  larger 
than  the  corresponding  value  for  dry  homosote.  On  the  other  hand, 
the  associated  phase  curves  for  this  distance  range  are  not  straight 
lines.  This  means  that  the  reflected  waves  from  the  ceiling  have 
increased  to  be  comparable  with  the  lateral  wave  propagating  along 
the  surface  of  the  wet  homosote.  The  total  field  is  characterized  by 
standing  waves.  The  reflected  wave  from  the  ceiling  should  be  about 
the  same  for  both  the  two-  and  three-layer  problems.  For  the  former, 
the  lateral  wave  is  larger  than  the  reflected  wave  so  that  the  lateral 
wave  will  decrease  with  distance  faster  along  the  wet  homosote  than 
in  its  absence,  i.e.,  in  the  two-layer  problem.  In  the  range  p  >  0.4  m, 
the  dot-dashed  line  of  Fig.  5(a)  is  also  oscillatory,  but  the  variation  of 
its  amplitude  is  smaller  than  for  the  dotted  and  dashed  lines.  The  dot- 
dashed  line  in  Fig.  5(b)  shows  that  the  phase  of  the  total  field  for  four 
sheets  of  wet  homosote  has  no  significant  variation  in  the  range  p 
0.5  m.  This  means  that  Cte  reflected  wave  from  the  ceiling  is  larger 
than  the  lateral  wave  propagating  along  the  layer  of  four  wet  sheets. 
Therefore,  the  lateral  wave  along  this  four-sheet  layer  decreases 
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faster  with  distance  than  that  along  the  one-  and  two-sheet  layers.  The 
oscillation  of  the  curves  in  Fig.  5(a)  notwithstanding,  in  the  range  of  p 
as  0.4  mtfee  dashed  line  is  about  5  dB  higher  than  the  dotted  line  and 
the  solid  line  is  in  between. 

The  curves  of  the  field  Etp  calculated  from  (i)  are  plotted  in  Fig.  6. 
Fig.  6(a)  is  for  the  dry  homosote  case.  Fig.  6(b)  for  die  wet  case.  The 
electrical  parameters  of  the  middle  medium  are  taken  to  be  t  f?  = 
2.7,  of  «  0.0135  S/m  and  f  T*  =  16.61,  oJ»  «  0.0993  S/m.  The 
thickness  of  each  homosote  shat  in  the  composite  slabs  is  1.35  cm 
for  dry  homosote  and  1.6  cm  for  wet.  From  Fig.  6(b)  it  may  be  seen 
that,  in  the  range  p  2:  0.4  m,  the  dashed  line  is  from  abon  3  to  5  dB 
higher  than  the  dotted  line,  with  the  solid  line  in  between.  This  agrees 
with  the  measured  curves  of  Fig.  5(a).  The  oscillation  caused  by  the 
interference  of  the  reflections  from  the  ceiling  are,  of  course,  not 
present  in  the  theoretical  curves.  The  dot-dashed  line  in  Fig.  6(b)  is 
the  lowest  among  all  the  four  curves.  Considering  the  fact  that  in  this 
range  of  distance  the  reflected  wave  is  huger  than  the  lateral  wave 
along  the  slab  of  four  sheets  of  wet  homosote,  the  calculated  curves  of 
the  lateral  waves  are  reasonable.  In  the  near  range  p  s  0.2  m,  the 
theoretical  formula  (1)  shows  flu:  the  lateral  wave  of  the  three-layer 
problem  may  be  approximated  by 

^  iwpo  cos  <p  1 

£,“M  ~  Irk]  (cos  k2l-ia  sin  k2l)2 

.  exp  (/*,(? +cf)+/A:jp].  (9) 

A  comparison  of  (9)  with  the  corresponding  formula  for  the  two-layer 
problem  shows  that  the  only  difference  is  the  extra  factor  G  =  (cos 
k2l  -  ice  sin  -V)"2.  The  factor  G  is  plotted  in  Fig.  7  as  a  function  of 
the  thickness  /  of  the  middle  layer.  From  this  figure  it  may  be  seen 
that  |G|  is  usually  larger  than  one.  Therefore,  in  the  near  range,  the 
lateral  wave  along  the  wet  homosote  slab  should  be  larger  than  the 
corresponding  value  for  the  two-layer  case.  The  measured  curves  in 
Fig.  5(a)  show  that  the  fields  with  the  slab  of  wet  homosote  are 
significantly  larger  than  the  field  with  no  homosote  slab.  But  the 
differences  among  the  four  curves  in  Fig.  5(a)  are  larger  than  those  in 
Fig.  6(b).  The  calculated  curves  do  not  quantitatively  agree  well  with 
the  measured  data.  The  probable  reason  for  this  is  the  effect  of  the 
wave  propagating  in  the  middle  layer. 

Fig.  6(a)  shows  that  the  amplitude  differences  of  the  field  for  the 
different  thicknesses  of  dry  homosote  ate  expected  to  be  from  about 
10  to  15  dB.  However,  the  corresponding  measured  curves  in  Fig. 
4(a)  show  relatively  little  difference.  The  reason  why  the  calculated 
curves  for  the  dry  case  do  not  agree  with  the  measurements  is  that  the 
expression  (1)  is  a  good  approximation  only  when  j*i|J  >  |  A*2 1 2  ► 
|A:j|J  and  all  three  parameters  o,  6,  and  v  are  small.  The  equivalent 
normalized  surface  impedance  v  of  the  slab  is  plotted  in  Fig.  8  as  a 
function  of  the  thickness  of  the  middle  layer.  From  this  figure  it  may 
be  seen  that  the  factor  v  will  be  larger  than  one  in  the  dry  case. 
Therefore,  formula  (1)  is  not  a  good  approximation.  Since  the 
electrical  properties  of  the  dry  homosote  are  near  those  of  air,  the 
measured  field  with  dry  homosote  is  similar  to  the  case  of  no  middle 
layer. 

V.  Conclusion 

In  summary,  the  following  conclusions  n vy  be  drawn. 

1)  The  measurements  for  the  wet  slab  agree  quite  well  with  the 
results  calculated  from  (1).  The  field  at  the  receiving  antenna  is  a 
lateral  wave  which  is  generated  by  the  transmitting  antenna,  travels 
up  through  the  middle  layer  of  homosote,  then  radially  forward  in  the 
air,  and  finally  down  through  tire  middle  layer  into  the  water  and  to 
flic  receiving  antenna. 


Fig.  6.  Calculated  amplitude  curves  of  the  lateral-wave  pan  of  E,,  for  a 
three-layered  medium  with  region  2  a  layer  of  (a)  dry  homosote,  and  (b)  wet 
homosote;  d  «  2.0cm,  z  *  1.7  cm,/  «■  1.5  GHz. 


Fig.  7.  Magnitude  and  phase  of  factor  G  ■  (cos  kjl  -  /'«  sin  k2l)~2  as  a 
ftmetion  of /;/ •«  1.5  GHz. 
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Fig.  8.  Magnitude  srd  phase  of  e.  the  equivalent  normalized  surface 
impedance  in  region  3,  as  a  function  of  /;  /  «  1.5  GHz. 


P]  - ,  "Lateral  nave  propagation  5a  a  three -layered  medium."  in 

preparation. 

(8}  A.  R.  Vcc  Hippel,  Ed..  Dielectric  Materials  end  Applications. 
Cambridge,  MA:  M.I.7.  Pro*.  1984. 
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2)  In  the  near  range,  the  field  with  the  we*  homosote  slab  will  be 
larger  than  the  corresponding  value  without  the  middle  layer. 

3)  If  the  thickness  of  the  middle  layer  is  greater  titan  one 
wavelength  in  the  medium,  tire  amplitude  of  the  wave  propagating  ia 
the  middle  layer  is  not  small  and  the  wave  will  interfere  with  the 
lateral  wave  propagating  in  the  air  in  a  range  of  distance. 

4)  When  the  electrical  properties  of  the  middle  layer  are  not  very 
different  from  those  of  air  (as  is  the  case  for  dry  homosote),  the  field 
is  similar  to  that  of  the  two-layer  problem. 
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Application  to  Communication  and  Geophysical 
Exploration,  Part  I:  The  Bare  Metal  Dipole 
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Abstreet—Tht  properties  ef  (be  btrt  set*]  dlpok  tiabetSdid  la  t 
dfuipttirr  (•cdiuKi  a ear  a  kontdety  are  essatlaH.  Tfcttw  Indaie  the 
distribution  of  rermil,  tb<drlr!*s-po;s!  edeitlsate  tad  impftUjtcc.  tad 
the  effective  length,  with  partEcaJar  ref  mare  to  ulntsas  la  the  cart!)  actr 
the  sir  surface  ti  frequencies  Ea  the  range  froas  30  to  300  kHz  and 
antennal  on  the  sea  floor  at  freqaeaetes  is  (be  range  from  OJ  tc  3  Hz. 
The  effects  of  rite  External  taped* nee  of  lire  copper  conductor  are 
fadsded  at  the  low  freqeeneies  where  they  arc  laipsftaat. 

I.  Introduction 

NTENNAS  ARE  LOCATED  on  or  near  the  boundary 
between  two  electrically  different  media  for  many 
purposes  including  communication,  remote  sensing,  and 
geophysical  exploration.  Their  properties  and  the  fields  they 
generate  are  strongly  influenced  by  the  proximity  of  the 
boundary.  Some  of  the  effects  of  a  boundary  are  conveniently 
represented  in  terms  of  a  suitable  image.  Others,  like  the 
lateral-wave  fields,  are  in  addition  to  image  effects.  Notably, 
the  reflected  field  attributed  to  the  .image  cancels  the  direct 
field  along  the  boundary,  so  that  the  lateral-wave  field  is  the 
only  and  entire  field.  This  is  well  understood  for  vertical 
antennas  erected  over  the  earth  or  sea  [1],  and  for  horizontal 
wave  antennas  12)  which  are  actually  eccentrically  air- 
insulated  antennas  on  the  surface  of  the  earth.  Completely 
insulated  and  end-terminated  horizontal  transmitting  and 
receiving  antennas  on  the  surface  of  the  earth  are  also  useful  in 
the  discovery  and  location  of  buried  or  submerged  objects  [3), 
[4]  or  electrically  different  regions  in  the  earth,  e.g.,  reser¬ 
voirs  of  oil  or  deposits  of  ore.  The  primary  agents  of  remote 
sensing  in  this  case  are  lateral  waves.  The  properties  of  a 
buried  insulated  scattering  antenna  have  been  determined  (4). 
Antennas  located  on,  in  or  below  the  surface  of  the  arctic  ice 
are  prospective  tools  in  the  study  of  the  properties  of  surface 
layers  of  ice  and  of  the  ocean  below.  On  a  much  smaller  scale, 
the  properties  of  transponder  antennas  embedded  under  the 
skin  of  living  organisms  depend  on  the  location  in  the  layered 
region  of  skin,  fat,  and  muscle  (5).  Finally,  antennas  are  used 
on  the  sea  floor  for  geophysical  studies  of  the  oceanic  crust, 
notably  its  conductivity  [6)-{9J.  Measurements  for  this  pur- 
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pose  are  usually  made  at  very  low  frequencies  at  which  the 
properties  of  insulated  antennas  are  very  different  from  those 
at  higher  frequencies. 

This  paper  is  concerned  vith  the  properties  of  antennas 
embedded  in  a  medium  like  oOil.  sand,  icc.  fresh  or  salt  water 
near  its  boundary  with  air  and  with  similar  antennas  located  in 
the  salt  water  near  the  oceanic  crust  under  the  sea  floor.  In  all 
cases  and  as  shown  in  Fig.  !,  the  transmitting  and  receiving 
antennas  under  study  are  located  in  region  1 .  z  >  0.  with  the 
complex  wavenumber  k,  =  /3,  +  /or,  =  w[/tofci  + 
where  $i  is  the  phase  constant  and  a,  the  attenuation  constant. 
The  wavenumber  in  the  adjacent  region  2,  ?  s  0.  is  k2  =  Pi 
+  /a2  =  «If*o(«2  +  /Ww))1'2.  The  two  regions  are 
characterized  by  their  respective  permittivities  eJ%  conductivi¬ 
ties  Oj .  and  permeabilities  jjj.  j  =  1,  2.  For  al!  media 
considered  here,  it  is  assumed  that  =  hi  =  im>  for  air.  In 
either  region  the  wavelength  is  X,  =  2:r/jS>,  the  skin  depth  dSJ 
~  1/ctj.  The  wave  impedance  is  $j  =  <*WAr,  and  the 
normalizing  factor  A,  =  jjfij/oip o  where  f0  =  (f*r/fo)l/2  ~ 
120  x  ohms.  When  region  2  is  air.  o2  =  0,  e2  =  f0.  and  k2  = 
Pi  =  u(po f0),/J;  «2  =  0.  When  the  frequency  is  sufficiently 
low  so  that  tj  <  <jj/<t),kj  ~  (iuntfij)1'1  =  (i  +  /)(o.'#tooj/2) 1/2 
and  Pj  =  aj.  Numerical  values  for  many  of  these  quantities  are 
listed  in  Table  I  for  two  sets  of  frequencies,  viz.,  /  =  0.3,  1 
and  3  Hz  when  region  1  is  sea  water  with  o,  =  4  S/m.  e„  = 
80;  and/ =  0.3  x  105, 10s  and  3  x  10s  Hz  when  region  1  is 
moist  earth  with  =  10'2  S/m.  tir  =  8. 

Also  listed  in  Table  I  is  the  electrical  radius  \kta\  of  the 
copper  conductor  forming  the  antenna  with  |£(|  -  (w/t0 c,.)1 2 
and  Of  =  5.65  x  101  S/m. 

II.  The  Bare  Cylindrical  Antenna  in  a  Dissipativf.  Medium 

For  some  applications  and  as  terminations  for  insulated 
antennas  in  the  earth  or  ocean,  the  bare  metal  cylinder  is 
useful.  Complete  general  formulas  for  the  current  distribution 
in  and  the  admittance  of  such  an  antenna  are  available  {10]  as  a 
function  of  the  half-length  h  and  the  radius  a  when  located  in 
an  infinite  homogeneous  and  isotropic  medium  with  arbitrary 
values  of  permittivity  and  conductivity.  The  formulas  assume 
that  the  very  large  but  finite  conductivity  of  copper  (a,.  =  5.65 
x  107  S/m)  or  other  metals  is  well  approximated  by  o(  -  so. 
This  is  true  at  all  but  the  very  lowest  frequencies.  The 
normalized  admittance  Y/&\  =  (G  -  iB)/A\  and  impedance 
ZA|  =  (/?  -  iX) At  as  computed  with  these  formulas  for 
antennas  in  the  two  frequency  ranges  and  in  the  two  media 
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Fig.  2.  Normalized  admittance  57 A,  =  (C  -  iB)f  A,  and  impedance  ZA, 
®  {R  -  iX) A,  ofbwe.  perfectly  conducting  antenna. 


the  resistance  decreases  from  large  values  to  a  minimum  near 
fi/X  1  -  0.25  or  8)h  -  x/2.  beyond  which  it  remains  sensibly 
constant.  These  values  suggest  that  when  ai/l3l  -  1.  the 
maximum  useful  length  of  a  bare  antenna  is  h  -  X|/4  or  $xh 
~  x/2.  This  is  a  consequence  of  the  fact  that  the  current  in  the 
antenna  decays  to  virtually  zero  beyond  x  -  X|/4  when  h  a 
X,/4.  Similar  graphs  for  a  range  of  values  of  a\/&\  are  shown 
in  Fig.  3  for  the  admittance  and  in  Fig.  4  for  the  impedance.  It 
is  seen  that  as  a|/j3|  is  reduced,  the  useful  length  of  the 
antenna  increases. 

In  order  to  investigate  the  effect  of  the  finite  conductivity  of 
the  metal  conductor,  it  is  necessary  to  reformulate  and  resolve 
the  integral  equation  for  the  current  with  the  actual  internal 
impedance  per  unit  length  of  the  conductor.  This  is 


Aj  a  Cttflt/vvo  m  M*  BT'-is* 

t*  —  ta*  i/(ra*c„  <  5;  **  —  -it,/ Sate, ,  |t<«|  >  (. 


z'-r!-  ix'  = 


rtt 


Ayg  MkcQ) . 
2  JXM' 


Important  limiting  forms  are 


rQ={xa:a,)-'.  (1) 


listed  in  Table  I  are  shown  in  Fig.  2  as  functions  of  A/Xt  where 
X[  =  2r//3|.  These  graphs  apply  specifically  to  bare  antennas 
with  radius  a  =  1 .04  mm  (5.2  mm)  in  moist  earth  (sea  water) 
at/=  0.3  x  105to3  x  I05  Hz  (0.3  to  3  Hz).  They  show  that 
the  conductance  rises  from  zero  to  a  maximum  near  h/\t  - 
0.15  or  8\h  -  1  and  then  decreases  to  an  approximately 
constant  value  beyond  h.%  -  0.25  or  l3,h  -  x/2.  Similarly. 


|Aygjs2: 

Olfl,. 

r  -  r(1;  x* =«/'——■ -  , 

8x 

(2a) 

|Ayg;a5: 

L  (saY\ 

2xg  \  2a,.  / 

(2b) 

This  ha>  ocen  carried  out  1 1 1 1  and  the  follow  ing  expression  for 
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fig.  3.  Norroilired  admittarxe  }74i  *■  (G  -  iE/fA,  of  b«re,  perfectly 
conducting  sntecaa  with  ai//J|  ts  pwwnaer. 


the  correal  obtained: 


IAx)=  - 


ilrklVo 
uiiaJcti  cos  kth 


sin  */\A-|*l) 


+  7y{ces  k/X-Gtx  kih)+To(cos  ^ktx-cos  * 


where 


/  i4zz'\  2/2 


is  (be  complex  wavenumber  of  the  current  in  the  antenna. 
Formulas  for  7y  end  TD  are  given  in  [II].  Note  that  the 
wavenumber  appearing  in  the  coefficient  of  7V,  is  £»  and  not 
kj.  When  j Ar»|  is  significantly  greater  than  |&j|,  the  contribu¬ 
tion  to  the  current  by  the  third  term  in  (3)  will  decay  more 
slowly  than  the  contributions  by  the  other  two.  This  can  have 
only  a  negligible  effect  on  the  current  near  the  driving  point. 
Its  contribution  to  the  current  elsewhere  is  also  relatively  small 
when  ft  ~  ai.  In  this  case  the  leading  first  term  in  (3)  is  a 
generally  adequate  approximation.  That  is. 


h(x)~V'0Y 


sin  fci(h-|*j) 
sin  ktk 


i2xk]  tan  kth 

upo*  k- 


.  (5) 


fc/X' 


Fig.  4.  Normalized  anpatos  Z4t  «  (fi  -  iX)At  of  bare,  perfectly 
cooductiag  *attno»  with  at/8,  at  p emaeter. 


where 


*=2  in  (h/a)- 2. 


(6) 


It  is  seen  from  (5)  that  Ix(x)  and  Y  depend  only  on  kt  and  not 
on  kt  when  \kih\%  <  3.  Note  that  |£|h[  <  \kth\. 

The  formula  (4)  for  kt  pennits  the  definition  of  the  low- 
frequency  range  in  which  the  internal  impedance  is  significant 
as  distinct  from  higher  frequencies  for  which  the  copper 
conductor  can  be  approximated  by  a  perfect  conductor. 
Specifically,  let  the  higher  frequencies  be  defined  by 


,  /4xr'V 
(upd2  >  !  —  )  or 


(7) 


since  ^  —  20.  With  r1  -  l/xcJoc and  ae  =  5,65  x  107  S/m, 


r'xlO7  107  10~2 

5  2x  2 *2a2oe  a 2 

(  400  Hz,  0=5.2  mm 
~  104  Hz,  e- 1.04  mm . 

Thus,  the  dividing  line  is  between  /  =  400  Hz  and  10  kHz 
depending  on  the  cross-sectional  size  of  the  copper  conductor. 
In  the  following  analysis,  antennas  in  the  earth  will  be 
considered  with  /  -  10s  Kz  and  a  ~  1  mm  so  that  the 
conductor  can  be  treated  as  if  perfect.  Also  considered  are 
antennas  oss  the  sea  floor  with  a  =  5.2  mm  when/  -  lHzand 
/  ~  1  kHz  (in  Part  II  of  this  paper).  For  the  latter  the  internal 
impedance  is  negligibly  small,  for  the  former  it  is  dominant. 
For  earth  with  oi  ~  lQ^S/m.eir  ~  8and/iS  !04Hzandfor 
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sea  water  withe,  —  4S/a,<jr  —  80  and/ss  lGHz,«<|/e,  is- 
sufficiently  small  to  permit  the  approximation  k\  ~  l 
Hus  simplifies  (5)  since  now 


Y-G-iB 


2rai  tot  A, A  „  , 

T  a>  *  * 


m 


The  driving-point  impedance  is 

Z=/?-iAf«—  k,  cot  A,A.  (10) 

2xffi 

In  (9)  and  (10), 

A,=ft+/a,=  [/w^i  -  4xz/tf,/§,J 1/2.  (11) 

Explicit  formulas  for  p,  and  ct/  can  be  written  down,  but  they 
are  quite  long  and  not  actually  required  since  all  desired 
numerical  values  are  easily  computed  from  (11).  With  (10) 
and  the  relation 


cot  kth- 


sin  20th-"  i  sinh  2a, A 
cosh  2a,A-cos  2(3, A 


(12) 


it  follows  that 


* 

[" ft  sin  2ftA+a,  sinh  2a, A" 

.  03) 

2x<7| 

[  cosh  2a, A -cos  20th 

* 

[0t  sinh  2a,A-a,  sin  20th' 

.  (14) 

2rai 

L  cosh  2a,A-cos  2(3, A 

The  resistance  R  in  (13)  consists  of  two  pans  in  the  form  R  = 
R1  +  R'  where  R‘  is  associated  with  the  power  dissipated  in 
heating  the  conductor  and  R'  with  the  power  transferred  to  the 
ambient  medium.  The  former  is  readily  evaluated  as  follows. 


/,(0)/;(0)/?'= r>  rx(x)I*(x)  dx,  (15) 
where  Ix(x)  is  given  by  (5).  The  result  is 


H  j"  (3,  sinh  2a,A-a,  sin  25, A 1 
a, ft  1_  cosh  2a,ft-cos  2(3,  A  J 

It  follows  that 


(16) 


R'=R~R‘.  (17) 

The  corresponding  formulas  for  the  electrically  short 
antenna  are  of  particular  interest  and  clarity.  Subject  to 


ftA<a,A<l,  (18) 

the  expansion  in  series  of  the  trigonometric  and  hyperbolic 
functions  leads  to 


■sr!*  »» 


Arr’a/'X;  and 


cr/ftA*  uncfih 

X — - — , 

3roi  ox 


(20) 


where  the  Iasi  step  Mows  from  (11)  which  gives  2c, (3,  - 
afi&i.  Also,  from  (16)  to d  (17), 

£'~|a,j;  R*=R-R!~~t-r .  (21) 

3  2xo\k 

The  resistances  R,  R1,  sad  Re  are  shown  in  Fig.  5  as  a 
function  of  A/X,  for  a  copper  conductor  with  radius  a  =*  5.2 
nun  in  sea  water  (a,  =  4  S/m)  at/ -  3  Hz.  A  scale  is  also 
given  for  the  normalized  resistances  /?Ait  iJ'A,,  and  ReA\  to 
permit  direct  comparison  with  Fig.  4  (curve  with  a,/ft  »  1) 
which  applies  when  r1  -  0.  In  fids  case,  R  -  R*  since  R‘  = 
0.  Note  that  the  curve  fori?  ~  Re  in  Fig.  4  is  similar  to  that 
for  Rs  in  Fig.  5  but  cot  die  same.  This  is  because  the  current 
distribution  changes  from  sin  A, (A  -  |xj)  when  r1  is 
significant  to  sin  A, (A  -  jxj)  when  H  =  0.  It  is  seen  from 
Fig.  5  that  the  contribution  to  the  total  resistance  by  the 
internal  resistance  is  insignificant  for  sufficiently  short  anten¬ 
nas  and  becomes  comparable  and  somewhat  greater  when  A  > 
0. 1  X, .  The  constancy  of  all  resistances  and  the  reactance  when 
A  2:  0.25  A|  indicates  that  the  current  on  the  conductor  is 
reduced  to  near  zero  for  x  £  0.25  X|  for  all  lengths  A  >  0.25 
A). 


HI.  Effective  Length  and  Figure  of  Merit  of  Bare 
Antenna 

The  purpose  of  a  transmitting  antenna  is  to  generate  a  useful 
electromagnetic  field  at  a  distance.  The  magnitude  of  such  a 
field  is  determined  by  the  electric  moment  of  the  antennna. 
When  the  antenna  is  in  region  1  (with  wavenumber  A,  =  ft  + 
fa i)  near  a  boundary  with  region  2  (A2  =  ft  +  fat)  and  |A,| 2 
>  |A2|2,  the  only  significant  field  along  the  boundary  surface 
in  either  region  is  due  to  the  lateral  wave  which  travels  along 
the  boundary  in  region  2  with  thc'wavenumber  k2.  Thus,  the 
effective  half-length  for  a  dipole  of  length  2A  as  obtained  from 
the  first  term  in  (5)  is 


Wto-J 


*  sin  A,(A-x) 
o  sin  A, A 


e-ii2xco»«So  dx, 


(22) 


where  (^o  is  the  angle  between  the  antenna  and  the  direction  of 
observation.  The  direction  of  maximum  field  is  =  0  and  the 
associated  maximum  effective  length  is 


A,(0)  *  A,=  -  t"  .  * . 

■>o  sin  A, A 


* 


This  integrates  into 


h,= 


kt  cos  A2A-cos  A,  A 


k)-k\ 


sin  A, A 

For  the  electrically  short  antenna  with  (3,A  <  a, A  <  1, 


(23b) 


where  the  last  step  follows  from  (1 1)  which  gives  aj  --  0)  ~ 


|A,|=A/2. 


(24) 
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fig.  5.  ImpetUcce  Z  •  R  -  iX  of  terc,  imperfectly  coo&icting  irttcnru. 

Since  |Ar2|2  <  jA||2  as  |Ar/|2,  it  is  usually  adequate  to 
approximate  cos  A2A  ~  1  so  that 


& 


h/Xj 


A:  f  » 0.3  Ht )  f  Oj  *4  S/m ,  <w «80 
0:f»3H*  j  \  0.3.2mm,  et*5.65  EJ07 S/m 


>  ft«a3-3Hi{  Oj»*S/n>.  €(f»eOfo»3i2mm.Cc«0O 

"If  .OT-A.lQSMr  /°il,0r3S/m* 

“  tt3  3  10  K  ‘a  =  I.04mm  ,oi  .5,G3iK37.cO 


fig.  6.  Ratio  of  electrical  effective  length  to  Dermalia-d  resistance  tod  *atio 
of  effective  length  to  actual  length  for  here  antenna  in  dissipative  medium. 


\ht\ ~i-  tan  (A/A/2) 

*/ 

1  !~cosh  a/A-cos /3/Al 

{_cosh  a/A+cos  /3/AJ  *  ^ 

When  A/  -  A,  =  /3,(i  +  /),  the  useful  range  is  when  |A|A|  5 
2,  so  that  |Af|  -  A/2.  Alternatively,  at  very  low  frequencies, 
/S {  <  at  and  |A,|  ~  (1/a/)  tanh  (a/A/2). 

The  quantity  |At|/A  is  shown  graphically  in  Fig.  6  (dashed 
lines)  for  the  bare  dipole  in  the  two  ranges  of  interest.  These 
are/  -  10JHzwith<t|  =  10' 1  S/m,  o=  1.04  mm,  where  the 
internal  impedance  is  of  no  significance,  and  /  -  1  Hz  with  <j\ 
=  4  S/m,  a  =  5.2  mm,  where  the  internal  impedance  is 
dominant.  It  is  seen  that  when  the  internal  impedance  is 
negligible,  |A,|/A  remains  close  to  0.5  up  to  A/X|  -  0.25,  but 
decreases  very  rapidly  from  0.5  when,  a!  sufficiently  low 
frequencies,  r1  is  dominant. 

In  order  to  generate  a  large  electric  moment,  i:  is  possible  to 
increase  the  current  to  compensate  fc.r  a  small  effective  length, 
but  only  up  to  the  cunent-cartying  capacity  of  the  conductor 
and  the  available  power.  It  is  evidently  desirable  to  have  as 
large  an  effective  length  as  possible  and  use  a  minimum  of 
power.  Accordingly  the  ratio  l2|A,/*(0)|/j/2(0)|/?]  is  to  be  as 
large  as  possible,  A  related  useful  figure  of  merit  is  defined  for 
unit  current  in  terms  of  the  electrical  effective  length  in  the 
ambient  medium,  /3j|Af|,  and  the  normalized  resistance,  i/A|, 


where  A]  -  Pifc/uno  -  /V£o>  It  is 
P  20,|A,| 

F=-^r* 


(26) 


This  quantity  is  also  shown  in  Fig.  6  (in  solid  lines) 
specifically  for  antennas  in  sea  water  at  /  =  0.3  and  3  Hz  for 
which  the  internal  impedance  is  important  and  for  antennas  in 
earth  at/ =  0.3  x  105and/=  3  x  10s  Hz  where  the  internal 
impedance  contrilutes  negligibly  and  the  antennas  behave  like 
perfect  conductors.  It  is  seen  that  in  this  last  case  the  ratio  has 
u  maximum  near  A/X,  -  0.3  where  |At|/A  -  0.42.  At/  =  3 
Hz,  the  maximum  of  F is  at  A/X|  -  0.2  where  |A,|/A  -  0.23; 
at/  =  0.3  Hz,  Faa  is  at  A/X|  -  0.075  where  |A,j/A  ~  0.2. 


IV.  The  Bare  Cylindrical  Antenna  in  a  Dissipative 
Medium  Near  a  Boundary 

In  the  applications  to  be  studied,  the  antenna  is  located  in  a 
dissipative  medium  region  1  (z  a  0,  At;  earth,  sea  water)  at  a 
small  distance  d  from  its  boundary  (z  -  0)  with  a  region  2  (z 
S  0,  k2 ;  air,  sea  floor);  |A||2  ►  |A2|2.  Since  |Atri|  <  1,  the 
antenna  in  region  1  is  strongly  affected  by  the  adjacent,  quite 
different  region  2.  Since  (Aj|2  >  |A2|2,  the  reflection 
coefficient  seen  by  the  antenna  is  (A(  -  kj)/(k}  +  Aj)  -  1. 
This  means  that  the  reflected  electric  field  is  almost  equal  to 
and  in  phase  with  the  incident  electric  field,  the  reflected 
magnetic  field  almost  equal  to  and  in  phase  opposition  to  the 
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incident  magnetic  field.  This  condition  is  approximated  by  an 
image  antenna  a iz  =  -  d  with  current  and  voltage  in  phase 
with  those  in  the  actual  antenna,  as  shown  in  Fig.  7.  Since 
\2&id\  <  1,  the  two  antennas  behave  like  a  single  ora  at  z  =  G 
with  effective  radius  a,  ®  (2 ai)xn.  Hence,  (6)  becomes 

In  (h/a,)- 2.  (27) 


Since  only  half  the  current  is  in  the  antenna,  this  is  obtained 
from  (5)  with  (9)  and  (27).  Thus 


VtY.rn  kth-\x\) 
2  sin  kth 


2xn\  tan  kth 

k,  ’ 


(28) 


where  Y„  is  obtained  from  (9).  The  driving-point  admittance 
y,  end  impedance  Zt  are 


y«» 


Y,  _Y*  m 
2  ~2%  ; 


Z. 


(29) 


where  Y  and  Z  are  the  quantities  for  the  antenna  when  far  from 
die  boundary. 

The  internal  resistance  R\  =  R‘  is  unaffected  by  the 
boundary  if  this  is  not  so  dose  as  to  cause  a  proximity  effect. 
The  external  resistance  is  approximately  double  R*. 
Graphs  of  Ru  R*  and  R\ are  shown  in  Fig.  8  as  functions  of  h/ 
X,  for  both /  =  3  Hz  and/  =  0.3  Hz  with  d  -  10.4  cm.  For 
die  higher  frequencies  at  which  the  internal  impedance  is 
negligible,  tne  admittance  or  impedance  of  an  antenna  at  a 
small  distance  d  from  a  boundary  is  readily  obtained  from  Fig. 
3  or  Fig.  4  with  (29),  (6)  and  (27).  In  Table  13  of  the  next 
section,  d  =  50  cm  for/  =  30  and  300  kHz. 

V.  Summary  and  Conclusion 

The  theory  of  the  bare  metal  dipole  antenna  has  been 
developed  in  terms  of  two  specific  applications.  These  are  the 
subsurface  antenna  for  communication  between  two  points 
below  the  surface  of  the  earth  and  the  sea  floor  antenna  for  use 
in  studies  of  the  conductivity  of  the  oceanic  crust.  For  the 
former  the  frequency  range  from  30  to  300  kHz  is  useful,  for 
the  latter  very  low  frequencies  m  the  range  from  0.3  to  3  Hz 
are  needed  to  penetrate  sufficiently  deeply  into  the  lithosphere. 
In  both  locations  the  transmitting  antenna  is  in  a  region  of 
large  wavenumber  (region  3),  adjacent  to  a  region  with  a  much 
smaller  wavenumber  (region  2).  Furthermore,  since  the 
receiving  antenna  is  in  a  similar  location  at  a  more  or  less 
distant  point  along  the  boundary,  the  received  electromagnetic 
field  is  a  surface  or  lateral  wave  that  travels  along  the 
boundary  in  the  region  of  smaller  wavenumber- air  for 
antennas  near  the  surface  of  the  earth,  the  crustal  rock  for 
antennas  near  the  sea  floor.  Since  the  lateral  wave  must  travel 
approximately  vertically  in  region  1  from  the  transmitting 
antenna  to  the  boundaiy,  then  radially  in  region  2  along  the 
boundary,  and  finally  vertically  in  region  1  to  the  receiving 
antenna,  horizontal  antennas  parallel  to  the  boundary  are 
superior  to  vertical  ones. 

The  principal  differences  between  the  antennas  near  the  air 


1 


(D.k, 


cagtfOoKtuo 


<D.kt 


Fig.  7.  Horizontal  sntoKtt  near  boundary  with  image;  V*  «  Kt.  Iu(x)  ■■ 
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surface  and  those  near  the  sea  floor  are  a  consequence  of  the 
large  difference  in  frequency.  At  the  very  low  frequencies 
used  on  fee  sea  floor  the  internal  impedance  of  fee  copper 
conductor  is  important,  whereas  it  is  negligible  at  the  higher 
frequencies  used  near  the  air  surface.-  This  means  that  whereas 
the  bare  metal  antenna  is  highly  efficient  in  transferring  power 
from  the  antenna  to  the  exterior  media  (regions  1  and  2)  at  the 
higher  frequencies,  it  is  subject  to  an  unavoidable  large 
internal  power  loss  in  heating  fee  antenna  at  the  low 
frequencies. 

The  properties  of  bare  copper  antennas  in  the  two  applica¬ 
tions  are  summarized  in  Table  II  where  columns  2  and  3  apply 
to  a  region  1  of  sea  water  over  rock,  columns  4  and  5  to  moist 
earth  under  air.  The  corresponding  frequencies  are  /=  0.3 
and  3  Hz,  and  /  =  0.3  x  105  and  3  x  105  Hz,  with  copper 
antennas  respectively  with  radii  a  -  3.2  mm  and  1 .04  mm. 
The  maximum  figure  of  merit  occurs  with  antennas  of  half 
length  hm  obtained  from  Fig.  6.  Also  obtained  from  this  figure 
is  the  effective  length  \ht\  corresponding  to  this  length.  The 
associated  driving-point  impedances  Z  for  the  antenna  far 
from  the  boundary  and  Z,  at  the  distance  d  from  the  boundary 
are  obtained  from  Figs.  2,  4,  5  and  8  or  fee  formulas  from 
which  these  were  calculated. 

The  maximum  currents  for  the  copper  conductors  are  those 
suggested  for  insulated  wire  with  fee  specified  radii.  Bare 
conductors  in  contact  with  an  ambient  medium  like  the  earth  or 
sea  can  handle  considerably  more  current  without  overheating. 
The  dipole  moments  for  the  specified  maximum  currents  and 
effective  lengths  arc  seen  to  be  quite  large  at  the  low 
frequencies  because  the  conductor  is  much  thicker  and  can 
handle  much  more  current.  This  is  necessary  in  salt  water  and 
for  the  transmission  in  the  crustal  rock  or  sediment  which  at 
these  low  frequencies  behaves  like  a  conductor  wife  an 
exponential  attenuation  with  distance.  The  total  power  sup¬ 
plied  with  the  specified  maximum  currents  is  also  listed. 
Because  of  fee  extremely  low  resistances  of  the  thick  low 
frequency  antennas  in  fee  highly  conducting  salt  water,  fee 
power  supplied  at  fee  low  frequencies  is  much  less  than  at  the 
higher  frequencies  and  about  half  of  this  is  actually  dissipated 
by  the  axial  current  in  heating  the  conductor.  The  antennas  in 
the  relatively  poorly  conducting  earth  at  the  higher  frequencies 
transfer  all  of  fee  ir^t  power  to  the  ambient  earth,  partly  by 
means  of  fee  radio,  current,  partly  in  radiation  by  fee  axial 
current. 

The  use  of  the  bare  antenna  as  a  termination  for  an  insulated 
antenna  is  considered  in  Part  II  of  this  paper. 
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TABLE  II 

EFFECTIVE  LENGTHS,  IMPEDANCES,  AND  ELECTRIC  MOMENTS 
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30 
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Antennas  in  Material  Media  Near  Boundaries  with 
Application  to  Communication  and  Geophysical 
Exploration,  Part  II:  The  Terminated  Insulated 

Antenna 


RONOLD  W.  P.  KING,  life  fellow,  jesb 


AbXrva — The  properties  c?  tfee  lv  stated  tsUxra  Os  a  diatpsirve 
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I.  Circuit  Properties  of  Insulated  Antenna 


bere  ffonoppla  bare  mooopote 


) 

!  i 

t 

!»■— f  — . -I,— . . ■  "  1  t  — 1 R 

(b) 


WHEN  THE  AMBIENT  medium  in  which  a  bare  metal 
antenna  is  embedded  is  conducting,  radial  currents  from 
the  antenna  into  the  medium  decrease  the  axial  current.  This 
means  that  often  only  electrically  relatively  short  antennas  are 
useful  with  correspondingly  small  effective  lengths.  Radial 
currents  can  obviously  be  eliminated  by  enclosing  the  metal 
cylinder  (radius  a,  conductivity  ac ,  internal  impedance  per  unit 
length  z‘)  in  a  dielectric  sheath  (outer  radius  b,  wavenumber 
kj  =  w[/io(«d  +  I0rf/w)] xa,  ad  —  0),  as  shown  in  Fig.  1.  This 
greatly  changes  the  properties  of  the  antenna.  la  particular,  the 
wavenumber  of  the  current  is  no  longer  the  wavenumber  kt  = 
*i[l  +  (i4tz'/wjio'F)]  1/2  as  given  by  (4)  in  Part  I— which 
reduces  simply  to  the  wavenumber  kx  -  +  iax/w)]  m 

of  the  ambient  medium  except  at  very  low  frequencies. 

The  insulated  antenna  behaves  like  a  generalized  transmis¬ 
sion  line  with  the  wavenumber  kL  and  characteristic  impe¬ 
dance  Zc  given  by  the  conventional  formulas  [1]: 

kL^(-zLyL)1'2;  Zc=(zL/yLyn,  (1) 

with 

Zt  =  z'-/W+Z'+Z„;  yL= gL- iwcL.  (2) 


Here  z‘  is  the  internal  impedance  per  unit  length  defined  in  (1) 
of  Pari  I; 


/= 


(jc 

2* 


(3) 
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Fig.  1.  Iwulsted  »n tennis,  (i)  Completely  msuUted  dipole,  (bj  Tenrunued 
insuiited  in  terms.  Ambient  medium:  eanh,  tea  water. 


is  the  series  inductance  per  unit  length; 

2x 


is  the  series  external  impedance  per  unit  length;  and 


Zi2-ru-ixn= 


kfpo 

2x 


!$\2kxd)  ‘ 
kxbH"\kxb)_ 


(4) 


(5) 


is  the  series  mutual  impedance  per  unit  length  due  to  an  image 
with  codirectional  currents  (to  take  account  of  the  effect  of  the 
boundary  with  region  2  at  the  distance  d).  When  the  internal 
impedance  is  negligible,  z‘  -  0;  when  the  antenna  is  fav  from 
the  boundary,  Zn  =  0.  The  shunt  admittance  yL  is  defined  as 
follows: 


yi=  - 


i2xk\ 


2  xffrf 


—  iu 


2*(d 


oifio  In  (b/a)  In  (b/a)  In  (b/a) 


;  =  gi-/wCi. 

(6) 


The  current  in  the  insulated  conductor  is  distributed  like  that 
in  a  transmission  line  [2]  but  with  kL  and  Zf  the  generalized 
quantities  defined  in  (1)  with  (2>— <6).  The  general  formula  for 
a  center-driven,  end-loaded,  insulated  antenna  with  half-length 
h  is 

,,  „  iPSsin  {*t(A-|.r|)  +  j0Aj 

J  (X)  tS  — . — — — . . 

2Zf  cos  (kLh  +  Wk) 


«nJki(A-]£i)+/0*] 
0  sin  (kLh  +  id*) 


(7) 
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where  the  admittance  Y  and  impedance  Z  =  l/Y  are 

Y=G-i3=  tan  (kLh+idk),  (8a) 

Z^R-iX=ilZt  cot  ( kLh+idi ,).  (8b) 

The  antenna  is  terminated  at  each  end  in  an  arbitrary  impedance 
Z*  which  is  contained  in  the  terminal  function  9k  as  follows: 

fl*=P*-»A=coth-‘(Z*/2:f).  (9) 

Note  that 

coth  ( pa-/*a )  »  rh-ixh  =  Re  (Zt/ZJ-i  Im  (Z*/Zf), 

(10a) 


sinh  2f>k  -sin  2 

R,  =  -  •  r.  —  -  ---  - 

cosh  2p*~cos  2$*  ’  *  cosh  2p*-cos  2$* 


1.  2r*  A  1  ,  -It* 

“T”"’  ri«TTi; 


For  a  low-impedance  termination,  |Z*/Zf|  <  1  and  pk  -  rki 
-  */2  +  jc*;  for  an  insulated  end,  |Z*/Zr|  -*  »  andp*  = 
0,  4<*  =  0  or  jt;  for  a  matched  load  defined  by  Z*/Zf  •=  1 ,  r* 
=  1  and  p*  =  oo.  For  the  end-driven  insulated  antenna  with 
the  terminating  impedance  Zo  at  the  generator  end  and  Z„  at 
the  load  end,  the  formulas  (7)  and  (8a).  (8b)  apply  when  2Zr  is 
replaced  by  Zo  +  Zr. 

For  applications  at  frequencies  that  are  not  too  high  and 
when  the  cross-sectional  size  of  the  antenna  is  electrically 
small  in  the  ambient  region  l  so  that  |*,b|  <  i,  the  small- 
argument  approximations  of  the  Kanke!  functions  can  be  used. 
That  is,  H"'{z)  -  1  +  (2//x)(0.5772  +  In  (z/2)]  and 

Z H\'Kz) - 2//x;  also,  kx  -  (i'wpoffi),/2  =  i)u2e‘*/*. 

With  these  approximations, 


.  •wily 

Z'  =  r'-/«/'-ro-— -  ;  rosfxfl^)-',  (11) 

of 

wpo  rupo  /  2  \ 

*.*-*—-—  (in  j^-O-STOj  .  02, 

^  =  r„-„i;-T-_  --0.57,2)  .  03, 


wp 0  fwpo 


so  that 


<t)Un 

Zi  =  rL-ixL  =  r0  +  —- 
4 


With  a  good  dielectric,  at  —  0  and 
yL~  -iuci  wife  cL  = 


2»€rf 

la  (b/a)  ’ 


In  (14),  r0  is  the  internal  resistance  per  unit  length  of  the 
conductor  associated  with  the  heat  dissipated  in  fee  conductor, 
upc/4  is  the  external  resistance  per  unit  length  associated  with 
energy  transfei  red  to  the  ambient  medium  (when  fee  antenna  is 
far  from  the  boundary  this  reduces  to  «pe/8).  Wife  (14)  and 
(15)  the  explicit  expressions  for  the  wavenumber  kL  and 
characteristic  impedance  Ze  are 


1  UUr\t\ 

In  (b/a)  L  \  wpo  2/ 

,  2  1  1 

+  ln  m7+ln  77~j7~°-90 
IM  IMI  J 

'J  \n 

j  .  06) 

ufiakL  ,  b 

Z r  ^  .  U  In  ♦ 

2  nk\  a 

(17) 

At  very  low  frequencies  the  leading  terms  reduce  to 

kL~(-  Zt,yL)'n  ~  (iucLr0yn  »(!■*  /HvCi/b/2) 1/2 ,  (18) 

2f=(Zt/^),/J~(//’</«ct),/J*(l  +/XV2«ct),/».  (19) 

These  are  identically  the  formulas  for  a  so-called  ocean  cable 
which  is  defined  in  conventional  coasul-hne  theory  by  n  wl 
>  1,  g/wc  <  1.  All  of  the  power  supplied  to  die  insulated 
conductor  is  transferred  io  the  loads  at  fee  ends  or  dissipated  as 
heat  in  the  conductor  itself.  The  structure  acts  like  a  lossy 
transmission  line  for  transferring  power  to  s  Iced,  not  like  an 
antenna  that  transfers  power  directly  as  radiation. 

The  impedance  of  fee  insulated  conductor  st  very  low 
frequencies  is  given  by  (8b)  wife  (16)  and  (17).  Wife  a  iow 
impedance  termination,  9k  «  rk  -  ;(t/2  +  or*)  arid 

Z “  /2Zf  cot  (kLh  +  irk  +  v/1  +  xk ) 

»  -/2Zr  tan  (kLh  +  irb+Xt,).  (20) 

With  \kLh  />*  +  x*|  <  1,  fee  impedance  of  fee  insulated 
dipole  wife  half-length  h  and  identical  low-impedance  termi¬ 
nations  st  both  ends  is 

Z=  -  i2Zr(kLk  +  irk  +  xh)  =  2 (r0h  +  Rk-  iXk).  (21 ) 

Note  that  low-impedance  terminations  must  be  used  if  signifi¬ 
cant  currents  are  desired.  If  the  ends  are  .assisted  (Z*  =  <*). 
7(0)  -  0  and,  hence,  /(*}  -  3,  The  terminations  a*  defined  in 
(10a)  are  expressed  in  fee  following  normalized  form: 


r*-ur4 


rwpo  (  b  2 
— z —  l  In  -+m  --7-77+10 
2x  \  a 


Rk-iXj 

‘Zc-iXc 

RtPr  +  XuX'  XkRr-X'Pt 

R\+X\  R\  +  X) 
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The  iosuJp  fd  antenna  has  numerous  parameters  that  can  be 
adjusted  to  change  its  properties.  These  include  the  length  h, 
the  terminating  impedance  Z*,  the  ratio  b/a  of  the  radius  of 
the  insulation  to  the  radius  of  the  conductor,  and  the  electrical 
radius  of  the  insulation  b  in  kyb.  When  |kib]  is  not  too 
email,  the  conductor  can  be  located  eccentrically  in  the 
insulating  sleeve  to  provide  a  significant  transverse  directional 
effect.  Insuiated  antennas  with  parameters  suitably  adjusted 
for  many  special  applications  have  been  described  [1],  (3].  In 
this  paper,  attention  is  directed  particularly  to  applications  dial 
require  frequencies  that  are  in  the  range  from  a  fraction  of  a 
Hertz  to  near  a  megaHertz.  These  have  not  been  treated 
before. 

One  of  the  most  important  qualities  of  the  insulated  antenna 
is  its  electric  moment.  This  depends  on  the  effective  length  ht 
which,  in  turn,  is  determined  by  the  current  distribution  and 
the  actual  length  h.  For  the  applications  to  be  discussed,  a 
maximum  current  is  maintained  along  lx  insulated  antenna 
when  it  is  terminated  either  in  a  low  impedance  or  in  its 
characteristic  impedance.  The  relevant  current  distributions 
are,  for  the  antiresonant  antenna. 


/,(*)  = /x(0) 


cos  [kL(h-x)  + 
cos  ( kLh  +  iQh ) 


(23) 


where  0*  =•  rh  -  i(xk  +  t/2)  with  rk  <  1  and  JzA|  <  1.  In 
determining  the  effective  length,  it  is  adequate  io  neglect  the 
effect  of  the  low-impedance  termination  on  the  current  For 
the  antenna  with  matched  load  (r*  =>  1 )  with  0»  =  od  , 


/xUWxfO)*’^.  (24) 


The  maximum  magnitude  of  the  effective  lengths  with 
respect  to  the  actual  lengths  k  occurs  in  (26)  near  the  minimum 
of  the  denominator,  cos  kLh.  This  is  near 


$Lh  =  t/2  or  k  =  t/2&.,  (29) 


for  which  cos  kLh  —  -i  sinh  aLk,  sin  kLk  =  cosh  aLh,  so 
that 


kie'^+iki  sinh  aLh  +  ikL  cosh  aL'n\ 
{k\-k j)  sinh  aLh  j 


(30) 


where  £2  =  &  +  roq,  kL  =  +  iaL,  and  h  is  given  by  (29). 

The  maximum  magnitude  of  k,  in  (28)  occurs  near 


<&-&)*  =  *  or  />  =  */(&.-&),  OD 


where 


l{l 

*i.~*2  !  ’ 


(32) 


and  k  is  given  by  (31). 

When  the  insulated  antenna  is  terminated  either  in  a  low 
impedance  or  its  characteristic  impedance,  the  terminations 
often  consist  of  bare  monopoles  of  length  /.  The  effective 
length  of  these  has  been  determined  in  Part  I.  hut  the  effective 
length  of  the  terminated  antenna  is  not  just  the  sum  of  the 
effective  lengths  of  the  parts  since  the  relative  phases  make  a 
significant  difference.  It  is  possible  to  evaluate  the  complete 
effective  length.  It  has  the  form: 


tan  {k,l/ 2)  i 

h.~ - -  (1  +e-t*)  +  — -- 

k,  kL-k2 


[1  (33) 


Since  the  wavenumber  for  these  currents  is  different  from  k. 
for  the  lateral  electromagnetic  waves  the>  generate  along  the 
boundary  in  region  2,  the  phase  relations  among  the  successive 
elements  of  current  and  the  outward  traveling  field  are 
important  in  die  definition  of  the  effective  electnc  moment 
fx(0)A,(^o).  Note  that  the  effective  length  M&>)  involves  the 
angle  <t>0  between  the  direction  of  propagation  along  the 
antenna  and  the  pom,  of  observation  The  effective  length 
associated  with  the  current  f23)  is 


Ai  all  but  the  very  low  frequencies,  the  internal  impedance  of 
the  bare  sections  is  negligible  and.  over  the  lengths  of  interest, 
A,  1  tan  (k,t,  2)  -  1/2.  At  the  low  frequencies  where  the 
internal  impedance  dominates,  k,  1  tan  (A,//2)  -  a,'  tanh 
(atl,  2).  Even  with  these  simplifications,  the  magnitude  \h,\  is 
not  a  simple  formula.  For  most  applications  the  contribution  tv 
the  effective  length  by  the  relatively  short  terminations  is 
relatively  small  and  can  be  ignored.  For  any  particular  .ase,  it 
can  be  evaluated  from  (33) 


M4>o)  =  | 


*  cos  kt(h  -  x') 


dx 


Jc  cos  kLh 

In  the  direction  ^  0  of  maximum  field,  this  gives 

-ikjf  *1*4-'*}  cos  kLh  +  kL  sin  kLh 

h,{ 0)  ■  k,  - - ; - - - 

( k\  -  A|)  cos  kLh 

Similarly,  wuh  the  current  (24), 

\*  e*iM’e  dx\ 

J© 


(25) 


(26) 


(27) 


III  Antennas  for  Special  Purposes 

Three  potentially  useful  ante  mas  are  treated  in  the  follow 
mg  These  include. 

1 )  a  terminated  traveling-wave  antenna  in  the  earth  parallel 
to  its  surface  with  air  m  a  frequency  range  centered  near 
0.1  MHz; 

2)  an  anti  resonant  insulated  antenna  on  the  sea  floor  m  a 
frequency  range  centered  near  1  kHz;  and 

3)  an  electrically  short  insulated  antenna  on  the  sea  floor  m 
a  frequency  ran/e  near  1  Hz. 


and,  for  -  0, 


r(l  -e“*t  *1)*] 


A.  An  Unde, ground  Antenna 

A  useful  subsurface  antenna  for  communicating  from  a 
(28)  Pou,t  81  *  ‘kf**’  d  below  the  surface  of  the  earth  to  a  point 
below,  on,  or  above  the  surface  at  a  radial  distance  p  is  the 


h,(0)  -  h, 
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insulated  traveling-waye  antenna.  As  shown  in  Fig.  2,  this 
consists  of  a  conductor  (radius  a ,  resistance  per  unit  length  r ') 
enclosed  in  an  insulating  sheath  (radius  b,  permittivity  td)  of 
length  h.  It  is  terminated  tax  =  A  in  a  lumped  impedance  Z  in 
series  with  a  bare  metal  antenna  (length  /,  input  impedance 
Zf);  the  generator  (emf  Kg)  is  connected  in  series  with  the 
insulated  conductor  at  x  -  0  and  a  second  bare  metal  antenna 
(length  /,  input  impedance  Z/). 

The  current  in  the  antenna  is 

yi 

/,(*)= ZB  =  Z/+Z„  (34) 

where  Z,  is  given  by  (17)  and  kL  by  (16).  It  is  required  that,  at 
x  =  h,  Z  is  adjusted  so  that 

ZA  =  Z,+Z=Zf.  (35) 

The  input  power  to  the  antenna  is 

P^lIMWZc+R,)-  (36) 

The  bare  metal  terminations  are  monopoles  with  length  /. 
The  normalized  input  impedance  is  half  the  impedance  of  a 
dipole,  as  given  in  Fig.  4  of  Part  I.  For  moist  earth  (at  —  10-3 
S/m,  tu  =  8)  at/  =  3  x  10s  Hz,  the  normalizing  factor  is  A, 
=  5.84  so  that  the  impedance  of  a  bare  monopole  with  radius 
a  =  1 .04  mm  and  length  /  =  \,/A  -  42  m,  as  obtained  from 
Table  II  of  Part  I,  i s  Z,  =  Z|/2  =  63.9  -  i50.0  Q.  This  value 
assumes  the  antenna  is  at  a  depth  d  =  50  cm. 

The  insulated  conductor  consists  of  the  copper  wire  with 
radius  a  -  1 .04  mm.  In  order  to  have  the  wavenumber  kL  for 
the  current  close  to  that  for  the  lateral  waves  in  air,  the 
insulation  should  be  styrofoam.  Also,  as  seen  from  (16),  b/a 
should  be  large.  Accordingly,  the  choice  b  =  1.04  cm  is 
made.  With  data  obtained  from  Tables  I  and  II  in  Part  I  for/  = 
3  x  105  Hz,  it  follows  from  (16)  and  (17)  that 

*t  =  M2.36  +  /0.141) 

=  (1.48  +  ;0.088)x  10~2  =  L  +  iaL.  (37) 

With  styrofoam  insulation,  kd  -  kz  =  w/c  =  2x  x  10* 3 
nr1.  Also, 


Zr=  325  +  /19.3  0.  (38) 

The  terminating  impedance  is  Z»  =  Z,  +  Z,  where  Z  is  to  be 
adjusted  to  make  Z*  =  Zr.  Therefore, 

Z  =  Z'~ Z,=  325  +  /19.3  -  63.9  +  /SO  =  261 . 1  +  #69.3  0. 

(39) 

The  optimum  length  of  the  insulated  antenna  is  obtained 
from  (31)  to  be 


h  =  T/(fiL-ki)~369  m.  (40) 

The  associated  effective  length  given  by  (32)  is 

jA,|-201  m.  (41) 

(Note  that  h  and  |  ,  can  be  increased  by  reducing  j3t  by 
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increasing  b/a,)  The  input  power  per  unit  current  is  obtained 
from  (36).  It  is 

PJ\Ir{0)\ 2  =  Re  +  R, = 325  +  63.9  =  389  Q.  (42a) 
With  1/T(0)|  =  25  A, 


Pa  =  243  kW.  (42b) 

The  radial  electric  field  at  the  surface  at  a  distance  of  500 
km  is  readily  evaluated.  At  this  distance,  p  >  4|&2/Ar3|  = 
4|(4.88)2  x  I0-V(2x)3  x  10*9|  =  38.4  km,  so  that  the 
point  of  observation  is  in  the  far  field  where  (4] 

tiHln  I 

I £u(p,  0,-0)1  =  14(0)11,1  ~-~=  14(0)1  X 0.48 x  10* 

2xkz  p2 

(43) 


With  |4(0)|  =  25  A,  the  field  is 

1  £,„((>,  0,  0)1  -1.2  ,xV/m, 


which  is  easily  measurable. 


B.  An  Antenna  for  the  Sea  Floor  at  f  =  1  kHz 

Terminated  insulated  antennas  can  be  used  on  the  sea  floor 
to  measure  the  conductivity  of  the  oceanic  crust.  In  one 
arrangement  the  antenna  is  laid  horizontally  in  the  sea  water 
(region  1,  ox  =4  S/m,  =  (/ wpo0i),/2)  at  a  small  height  d 
over  the  crust  (Region  2,  a2  =  10* 4  to  10* 1  S/m,  k2  = 
(iwpoo2)'n).  The  field  generated  by  the  antenna  is  measured  at 
successive  radial  distances  p  in  the  sea  water  just  above  the 
crust.  Except  very  ciose  to  the  antenna,  this  field  is  entirely  a 
lateral-wave  field  if  there  are  no  reflecting  layers  at  moderate 
distances  in  the  crust.  But  even  if  such  layers  are  present,  the 
lateral-wave  field  which  samples  only  a  relatively  shallow 
depth  is  from  60  to  90  percent  of  the  observed  field  [5].  In  the 
most  useful  range  of  measurement,  1  <,  \kzp\  <  4|.(:2/A:2|, 
the  magnitude  of  the  dominant  radial  component  has  the 
following  simple  form  in  the  direction  along  the  axis  of  the 
antenna  [6J,  [7]: 

,  „  ,  .  ,  uunk j  e'^v 

0,  0)|=  4(0) A,  “ - 

2rk\  p 


=  14(0)  A,  | 


ui/ioUj  e~°v 
2xff|  p 


(44) 


where  ctj  =  («ppff2/2)l/2.  The  behavior  of  this  field  as  a 
function  of  the  radial  distance  is  shown  in  Fig  3  for  o2  ranging 
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p  in  km 


Fig.  3.  Radis)  elcctnc  field  ti  i  *  1$  cm  ia  tea  water  (e,  »  4  S/m.  t„  » 
80)  above  rock  or  deep  sediment  (cj,  =  16)  as  a  function  of  the  radial 
distance  p  from  a  unit  horizontal  dipole  at  height  d  =  IS  cm  above  sea 
bottom;  /  •»  I  kHz. 


from  4  x  10~'  to  4  x  10-7  S/m.  By  measuring  the  radial 
field  at  successive  distances,  an  observed  graph  of  20  lcg)0 
|£tP(/>,  0,  0)|  can  be  compared  with  theoretical  ones  and  a2 
obtained  by  interpolation.  The  rapid  exponential  decrease  at 
locations  that  depend  on  a2  assures  reasonable  accuracy. 

Let  the  transmining  antenna  be  designed  for  use  at  /  =  1 
kHz  (Fig.  4).  It  consists  of  an  insulated  main  section  B  with 
the  conductor  radius  a  and  insulation  radius  b  that  extends 
from  x  =  0  to  x  =  h.  The  conductor  with  the  insulation 
removed  continues  from  x-niox  =  h  +  lasa  bare 
monopole  A  terminating  the  insulated  section.  At  the  driving 
poii?’  (x  -  0),  the  insulated  conductor  is  connected  to  the  inner 
conductor  of  the  feeding  coaxial  line  D  from  the  ship  or  float. 
Since  this  is  quite  long,  efficient  power  transmission  requires 
the  characteristic  resistance  of  the  line  to  be  equal  to  the  input 
resistance  of  the  antenna.  As  shown  in  Fig.  2,  the  insulated 
terminated  monopole  is  driven  against  a  bare  monopole  that 
consists  of  a  metal  sleeve  C  that  extends  from  x  •■=  0  to  x  = 

-  /.  The  sleeve  is  insulated  from  the  metal  walls  of  the  coaxial 
line  except  at  x  -  0  where  it  is  conductively  connected. 

The  lengths  /  of  the  two  bare  sections  are  chosen  so  that  0,  l 
>  j/2  or  /  ~  12  m  at  /  =  1  kHz.  The  input  impedance  of 
each  monooole  is  of  the  order  Z,  -  0.0135  -  /0.0065  Q.  The 
dimensions  of  the  main  insulated  section  are  a  -  0.52  cm,  b 

-  0.521  cm.  The  insulation  is  chosen  very  ihin  so  that  kL  i< 
not  too  different  from  k2.  It  may  be  neoprene  with  tdr  -  6.6 
(ot  any  other  dielectric  including  enamel).  At  /  -  1  kHz,  ka 

-  =  5.38  x  10~s  nr1.  With  the  antenna  ai  a 
mean  height  d  -  5  cm  above  the  sea  bottom,  (16)  gives 

kL  ■  kd{  1  +  52C.5[/(0. 166  +  x/2)+l  1.25]} 1/7 
=  kd( 76.7  +  Z5.88)  (4. 12  + 10.32)  x  10- 3  m - 1 
=  0l  +  ‘ql>  (45) 

Ze= 3.44  +  /0.267  Q.  (46) 


4  (o  tbip  or  float 


A  8ar»  nvtfol  monepol*  of  length  f  -52m 
3  Ineufoted  ontsrmc  of  length  h  -  581  m 
C  Slssv*  mcnopols  foWeU  hock  on  coamol  line:  length  f~!2m 
0.  Conxiof  line  to  «hip,  preferably  mtuloted  to  ovoid  corroeion 
Fig.  4.  Terminated  insulated  aiitenna  for  use  on  the  sea  floor  a*./  =  1  kHz. 
Transverse  dimensions  are  not  to  scale. 


associated  effective  length  by  (30).  They  are 

h  =  x/ 2&.  =  381  m;  |/if|  =  9.66  km.  (47) 


The  effective  length  is  greater  than  the  actual  length  because  it 
is  referred  to  the  driving-point  current  7X{0),  which  is  the 
minimum  current;  the  current  increases  to  the  maximum  at  x 
=  h.  Thus, 


IAh)  = 


7,(0) 

sinh  ( aLh  +  rh )  ' 


(48) 


The  driving-point  impedance  of  the  antenna  when  &Lh  = 
t/2  +  xh  -  t/2  is: 


Z,n  -  R,n  =  Bc  coth  (aLh  +  rh)  =  27.45  O.  (49) 

The  power  input  to  the  antenna  is  j  7t(0)|  The  power  in  the 
two  bare  terminations  is  insignificant  as  is  their  contribution  to 
the  effective  length.  The  fraction  of  the  power  dissipated  in  the 
internal  resistance  of  the  insulated  copper  conductor  is 
proportional  to  the  contribution  to  aL  by  the  internal  impe 
dance.  It  is  seen  from  (44)  .hat  tins  is  0.166/(0.166  +  ir/2)  - 
0.096— a  relatively  small  amount. 

The  field  to  be  generated  is  given  by  <44;  and  represented  in 
Fig.  3  for  unit  elcctnc  moment.  It  is  seen  lhat  measurements 
over  a  useful  range  of  j2  are  possible  if  they  can  be  made  down 
to  20  logio  0,  0)|  =  -250  dB  per  unit  electric 

moment.  With  a  transmitting  antenna  that  provides  an  effet 
five  electric  moment  | !x(0)ht |  -  3  x  105  A- m,  the  minimum 
level  of  -250  dB  is  raised  to  -  140  dB.  The  corresponding 
smallest  electric  field  that  must  be  measured  is  |£,,(p,  0,  0)| 
-  0. 1  jiV/m.  If  the  receiving  antenna  has  an  effective  length  of 
only  10  m,  the  required  sensitivity  is  1  /iV/m. 

With  the  effective  length  given  in  (47),  the  required  input 
current  is  |7X(0)|  =  31.1  A.  With  (49),  the  input  power  is  Pm 
=  (31. 1)2  X  27.45  «  26.5  kW. 


The  normalized  resistance  and  reactance  of  the  terminations 
are  obtained  from  (22)  to  be  r„  =  3.9  x  10‘3  Q,  xh  =  2.2  x 
10  i  Q- very  small  quantities.  The  length  h  of  the  insulated 
section  when  this  is  antiresonant  is  giv,n  by  (29),  the 


C.  An  Antenna  for  the  Sea  Floor  at  Very  Low 
Frequencies 

Geophysicists  use  antennas  on  the  sea  floor  at  frequencies  so 
low  that  the  internal  resistance  of  the  copper  conductor- 
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which  plays  a  negligible  role  when  /  >  100  Hz— becomes  a 
dominant  factor.  This  is  true  of  both  bare  and  insulated 
antennas.  In  the  frequency  range  from  0.3  to  3  Hz,  the 
magnitude  of  the  complete  radial  electric  field  in  the  sea  water 
near  the  oceanic  crust  at  s  radial  distance  p  from  a  unit 
horizontal  dipole  is  given  by  [8] 

I Eijp,  0,  0)! 


e** 

(  l  ‘ki 

1 

Vs  1 

K*  j 

1 

p ) 

e~°y 

- - -  (1  -r2ajfi  +  2ay)2+4<xl/}1-i-4aip*)l/2.  (50) 

2xo \p* 

This  formula  assumes  the  oceanic  crust  to  be  a  homogeneous 
isotropic  half-space  with  wavenumber  k2  -  di  +  ia2  and  d2 
=  a2  -  (wpocrj/2) ,/2.  At /  =  3  Hz  and  with  a2  =  4  X  10"3 
S/m,  c,  =  4  S/m,  and  p  =  18.9  Son, 

20  logio  j £,^(p,  0,  0)|=  -288  dB.  (51) 

tf  it  is  assumed  that  a  receiver  is  sensitive  to  0.1  pV/m  and  is 
tonnected  tc  a  receiving  antenna  with  an  effective  length  of  the 
order  of  80  m,  the  transmitting  antenna  must  raise  the  signal 
level  by  1 10  dB  to  -  178  dB.  This  requires  an  electric  moment 

|/X(0)A,| -3.25  x  105  A-m.  (52) 

It  is  seen  from  Fig.  6  in  Part  I  that  a  bare  termination  should  be 
of  the  order  of  0.15  Xt  in  length  or,  at/  =  3  Hz,  /  -  0.15  X 
913  =  137  m  for  which  4  =  0.295  x  137  =  40  m.  From  Fsg. 
8  in  Part  I  the  impedance  of  a  bare  monopoh  at  a  height  d  = 
10.4  cm  from  the  sea  floor  is 

Z,= 0.013-/0.0011  Q.  (53) 

The  wavenumber  of  an  insulated  section  of  length  h,  termi¬ 
nated  in  Z,  is  obtained  from  (18).  For  a  conductor  with  radius 
a  -  5.2  mm  and  an  insulator  with  radius  b  =  8  mm  and 
relative  permittivity  e*  =  6.6  (for  neoprene),  (18)  gives  kL  = 
1.29  x  10~6(1  +  /)  m-1.  For  an  electrically  short  antenna 
with  |£t/t|  £  1, 

Za - iZckih  =  r$h  +  2Z/.  (54) 

The  effective  length  of  an  electrically  short  insulated 
antenna  terminated  in  a  very  low  impedance  is  the  actual 
length  since  Iz(x)  -  7X( 0)  for  all  values  of  x.  The  maximum 
current  for  the  insulated  conductor  is  325  A,  so  that  the 
electric  moment  is  325 1  A*  j  A  m.  For  the  required  value  of 
|7X(0)A,|  =  3.25  x  105  A  m,  it  is  necessary  that  |  h,  j  =  h  ■= 

1  km.  With  the  two  bare  terminations,  the  total  length  is 

A  +  2/=  1274  m.  (55) 

The  contribution  to  the  effective  length  by  the  terminations  is 
small  and  has  not  been  included. 

With  this  length  the  impedance  of  the  antenna  is 

Za  =  2.08  x  10  4  x  1000  +  0.026  -  <0.002  =  0.23  -  <0.002  0. 

(56) 
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The  input  power  is 

=  1 4(0)| : =  24.3  kW.  (57) 

The  insulated  terminated  antenna  described  above  is  quite 
similar  to  an  antenna  actually  used  by  Young  and  Cox  [9]  for 
measurements  on  the  sea  floor  in  the  frequency  range /  =  0.25 
to  2.25  Kz.  The  insulated  part  was  800  m  long  with  a 
conductor  radius  of  a  =  3.5  mm.  It  had  a  resistance  r0h  = 
5,13  X  10'4  X  800  =  0.41  Q.  Each  of  the  two  bare 
terminations  had  lengths  I  -  15  m  and  input  resistances  of 
0.07  Q  when  at  a  height  d  —  10.4  cm  above  the  sea  floor. 
Thus,  the  total  resistance  was  R*  —  r0h  +  2R,  =  0.55  0  and, 
with  j/x(0)j  =  70  A,  P„  =  2.7  kW.  Since  the  bare 
terminations  were  short  and  oriented  so  that  their  currents 
were  oppositely  directed,  their  contributions  to  the  field  and 
the  effective  length  cancelled.  The  effective  length  of  the 
insubted  section  was  h,  ~  800  m  and,  with  a  current  of  70  A, 
the  electric  moment  was  5.6  x  !04  A-m  so  that  the  field  at  p 
=  18.9  km  was  raised  by  95  dB  from  -288  dB  for  the  unit 
dipole  to  -  193  dB  or \E\„{p,  0, 0)|  =  2.2  X  10-10V/m.  The 
bare  receiving  dipole  had  a  length  of  9  m  and  an  effective 
length  of  4.5  m,  so  that  the  voltage  across  the  load  was  VL  — 
10' 9  V.  This  is  so  low  that  noise  was  a  serious  problem  and 
required  a  receiver  with  a  sensitivity  higher  than  0.001  pV. 

IV.  Conclusion 

The  insulated  conductor  with  its  various  possible  termina¬ 
tions  (including  especially  bare  monopoles)  is  a  highly 
effective  antenna  when  embedded  in  a  general  dielectric  or 
conducting  region  with  a  wavenumber  that  is  much  larger  in 
magnitude  than  the  wavenumber  of  the  insulating  sleeve. 
Depending  on  the  ratio  b/a  of  the  radius  of  the  insulating 
sleeve  to  that  of  the  conductor,  the  insulated  conductor  acts 
more  like  an  antenna  for  transferring  power  to  the  ambient 
medium  ( b/a  -  I)  or  a  transmission  line  for  supplying  power 
to  the  terminations  ( b/a  £  10).  At  frequencies  of  1  kHz  and 
higher,  the  power  loss  in  the  internal  resistance  of  the 
conductor  is  negligible  and  all  power  is  either  radiated  or 
transferred  to  the  terminations  without  loss.  At  frequencies 
below  .100  Hz,  the  power  Ioss  in  the  internal  resistance 
becomes  dominant  and  the  radiated  power  transferred  directly 
to  the  ambient  medium  negligibly  small.  In  this  case,  the 
insulated  conductor  is  a  higftly  inefficient  transmission  line 
feeding  the  terminations. 

When  located  in  region  1  (£,)  near  a  boundary  with  a  half 
space  (region  2,  k £  with  |A,|  2:  3|  A^l,  the  insulated  conductor 
is  effective  as  a  generator  of  electromagnetic  surface  waves 
that  travel  close  to  the  boundary  til  region  2.  They  are 
responsible  for  the  entire  field  in  region  1  at  even  moderate 
distances  from  the  source.  If  region  2  is  not  a  homogeneous 
half-space  but  is  horizontally  layered,  there  may  be  reflections 
from  these  layers.  When  this  is  true,  the  reflected  field 
reaching  a  receiver  in  region  1  is  necessarily  much  smaller 
titan  the  surface-wave  field  [5].  The  latter  penetrates  region  2 
only  to  a  depth  that  is  a  smdi  fraction  of  the  radial  distance 
from  the  source  to  the  point  of  observation  in  region  1  rear  the 
boundary  [5]. 
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Lateral  electromagnetic  arises  generated  by  a  vertical  dipole  on  the 
boundary  between  two  3is;®ctrics 
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Gordon  McKay  Laboratory.  Harvard  Vasxrsity.  Cambridge.  Massachusetts  02138 

(Received  1  June  1987;  accepted  for  publication  20  August  1987) 

An  exact  solution  in  terms  of  elementary  functions  is  obtained  in  the  time  domain  for  the 
vertical  electric  field  E.  ( p,t )  and  the  trar.'.  verse  magnetic  field  B4  (p,r)  of  a  dipole  located  on 
the  plane  boundary  z  =  0  between  air  (region  2,  z  <0)  and  a  perfect  dielectric  (region  1,  z>  0) 
when  the  dipole  is  excited  by  a  single  deltvfunction  current  pulse.  The  vertical  electric  field  on 
the  boundary  consists  of  a  delta-function  pulse  that  travels  in  the  air  with  the  velocity  c,  an 
oppositely  directed  delta-function  pulse  that  tra\  els  in  the  dielectric  with  the  smaller  velocity 
c/€U2,  an  amplitude  structure  that  varies  in  time  between  the  two  pulses,  and  a  final  static 
electric  field  due  to  the  charges  left  on  the  dipole.  The  horizontal  magnetic  field  is  similar.  For 
comparison,  the  vertical  electric  field  in  the  equatorial  plane  of  the  same  dipole  ir,  a 
homogeneous  dielectric  is  also  derived.  The  comparison  indicates  that  the  field  along  the 
boundary  is  a  surface- wave  or  lateral  pulse. 


I.  INTRODUCTION:  THE  FIELD  OF  THE  ISOLATED 
DIPOLE 

The  properties  in  the  frequency  domain  of  lateral  elec¬ 
tromagnetic  waves  generated  by  horizontal  and  vertical  elec¬ 
tric  dipoles  located  on  or  near  the  plane  boundary  between 
two  <*iectncall>  different  media  like  the  air  and  earth  or  air 
and  ocean  have  been  summarized  m  a  recent  paper'  and 
related  to  several  applications. Also  of  interest  are  the 
properties  and  possible  applications  of  lateral  pulses  genera¬ 
ted  by  dipoles  in  the  time  domain.  An  important  introduc¬ 
tion  to  the  transient  field  generated  by  a  vertical  electric  di¬ 
pole  on  the  plane  boundary  between  half-spaces  of  air  and  a 
perfect  dielectric  was  guen  by  Van  der  PoF  who  determined 
the  Hertz  potential  when  the  dipole  is  excited  by  a  step  func¬ 
tion  in  charge  (o:  a  delta-function  current).  He  used  a  La¬ 
place  transformation  of  Sommerfeld's  solution  in  ihc  fre¬ 
quency  domain.  At  any  radial  distance/?  from  the  source  the 
observed  potential  was  shown  to  have  the  temporal  behavior 
typical  of  a  surface  wave.  The  electromagnetic  field  associat¬ 
ed  with  the  Hertz  potential  was  not  evaluated.  The  same 
problem  was  studied  in  greater  detail  entirely  in  the  time 
domain  by  Bremmer.6  It  was  also  investigated  by  Haddad 
and  Chang7  in  the  more  difficult  generalization  of  a  vertical 
dipole  over  a  dissipative  earth  rather  than  a  perfect  dielec¬ 
tric.  They  transformed  the  double  infinite  integrals  in  the 
frequency  domain  to  approximate  single  finite  integrals  that 
were  evaluated  numerically.  The  problem  of  the  transient 
field  of  a  vertical  dipole  with  a  ramp-function  excitation  over 
both  a  plane  and  a  spherical  earth  has  been  treated  variously 
by  Wait.8-10  The  formulas  he  obtained  involve  certain  “key 
approximations.” 

The  analysis  carried  out  in  this  paper  determines  the 
exact  transient  field  of  a  vertical  dipole  on  the  boundary 
between  two  perfect  dielectrics.  Instead  of  continuous-wave 
excitation  at  an  angular  frequency  with  the  electric  moment 

I(t)h,  =  Re  7(0)A,  e  ~  (1) 


/(/>«,=  Z(0)A,<5(') . 


(2) 


where  the  delta  function  is  defined  by  the  Founer  integral 


1 

(5(r)  =—  I  e-^'dai.  (3) 

2rr  J  —  *c 

Before  pulse  excitation  is  studied  for  a  dipole  on  the 
plane  boundary  between  two  electrically  different  half¬ 
spaces,  it  is  useful  for  the  later  interpretation  of  the  transient 
field  to  consider  the  isolated  dipole  ,n  an  -nfinite  homogen¬ 
eous  dielectric  with  the  relative  permittivity  e,  =  e  that  is 
independent  of  the  frequency.  Although  this  problem  is 
most  easily  solved  by  treating  directly  the  time-dependeni 
Maxwell's  equations,  this  approach  is  difficult  tc  generalize 
to  apply  to  a  planar  boundary  between  elecincaiiy  different 
half-spaces.  Therefore,  the  dipole  m  an  infinite  homogen¬ 
eous  dielectric  is  treated  by  applying  the  Fourier  transform 
to  the  frequency-dependent  field.  For  £.  m  the  equatorial 
plane,  z  =  0, 


_  *dA 

4 r  Jo  k2(k:-A2)r2 

_  Gjp0  ^  (  i  1 _ i\ 

4  jy  \  p  kp 1  k  t rV  ’ 


(4) 


where  A: 2  =  k20e  —  co2e/c .  With/i '  =  cA.p'  —  o/c,  the  inte¬ 
gral  form  of  (4)  becomes 


E,(p',co) 


cop o  f  “  -/qU  'p'U  'y  d/.  • 
4jrceJo  <o2(are  -  a.'2)1'2  ’ 


(5) 


with  the  branch  cut  and  contour  of  integration  shown  in  Fig. 
i  With  a  delta-function  current  with  unit  moment,  i  e . 
I{t)h,  —  I(0)hr8(t)  with  l(0)h'  =  i  A  m,  the  time-depen¬ 
dent  field  is 


E,  ( p\t )  =  —  Re  do  e  E ,  (p‘,co ) 

IT  Jo 


Re  da>e~  or 
4irce  Jo 


a  single  pulse  (or  sequence  of  such  pulses)  is  applied.  If  this 
is  a  delta  function,  the  electric  moment  is 


r  J0 

i  '  ’ 
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FIG.  I.  Branch-cus  structure 
and  contour  of  imejratKio  tn 
the  X '  plane. 


r  /  _  Mo  & 

‘{P'  )~  ^co~ed? 


XlD1l 


where  the  change  in  variable  £  -  /£  Vt>  has  been  made.  This 
is  equivalent  to 

X J0(*£p')e -“do.  (7) 

The  integral  with  respect  tocu  can  be  carried  out  with  formu¬ 
la  (6.611-1)  on  p.  707  of' Gradshteyn  ar.d  Ryzhik."  For 
t>£p'.  this  gives 


Now  let  the  contour  of  integration  be  chosen  as  shown 
in  Fig.  2.  Whcnf/p'<€1/2,  the  integrand  in  (9)  is  real  so  that 
there  is  no  contribution  to  the  relevant  imaginary  pan  of  the 
integral.  When  s%n  <  t  /p\  the  integral  becomes 

4  z*cpe  at 


Jo  i(£2  -  e)ulV2/p'2  -5  -)1*' 


J0(o>ip)s-Mdco=  -i(/I-^y2)- 


sothat 


Along  the  indicated  contours,  the  only  contribution  is 


•  .i  _ _ Mo_HJ  r  _ f  " _ kUL _ ) 

tircp'c  (£2  -  e)'  2(r/p2  -  i2)1'"2  (5:  —  €),:{  —  -5  / 


=  Mo  3'  f" _ £ Idl _ 

Irrcp'c  dl2  j,  *  (g  1  —  t ) 1  2{t2/p'2  -  c  :)‘  2 


The  integral  is  elementary.  Let  .r  =  £ :.  Then 
4  rrrp  e  d; 2  \o  J 

where 

4)=ff 


I 

mcreases  across  t/p’  -  ein.  When  i/p‘>e' 
Jlt/p‘)  —  )r{t2/p’2  +  e).  Now  let  S' {tip') 

(12)  =df{t/p')/dt.  When  t/p'  <eU2,  f'{:/p')  =  0;  when  t  / 


p'>€,/2. 


f(J/p')  =  trt/p'2.  Thus 


X  -  (x  -  e){t2/p‘:  ~x) 

—  -  et 7 ,'p'2  +  (e  +  1 2/p'2)x  -  x 2 
=  a  +  bx  +  cx2 , 

with  a  —  —  a2/p'2,  b  —  (e  +  1 7p':),  and  c  ~  —  1.  The 
second  integral  gives 


/•(4)„rf(,_t.V)  +  {°; 

V  ’  i~t/p  ,  t/p  > f1  - . 


Evidently,  there  is  a  step  increase  by  (-t/p2)  at  t/p  -  f1  : 
(,3)  Let  fit /p)  —df{t/p')/dt.  When  t/p  <e'  :. 
f’(t/p‘)  —  0;  when  t  /p‘  >  e1'2,  f’tt/p‘)  -t-/p'2  Her.ce 

J’’(^)  =  7re6'{t-e'  2p)  +  ~  d(t  -  e1  2p  ) 

!0,  t/p'<€1,2, 

+  .  ,,  .  (H) 

^  br/p-,  t/p  >e  * 


C  dx _ 1__ 

J  4x  fr-e 


1  .  _ ,  lex  -f  b 


J  4X  f^c 

where<7  =  4ac  —  b 2  -■  —  (r 2 /o'2  —  e)2.The  substitution  of 
the  limits  shows  that  the  first  term  on  the  right  in  ( 1 3 )  is  zero 
and  the  arcsines  have  the  arguments  —  1  and  +  1 ,  so  that 

f(t ip')  -  \tr(j2/p'2  +  e)  .  (15) 

The  differentiation  of  this  function  must  be  carried  out 
with  care,  since  it  and  its  derivatives  have  discontinuous  be¬ 
haviors  at  t /p'  =  f1/2.  Thus,  since E, { p',t )  and  f {t/p  )  arc 
zero  when  t/p  <eU2  so  that  /(c1/2  -  )  -.0,  whereas 
f{e'n  4-  )  =  7r£,  there  is  a  step  increase  in  f{t/p’)  as  t/p 


F3G  2  Branch-cut  structurt  and 
contour  o!  integration  in  the  c 
plinc 
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However, 


{i/p')6kt  —  e,r‘p')  -  —  ex,2p) . 

Hence,  with p  ~ p/c  and  c2  =  (pj* 0)  ~ 


1 _ |0,  Cl/p<£U2 1 

4jrfe^r*u.  ct/p>el,7l’ 


(18) 


where  £,  —  {p<Je€0)xli.  An  alternative  form  makes  use  of 
the  relation  l5’U)  «  —  <5(t)sothat 


\  e  /  U  —  £np/c) 

Formula  (IS)  indicates  that,  in  the  equatorial  plane  of 
the  dipole,  pulses  of  the  form  S'U  -  and 

&{t  —  exnp/c)  travel  radially  outward  with  the  velocity 
t, >«c/el/:,  with  the  amplitude  factors  pJArtp  and 
£,/4ir/r.  respectively.  The  5'  pulse  corresponds  to  the  far- 
held  term  (iupi/^rp)  "  **',  ana  the 6  pulse  corresponds 

to  the  tenn  (  —  £,/4vp7)  in  the  steady-state  field 

(4).  Aiter  the  pulses  have  passed  any  radial  distance  p,  a 
static  electric  field  with  magnitude  remains.  This 

is  due  to  the  charge  that  remains  separated  on  the  dipole 
after  the  current  pulses  have  occurred.  The  corresponding 
term  m  the  steady -state  formula  (4)  is  the  quasistatic  term 
(  -  uop^k  y )  e"4*  '  —  s <  -  iMmue**?5}  e"**  -  «" 


U.  TIME-INDEPENDENT  FIELD  OF  A  UNIT  VERTICAL 
ELECTRIC  DIPOLE  ON  THE  BOUNDARY  BETWEEN 
ELECTRICALLY  DIFFERENT  HALF-SPACES 

Consider  next  a  vertical  dipok  in  region  1  ( lake  water. 
:>0)  on  the  boundary,  i.e.,  at  d  =#  0,  between  region  1  and 
region  2  (air.  r<0)  The  wave  numbers  of  these  regions  are 
kx  =  f|,Wc  and  k,  =  cVc.  where  e,  =  f  .,f0  is  the  real  per¬ 
mittivity  of  region  1  The  components  of  the  electromagnetic 
field  on  the  boundary  z  =  0  in  region  2  are  given  elsewhere'* 
with ;  =  d  -  0  They  are 

llijt  i  |" 

= - -  I  S'  Jp.Apu  *  dA  ,  f20t 

2?r  Jo 

Lfi(pjo)  =  -  — ^  j  y7S  'J,lAp)A  *  dA  .  i  21) 
2sr  jo 

(€./(„)  E,,{p.u}\  =  Eu{pA>) 

-  _  f  .v  '  dA  . 

2v  Jo 

(22) 

where 

N r  -  k:xy.  +  kiyx ,  y,  -  kk}  -  A  2),} .  y  «  1,2 

<  23 ) 

These  are  the  time-independent  field  components  generated 
by  a  current  varying  periodically  at  the  angular  frequency  to 
- - - - - - - - - - - - - _J 


FIG  J  A '  pUnt  t!d  the 
pith  of  integration  along 
the  real  axis 


and  with  a  unit  electric  moment,  i.e..  /(r)n,  ~l(Q)h,  e“*“ 
with  l(0)ht  =  1  A  m.  They  are  the  Fourier  transforms  of 
the  time-dependent  components  {p.t),  £p{p.i),  and 
E,  ipj),  which  arc  to  be  determined. 


111.  T1ME-DEPENDEWT  COMPONENT  WITH  A 

SSLTA-FUKCT1GM  EXCITATION 

The  integral  for  Eu  (p,cu)  ta  explicit  form  is 


Eu{poa)  - 


2£sl  f 
2rr  Jo 


A  %Up) 


k\(k  \  -  A  i)x>1  +  k  \>k  |  -  A2)'  : 


dA 


(24) 


It  is  convenient  to  express  this  in  terms  of  a>  instead  of  the 
wave  numbers  Thus,  with  k  *  =  to'f/c2  and  k  i  =  to:  ‘c . 
where  c  =  )  ~ 1  !  is  the  velocity  of  light  and 

<  =  (u  = 


(p  jo  ) 


_  _  tou0  C 
lire  Jo 


A  'J.  jA  p  ) 


s  i  •  ,t  t  y  '  >  .  '  • 

O/'f ((O'  -  A  H  -  OJ’ltO'i  -  A  -) 


dA 

(25) 


In  this  formula.  A  =  cA  and  p  =  p/c  The  path  of  Integra 
non  m  the^  plane  is  shown  in  Fig  3  The  integral  in  t  25  i  is 
analytic  in  the  upper  half  of  the  to  plane  This  follows  since 
in  moving  from  the  positive  real  axis  to  the  upper  half-plane 
as  shown  in  Fig  4.  there  is  no  need  at  all  to  deform  the 
contour  Furthermore,  since  E^ip  m>)  as  defined  in  <  25  i  is 
the  Fourier  transform  of  the  'eal  time-dependent  component 
(p  ,t),  it  follows  that 

Euip  M>)  —  Ei4(p.(o).  1 26 

where  the  astensk  denotes  the  complex  conjugate 

Let  the  vertical  dipole  be  excited  by  a  un.t  moment  thai 
is  a  delta-function  pulse  m  time.  ic.  Hi)h,  =  H0)h.fi‘i 
with  l{0)h,  =  1  Am  In  order  (o  carry  out  the  Founer 
transform  explicitly  m  a  way  similar  to  that  of  Sec  1.  the 
assumption,  or  approximation,  us  made  that  the  relative  di 
electric  constant  t,  is  independent  of  frequenev  The  reai 
electric  field  is  then  given  by  the  Founer  transform 

E}j  (p  •<)  =  —  Re  j  c  ^Eu  {p  ,<o !  da>  i  2"’ 

r  Jo 

With  ( 25 ).  this  becomes 


E»(p.n=  ~0;Re[ 


dto  e 


■f 


dA 


A  J$(A  p  ) 


(a»;  -  A  i)s'1  -4.  {u’-f  _  x  '**)'  :] 


(28; 
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fig  *  u  plant  and  x  plane  (or  three  locations  of  u 


Now  let  the  variable  be  changed  to  £  with  A  '  =  co£, 
dX '  =  co  dg.  The  result  is 


Ejj  U3  X) 


l*o 

2trJc 


co 


g'Jqicogp') 

e{S_£’)'/2  ‘-i<F~r>,,j 


(29) 


This  integral  ic  equal  to  the  following: 


E1 jip'.O 


A-Krc 

lire  3t~ 


X 


_ il _ 

e(l-^J)*/J+(e-^2),/J 


xf  dcoe-**J0(cofr')  . 
Jo 


(30) 


The  integration  with  respect  to  co  can  be  earned  out  with 
formula  (6.61’ -1 )  on  p.  707  of  Gradshteyn  and  Ryzhik.” 
With  t  >  0,  the  integral  is 


r 


dco  t~  “*JQ(co$p')  = 


-iU1-i2p’2)~i 

l(f  y*-f,)-,,*t 


ip  <t' 
ip'  >  t , 


so  that,  with  i  >  Ip  . 


d  *  j*  * 

Eh  (p  J)  —  —  r—  ~~r  Irn  j  d£  —  —  ,  .  -■>  j/riT  ■ttt>  h  -  17^  > 

2 rrpcdr  Jo  [e(  1  - £2)'  '  +  (e -5  *),/*](f‘//»  - £*) 


(3!) 


(32) 


wuh  the  branch-cut  structure  shown  m  Fig  3  In  1 32 ; .  ^  has  been  taken  to  be  real.  It  is  now  convenient  to  lct£  be  complex  and 
to  deform  the  contour  of  integration  from  the  real  axis  to  that  shown  m  Fig  6  Since  the  integrand  is  real  on  the  vertical  piece  of 
the  contour,  integration  along  it  yields  zero  For  /  v. p  ,  the  integrand  also  remains  real  along  the  rest  of  the  contour  Hence 

Eu(p  d)  -  0 ,  t/p'  <  1  (33) 

When  1  <  t  /p  <  f 1  \  there  is  a  contribution  to  the  integral  Thus 

1 


=  Im[  f 

lirpcdr  1J0  \{e(l-£*) 


+  U-£2),/2jU  V’  -52)'1' 


kd  -  §'■)' "•  +  (e  3jl  -  u'/p2  -£2)l/:) 


2/p2 -£')'■ :l) 


(<e(£: 


(i2-  l),/:  +  (e-£2)|/2J(f*7p'J-£3),/2 
b'  -’-r  (e-£2)‘  :)(  -  u  V2-^)1'1]). 


(34) 


Euip  ■ 1 )  =-~-“lm 


The  integrand  of  the  first  integral  is  real,  so  that  there  is  no  contribution  to  the  imaginary  part.  The  integrand  in  the  second  m 
tegral  is  complex  so  that 

r'p  1 

irpcdT2"'\h  [;e(£2- ])'■'• +  (e-£-y3](,'-/p--S-)' 

The  real  and  imaginary  parts  are  readily  separated  and  only  the  relevant  imaginary  part  retained.  This  leaves 

rpcdt2J,  (e-\)l(e+\)£2-eW2/p'2-£2)'12' 

!t  is  now  convenient  to  change  the  vanable  to  f  =  £ =  2£  dg,  and  obtain 


(35) 


(36) 
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E-u  (P'<0  -  ~ 


Mo 


_d^_  r 
c  <?/2J, 


V 


i  <—<f 


f- 1  2*rV'c  <?/2  Ji  [(e-f  l)£-f)(rVp'2-£):'2’  p 


1/2 


(37) 


The  expression  corresponding  to  (35)  for  the  range  t/p’>  e'12  is 

(pv)  -  ii  to  ( r _ _ _ 

v~pc  di2  U)  [/f(£3- l),/:  +  (*--£I)1/Jj(/Vp'J-£2),/2 

+  f/P - JjJS  _  \ 

'  -  [/f(s 3  -  1 ) : 1/2  +  i(§ 2  -  s) ,/J]  (r  2/p'2  -f2)U2J‘ 


(38) 


The  imaginary  part  is 

po  <?vr 


^(pv)--^-^!!  — - . zjs.s'-v'nzyte _ _ 

tPp'c  3t2  Ui  (€- l)I(f+  l)£2-e](/2/p'2-£2),/2 

+  f/p  [-^8-n1,?  +  (^2-ol/2i4-3tf  \ 

Jr-  (e-!)[(e+  l)^3-fj(fVp,2-s2)!/2/‘ 

The  first  part  of  the  second  integral  can  be  combined  with  the  first  integral  to  obtain 

£„</>v>-  — 1 — ea-EL (.  f" - (?’-  W't'jt 

e  —  1  Trp'cdPX  J, 


(39) 


-r: 


rrp'c  dt2\  J i  l {£■  +  l)£2-ej(r2/p'2-£2),/2 

/P  (c2-f)l/2^3^ 


l(f  +  l)£3-f](/2/p'2-£2)i/2 
In  terms  of  the  variabie  £  =  £  2,  this  becomes 


J- 


(40) 


— ■ — es_iife  _ «-  »*•  ’(« 

e  -  1  2irp’c  dr\  J,  { (e  f  1  )f  -  c]  {/  *7p'2  -  £) 1  - 

-  f;/p:  (;-f)l/3^iT  \  _r_  ... 

J,  ((f  +  I -  f]<r/p'2 -£)•'*/ *  p’>f  ' 


IV.  EVALUATION  OF  THE  INTEGRALS  FOR  E^f) 

Expressions  (37)  and  (41 )  are  more  convenient  for  in¬ 
tegration  with  the  notation 

T0=(i2/p2)-  1,  T,  =  U2/p'2) -e,  (42) 

and  the  change  in  variables*'  =  f  -  1  ,>•'  =  £-*•  Thus,  by 
using  i?0  1  "  ‘  '  ‘ 

and  (41 ) 


(41) 


‘I 

“1 


r,  ♦  * 


(S-e)u2SdC 


{(f  +  l)<r~e][rt -(£-())'  2 
rr' _  >•'(  y  +  f)  rfy' _ 

He  +  !)(/  +  *) -ej[(r,  -/)/)’  2 


using  i/0  and  t?f  to  denote  the  integrals  that  appear  in  ( 37 )  '  ■ 

and  (41).  As  a  temporary  shorthand,  let  £0  =  l/(e  -  1 ) 

r  J  /»  .  .  . 

(C-  \)',2£d: 


#o=  f 

=1 

-l 


•1  /p 

1  ((e+  !)£  -e\(t:/p'2 

r""'  (£-  l)!/3£<ff 


|/J 


[(e+  l)f-€][7-0-(f-  Di,/: 

x'(x'  4  1 )  dx' 


^  •  V  -  -  ,  , 

^=f*/(v+l);  also,  introduce  4- £0  and 

.F  =  y'  +  £f  •  The  integrals  now  become 

J f  °  (*  +  1  —  £0)(.r  —  E0)  dx 

e  +  J  J^o  Ar[(T0  4-  £0  ~x)(x  -£(,)]'  2  ’ 

(45) 


«?o  =  - 


[(f  4-  1)U'+  1)  -flltTo-jO*]1  2  ' 

(43) 

U-eMdS 


•  - p 

0 


[(f+  1  K-e](r/p'2-;) 


1/2 


Vp  . 
sb£)  ‘ 


(-pione 


p*  i  ~p  J7 

0— — — — 


.  '"/> 

ni< — D 


FIG  6  Contours  of  integra¬ 
tion  for  (32) 


{-plane 


I 


up 

A  ^  Fin  S  Rrnnr*H_/'itt  ttninfun 

e  VT  <  t 

up 

1  J*  for  the  integral  in  (32). 
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!  rT‘*E>  (y  +  <-E,)jy-Et)dy 
'“e+1  k  y[(Tt+Ei-y)(y-Ef)}U2  ' 

(46) 

These  can  be  reduced  to  standard  form.  Let 

X=  ( T+E-x)(x-E ) 

=  -  E(T+E)  +  (T+2E)x-x 2 
—  a  +  bx  +  cx2,  (47) 

where  J stands  for  T0  or  T, ,  £  for  £0  or  £,,  and  x  for  x  or  >’. 
Note  that  q  =  4ac  —  b 2  =  —  T2  so  that  V  —  5  =  £.  With 
this  notation 

d  =  -J—  fp£~+(l -2£)  j"  -~ 


the  second  and  third  integrals  yield  arcsines  with  arguments 
±  1.  The  final  integrated  formula  is 


—  fr-2(£- 1)  +  — ■ — — 

1)V  IE(T+E)]'n) 


-£(!-£) 


rE—)- 

xJxJ 


These  are  tabulated  integrals.  When  the  limits  are  inserted  in 
the  integrated  expressions,  the  first  integral  vanishes,  and 


2(e+  1) 


The  substitutions  T0  and  T,  for  T.  £0  and  £,  for  £,  and  1  and 
e  for !  in  (£  —  1 )  can  now  be  made,  followed  by  the  substitu¬ 
tion.  T0  =  (r 2/p'2)  -  1,  T,  -  ( t2/p °)  -  e, 

E0  =  (f  +  l)-1,  and  £,  =  e*(e  +  !)-J.  The  resulting  for¬ 
mulas  are 

0  n  ?  2  l +  — 

0  2(e  +  1)  ip'2  Tf+1 


— ((f+D- 
6+  IV  p 

_  r  .J 


{2  X-I/Jl 

J* 


.  r  [1=  2f 

'  2(e+J)l  p'2  e+1 

2e*  .  ,,  rJ  \ 


e  +  lV  p 


t 2 

^”f)  I' 


V.  EVALUATION  OF  E^p.f) 

With  the  integrated  values  (50)  and  (51),  the  expressions  (37)  and  (41)  fo t E^{p',t)  become 

^(pV)= --^---^r|1[-4-l+~r - - ((e+D-^-eVH,  l<4<e,/J.  (52) 

f  —  1  4  np  c  dt  ip'  e+1  e  +  1  V  p'  /  p 

Eu(p',t)=  - ^T((e+ l)il-f)"1/2 

(r  —  1  4irp  c  drip'  e+1  e  +  1  V  p 2  J 

1  p0  d2\i2  2e  2e*  (,  r2  V-,/3l  '  .'2 

+  - — r-452_~  — -f  ^ - - - -(e+I)~-e  ’  —>€  ■  {53) 

e~  —  1  4  irp  c  ot'Xp'  e+1  e+l\  p2  1  J  p 

The  second  formula  reduces  to 

_  ,  ,  .  I  p0  d2  (  :2  ,  2e  \  t  rJ  ,c.. 

Ell(p,t)= - --—rrx  -7T  + - -  .  —  >e  •  (54) 

e  +  1  47 rp  c  or  \p  e+1  /  p 

Similar  to  the  case  of  the  infinite  homogeneous  dielectric  of  Sec.  I,  the  differentiation  of  ( 52 )  and  ( 54 )  must  be  earned  out 
with  care,  owing  to  the  presence  of  discontinuities  at  t  fp  —  1  and  e,/:.  Thus,  with 


ro,  t/P'< i. 

s 

*> 

ii-i+- 

/(t/p‘)S- 

f2- 1 

•  •  * 
\P'2  € 

i  / 

'  t2  2e 

„  f  + 1  * 

>  p~  e+1. 

2e  2e 


((f+„4-ri.  u- 

IV  p-  J  j  p 


/  p 


it  follows  that 

E»W)=  (58) 

477/7  Cdt  \p  } 

Consider  first  the  continuity  of  fit  /p')  at  t/p  =  1  and  e,/:.  From  (55)  and  (56), 

/( 1  -  )  =/(  1  +  )  =  0 .  (59) 

Similarly,  from  (56)  and  (57), 

/(e*«_)=/(f'^+)=il£±ll.  (60) 

(e  +  1)* 

It  follows  that  f(t/p')  is  everywhere  continuous.  Consider  next  the  behavior  of  df(t  /p')/dt.  Let  f'(t/p)  =  df{t  /p')/dt. 
Then 
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ru/p)  =  i 


fO,  r/p'<l, 

2^l+^(f+1)i__fj  J,  l<i- 

t 

p 


e  - 1  b’1 

1  It 


<  e 


1/2 


,e+  1  p' 


i 


At  t/p'  =  1  an d£l/2,  f'(t/p')  has  the  following  behavior: 

/'( 1  -  )  =  0 .  /*(!  +  >  =  [c/(c  -  1 } ]  (2/p') . 

Hence  there  is  a  step  discontinuity  of  2e/(e  —  1} p'in  f'(t/p')  a?  ’  /p  —  1.  Similarly, 

f'(em  -  )  «  l  +  e~3)  =  ■  €*+l  2 


/V/2+) 


e2-!  p' 

E,/:  2 


^V-1)  p-’ 


£  + 1  p' 

There  is  a  step  discontinuity  of 

(sZ  Lt 1  ,U=  - 

W+l  e,,3(e3-l))  p’  eU3(e-\)p' 
at  t/p'  =  e,/J.  Now,  let  f"(t/p')  =  df'(t  /p')/3t.  Its  behavior  is 


(61) 

(62) 

(63) 

(64) 

(65) 

(66) 


1 


[0,  t/p‘<  1  . 

*  2 


/'(t/p')  = 


e2  —  1  p3 


1  - 


U  +  1  P 


<2  ’ 


(f+  \  Y'\p' 
P 


"Ap'2  (+lAp'3  e--\ ) 


-5/21 


l<-<£,/?, 

p' 


eU3<- 


(67) 

(6£) 

(69) 


In  view  of  the  discontinuities  of  f  (t/p)  at  1  and  el/2,  it  follows  that,  with  p  =  p/c  anti  pgc3  —  e 0~  ’,  the  complete  final 
expression  for 

Ejj  (p,t)  —  -  (pt/A-n-p)  f  It  /p) 
is 

1 


E-u(p,t)  =  - 


2n-eQo:c(e  —  1) 


1 


2ne<p3(e  +  1) 


(e<5(r -p/c)  -  e  ,,3S(i  -  e',2p/c)} 


fO,  ct/p  <1 
f 

f-  1 
1,  e'n-<ct/p 


[,  ....  f  . 

'2 trt3  e  \ 

(rt3_ 

l 

VA 

\ 

K* 

(e-r!)3,“' 

p3  f  +  I  / 

'  P2 

€+1 J  J 

(70) 


E2l(p.t)  =  - 


1 


XI- 


This  is  the  vertical  electric  field  in  region  2  just  above  the 
boundary.  The  field  in  region  1  just  beiow  the  boundary  is 
obtained  from  the  boundary  condition.  It  is 

Eu(p,t)=€~'£iJ(p,t),  (71) 

where  f =e,,.  Note  that  the  dipole  source  is  located  on  the 
boundary  in  region  1.  At  any  radial  distance  p,  the  electric 

field  is  initially  zero  until  the  instant  t  ~  p/c  when  a  down-  . ,,  . 

ward-directed  electric  field  arrives  in  the  form  of  a  delta-  unUl '  =  e  P/c'  whcn  lt  has  thc  value 


2ve0p 3  e2  --  1 

(f  +  l)3l3\  p3  f  +  1  / 


/  1  V 


function  pulse.  That  is,  the  magnitude  of  the  field  increases 
momentarily  to  infinity  and  decreases  to  the  value 

!  f(l-3fi-2f) 


(^)= 


1  e3  —  le  —  3 


(73) 


(74) 


4i)= 


2ire0p3  e2  -  1 
This  pulse  has  traveled  along  thc  boundary  in  region  2  (air ) 
with  the  velocity  c.  The  field  then  rises  gradually  with  time 
according  to 
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2 ire0p3  r(r-l) 

(^2)  At  this  instant  an  upward-directed  delta  function  rises  mo¬ 
mentarily  in  magnitude  to  infinity  3nd  decreases  to 

E^J)  =  -  l/2ire0p3(e  +  1) .  (75) 

The  second  pulse  that  arrives  at  t  —  exnp/c  has  traveled 
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along  the  boundary  in  region  1  (the  dielectric)  with  the  ve¬ 
locity  c/e' 12 .  When  it  has  passed,  the  held  drops  to  the  static 
value  due  to  the  charged  infinitesimal  dipole.  Note  that  the 
electric  field  (70)  is  always  directed  downward  except  dur¬ 
ing  the  instant  when  the  second  delta-function  pulse  passes, 
when  it  is  diiected  upward. 

It  is  of  interest  to  note  that  for  the  first  pulse,  traveling  in 
air,  the  adjacent  boundary  with  the  dielectric  acts  approxi¬ 
mately  like  an  electric  wall  so  that  the  vertically  directed 
current  is  approximately  doubled  in  amplitude  along  the 
boundary  surface.  On  the  other  hand,  for  the  second  pulse, 
traveling  in  ih.  dielectric,  the  adjacent  boundary  wub  air 
acts  approximately  like  a  magnetic  wall  so  that  the  vertically 
directed  reflected  field  is  almost  canceled  by  the  direct  field 
along  the  boundary.  In  the  two  cases  the  doubling  is  exact 
and  the  cancellation  complete  when  the  permittivity  of  the 
dielectric  half-space  is  infinite,  i.e.,  e  —  « .  Specifically,  when 
e  <  cc ,  the  amplitude ..  or  for  the  pulse  in  air  is  not  exactly 
2  but  given  by 

2e/(e  —  1)  =  1  -f  (e+  !)/(*-  1)— 2 
when  e—  oc;  similarly,  the  cancellation  in  the  dielectric  is 


not  complete  and  the  difference  between  the  direct  and  re¬ 
flected  fields  is  the  quantity 

—  l/(f  "  1)  —  1  —  f/(f  —  i)—0 

when  e  -  «  Evidently,  when  e  is  large  but  finite,  the  positive 
contribution  to  the  field  in  the  air  from  the  imperfect  image 
is  slightly  greater  than  the  direct  field,  sc  that  the  total  field  is 
positive  and  slightly  more  than  doubled,  similarly,  the  nega¬ 
tive  contribution  to  the  field  in  the  dielectric  by  the  imperfect 
image  is  slightly  greater  than  the  direct  field,  so  that  the  total 
field  in  this  case  is  small  and  negative. 

It  is  significant  to  note  that  the  amplitude  of  the  delta- 
function  pulses  in  (70)  includes  the  factor  1/p2.  This  is  also 
the  radial  dependence  in  the  far  field  of  the  fi  equency -depen¬ 
dent  field  and  consists  enurely  of  the  lateral  wave.  Since  the 
spectrum  of  the  delta  function  is  dominated  by  high  frequen¬ 
cies,  this  behavior  is  readily  understood.  Note  that  the  pulse 
of  the  dipole  in  a  homogeneous  single  medium  also  follows 
the  far-field  behavior  of  the  steady  state,  but  this  is  the  direct 
field  with  l/p  decrease.  When  the  dipoie  is  on  the  boundary, 
the  far  field  is  entirely  due  to  lateral  waves  or  a  lateral  pulse 
with  l/p2  decrease  with  distance. 


VI.  TIME-DEPENDENT  COMPONENT  WITH  A  DELTA-FUNCTION  EXCITATION 

The  integral  for  B16  ip,co )  in  explicit  form  is 

5  =!E£L  f _ JiWp'U  ':dA' _ 

‘*P’  Inc2  Jo  <o2e(co2~A'2)',2  +  co2ico2e-A':)'i2' 
where  A  '  =  cA  and  p  =  p/c.  The  corresponding  time-dependent  component  for  the  excitation  (2)  is 

B:i  ( p\t )  =■  —  Re  f  e  ~  '“‘B^  ip', a)  dco 
IT  Jo 

=  Re  [  doe- co2  f  — - ...  p\.  * d* - -  . 

2irc;  Jo  Jo  co:[eico2  —  A  ,2)'12  -f  (are  —  A  ,J)l/:!) 

Now  let  tiie  variable  be  changed  to  §  with  the  substitution  A  ’  =  cue,  dA'  =cu  dt.  The  result  is 

£2J,{co£p') 


(76) 


(77) 


B2i(p' ,t)  = —  e/i"  f  dcuReicu:e 
lire  Jo  ~  Jo 


e(l  -£J)I,:  +  (e-s2)12 


=  T^rfr  f  d£  lm  [  dco  e~  "'Jti<o£p')  . 

lire  dr  Jo  ei  1  —«■)  •  +  (f  —  £*)' *  Jo 


(78) 


The  integration  with  respect  to  co  can  be  earned  out  with  formula  (6.61 1-1 )  onp.  707  of  Gradshteyn  and  Ryzhik  11  The  resuh 
is 

)2  r*  £  - 

'  : - rrr- 1 1  -  — —  _  , 

s'P 


B2iip\t)=~ fr~Im  f 

lire-  dt  *  Jo 


1  —  £:)'  :  -i-  (e  —  £ 
This  integral  can  be  separated  into  two  parts  as  follows: 
a  ( r* 


_fi _ 

2)!/2V  (t2-s2p2)'  2)  sp’ 


(79) 


Bit{p',t)  = 


lir'c'p  dt 2  Uo 


e(\-£2)'l2+(€-£2)''2 

„_L  f _ JJfi _ \ 

With  the  branch-cut  structure  m  Fig.  5,  it  follows  that 
Bi^p, t)  =  0 ,  r/p'<l, 

- 

lire  p  dt  \Jo  it 


lircp 

-4f 

p  Jo 


ie({-2  -  1)I/J+  ie  —  £2)U2 

lAL _  \  i<jL<e1' 

'3  -  £2),,2J  ’  1  o' 


p  Jo  [/f(^-2  -  l),/5-+- 


i80) 


(81) 


(82) 
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Thc  real  and  imaginary  pans  arc  readily  separated  and  only  the  imaginary  pan  retained  The  result  is 


f  Po  d*( 

p  2  —  \  )xn£d£  t 

P  (^2-l)'^d|  \ 

r  —  1  lirc2p'  dl 2  V 

Jo  (f  +  l)^2-f  p  J 

io  {(e  +  n^2-fj(/V2-^2)' 2/ 

(83, 


With  the  contour  in  Fig.  6,  this  becomes 


S 2 *  ip  d)  — 


P  0 


d*(f"  l£3-\rngd$ 

(f+l)£2~f 


€  -  1  2irVp 

_  i.  r 

„•  J,  t  tx  _L  1  \t  I  _  yrl  f  t  2/„*i  _  i-Ix'/l 


*£»-  D1' 

(e  +  1)£:  —  e 


((tf+  l)£2-£}(/2/p'2-|-2) 

J_  f" _ lS*-\)inSdi _ \ 

p  J.  [<tf  +  l)£2-f}(  -  (/ Vp2  -  ^2),/2  )J 

2P  ’dtAp"  Ji  !(f  +  1  )4r a  —  f ) (t2/p‘} -£2)11/ 


e-t  iPcrp  dt2\p‘ J  i  j(e  +  1  )£2  -  e](r*7p' 

With  £  =  £ 2, 

3  , , s  =  _J_  Mo  il/jL  f4 ^ ‘ _ (£-\),ndi;  \  j_ 

u  '  €-]  2rrc:p'  dt2\p‘  Ji  [(e+l )£  — e](f  2/p'2  —  C),/2/ ’  P 


lirc2p  dt‘  \p 
Let  T0  =  /  2/p'2  —  !,  x‘  =  f  —  1.  Then 

u 


n  -  f  Mo  gVj  f _ 

£  -  1  lirc’O  dl  z\p  Jo  [  (€  +  l)  { 


l(f  +  l)f-fj(f2/p'2-f),/2 
j:'  dx' 


<f 


1/2 


-till'  3  ) 


(84) 


(85) 


(86) 


,  1<  —  <e 

P 


(87) 


(88) 


lirc:p'  dr2\p'  Jo  ( (f  +  1  )(x '  +  1 )  -  f )  [  ( T(,  -  x‘)x'  J 1 
Finally,  with  x  -  x  £0  and  E0  =  l/(f  ■+•  1 ). 

n  f  Po  d:\tf(tr~c'  dx  r  p”*^  c/jt 

•5^  {p  ,•)  —  ,  -  ,  ,  .  ■>  ,  (  —  E0  —  I  • 

r-!  Irrcp  dr[p  J£.  NJ((  Jr,. 

where  A’o  =  a0 c^3  with  u0  =  -  £L,(  T0  +  £0),  h0  =  r„  +  2£0,  ar.d  c0  =  -  1 .  These  integrals  are  like  those  m  ( 48 ) 
They  give 

Jn  the  remaining  range,  t/p'  >  e‘  \ 

*“ ,m(I ' 

_  j_  C  _  £di _ 

p  Jo  [if  (c  :  -  1 )'  :  -  (e  -  c  :) 1  :\(t:/p':  -  £ :)’  : 

.  r_ _ L£L_, _ T-±r 

J,  /((£"  -  l)1  •  -ri(£~  —  f)1  *  p'  J,' 

The  contributing  imaginary  pan  of  the  miegrals  is 

e—  1  2rrc~p  af\  Jo  (€+])£'  — e  p  Jo 


£dt 


[ie($:-  l)1  :  +  ,(^:  -  f),  :i(;:/p': -^:)'  : 


(89) 


[(f  +  i)£:  — e)u:/p':  — £2)‘ 


(f+l)^:-f  p' Jc- *  [  (f  +  1  )£2  —  e]  {t  2/p2  —  £:)l/:  ) 


(90) 


The  integrands  of  the  first  terms  in  the  third  and  fourth  integrals  are,  respectively,  the  same  as  the  integrands  in  the  first  and 
second  integrals,  so  that  they  can  be  combined  to  give 

1  Mo  d2(.  r  (f‘-\)l,Hd$  &  p  (£2-l)'/2£dt 

(c+\)£: 


B  1  ^  d  ((  r  w  p 

f-1  2  irrp'~dt\  Jo  (e+l)£3~e  p'  Jo  { (f  +  1  )^:  -  e  J  (/ 2/p'2  -  £  :),/2 
J,  ••  (f+l)£:-e  p'  J,'  >  [(f  +  1  )4":  -  f](r  Vp'2  -  ^ 2)U2J 


p  J,'  •  [(f  +  1)^:  -  f)(r  Vp'2  -£2)l/2 
When  the  contour  of  integration  rs  changed  to  that  in  Fig.  6  and  the  variable  to  £  =  £ ',  the  contnbuting  integrals  are 

J_  Po  _gj'  /P _ (J-  D,/2dt 


(9!) 


Snip'd)  =  ~ 


f  -  1  lirc'p'  dt ' 


[  (e  +  I  )f  -  e]  (t2/p'2  —  £) 1 


r 


(S-e) 


ld£ _ \] 

Vp-’-C)'  2/J 


[(f  +  1  )C  ~  e]U  /p''  -  S) 
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The  first  integral  ts  the  same  as  the  integral  in  (85)  The 
second  integral  can  be  treated  in  the  same  manner  with  the 


e  1 


(  i 1  \  ’ 7 


(95) 


substitutions  x  —  £  —  f  and  T.  —  i  ‘/o  '  -  t  These  lead  to  ,,,,  .  .  .  „  . 

*  *  r  When  this  is  substituted  for  the  second  integral  in  (92;  and 


the  integral 


/.  -  f 


x  dx 


X  |(f  4  l)jf  +  (3}[iT,  -jOx']1  •' 


(93) 


the  value  of  the  first  integral  is  obtained  from  ;  88 ),  the  result 
is 


Bu{p,t) 


in  which  the  substitution  x  =  x ‘  +  E,  and  E,  =  fV(f  -4  1 ) 
gives 

,-r,  *  £.  j_  rT.  - 1. 


e  -  1  lirc^p1  St  *' 


«+>V".  VX  Jc’ 


.  (94) 


~  [  1  -  e({€  4  1 )  ~  _  f  j  '  1/5 


where  X,  =  a,  +  b,x  +  c,x 2  with  a,  —  -  E,(Tt  +  E, ), 
b,  =  Tt  +  IE, ,  and  c,  =  -  1  The  integrals  in  ( 94 )  mte- 


V  P 
1  Po  d2  ‘ 


1/2  ^ 
€  C  — 


(96) 


f  4-  1  IrrcTp  dt'p'  p 

grate  into  arcsines,  and  the  substitution  of  the  limits  reduces  The  magnetic  field  in  the  three  ranges  1 8 1 ),  ( 88 ) ,  and  1 9fc ) 
their  arguments  to  ±  !  Hence  is  summarized  as  follows.  Let 


fO ,  t  /p  <  1  , 


iL 


'±)m 

p'l 


__i_I.fi  -((e+  D-ii 

r  -  1  p  \  p‘  ) 


1  <  — <el/J, 
P 


(97) 


1  /  ,  ~  t 

u  +  *  p'  (  <  P 


Then 


2trc-p  at  \p  / 


(98) 


Since 


/(I  _  )  =/( l  +  )  =0.  )  =/(e1'2  +  )  =  f|/:/(e  +  1) . 

f{t/p')  is  everywhere  continuous.  But  with  f'U/p')  =  df{t/p')/dt, 

[0,  t  /p  <  1  , 

-7—lfl  -((e+  !)  — -f)’,/2  +  -^V(e+  l)((f  +  n^T-*) 
r-lci  \  p  /  p  V  p 2  / 


/■(-)- 
\P  / 


-  3/2 


■  *  i  /■» 

1  <  —  <e‘  * , 
P' 


(99) 


11  I 

- ,  €  •  <  — 

«  +  1  p  p 


it  follows  that  /'( 1  —  )  =  0.  /'( 1  +  )  =  */(e  -  1  )p'.  Thus  j'(t/p’)  has  a  step  discontinuity  of  e/(e  —  1  )p'  at  t  /p  —  1. 
Similarly, 

/V'2  -  )  =  (e-  +  1  )/eU2  -  1  )p  ,  /'( el/2  4-  )  =  l/(e  +  \)p' . 

This  is  a  step  of  —  l/e(e  —  1  )p'. 

With  f(t /p')  —df'(t /p')/dt. 


fO,  t/p'<  1, 

u7<e"7' 


P  P 
eU2<t/p  . 


(100) 


When  these  results  are  combined  with  (98)  and  p'  =p/c,  the  final  formula  for  the  magnetic  field  is 


B-  <*>  -  B“  ^  -  &  ttt  K  -  f)  -  s~‘i'  - 


ro ,  ct  /p  <  i 


Irrp3  €  —  1 


-  5/2 


1  <—<e'n 


P  '  P 

L0 ,  e'n<ct/p 


(101) 
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Vi).  TIME-DEPENDENT  COMPONENT  EJf(p ,0  WITH  A  DELTA-FUNCTION  EXCITATION 
The  integral  for  (/?,ty )  in  explicit  form  is 

f.  ,  ,  ,  ^0f*  (*>2  -  A  'V'vTV.U  'p!)dA' 

^  2trc  Jo  + 

where A  '  =  c/  and//  —  p/c.  The  time-dependent  component  is 

Eu(p',t)  ~  ~  Re  f 

IT  /o 

-  —  Re~~  r*,*-. 

2;r2cJo  Jo  — /l ,J)  ,J -f  (Wf  — /i '2) 

With  the  change  in  variable  A  '  =  wg, 


e~  ^E-^ipjo)  dco 


/2l 


£“(P  '"  2  *->  I 


*r 


dco  Re  ico2 


=  -~-—2  r  d£  Im - 4— ■ 

2jt2c  <3/ 2  Jo  e(l—£2)‘ 


(l-$2),/2f2J,(cofr') 
e(l-£I),/2+(*-52>,/2 
£2),/2£2 


■^2),/2+(f-^2),/2 
The  integration  with  respect  torn  is  the  same  as  in  (78).  The  result  is 

s20-£2),/2 


f 


s  g.ves  the  folio' 

JStpip'd)  =  - 


-e2),/2v 


This  g.ves  the  following  two  integrals: 

Mo  <? 2 


lircp'  dt 

-if 

p  Jo 


e(l  -£2),/2+  (6-f2) 

Um(j’ _ 


dco  e~u“'Jx{co^p')  . 


U2-£2P'2)U2J 


<f(1  -£2)1/2  +  (e -£2)l/2 
g(l-£»)l/a« _ 


*)• 


[f(l  -£2)l,:  +  (f-^2),/2]{r:/p'2-|’2) 

They  lead  to  some  elliptic  integrals  and  hence  are  not  expressible  in  terns  of  elementary  functions. 


(102) 


(103) 


(104) 


(105) 


(106) 


VIII.  CONCLUSION 

The  exact  formulas  for  the  vertical  electric  and  horizon¬ 
tal  magnetic  components  of  the  transient  electromagnetic 
field  generated  by  a  delta-function  current  in  a  vertical  elec¬ 
tric  dipole  on  the  boundary  between  air  and  a  perfect  dielec¬ 
tric  are  illuminating.  The  appearance  of  two  successive 
pulses  with  opposite  signs  and  with  one  traveling  in  each 
medium  is  consistent  with  the  corresponding  observation  by 
Van  der  Pol'  for  the  step-function-generated  Hertz  poten¬ 
tial.  The  structure  of  ti.e  electromagnetic  field  between  the 
two  delta  functions  is,  of  course,  quite  different  from  that  of 
the  Hertz  potential  between  two  step  functions.  The  surface- 
wave  nature  of  the  entire  field  of  the  delta  function  is  inferred 
from  a  comparison  with  the  corresponding  field  of  the  same 
dipole  in  a  single  medium  with  no  boundary.  Instead  of  a  1/p 
amplitude  factor,  which  is  charactenstic  of  propagation  in 
an  unbounded  region,  the  amplitude  factor  of  the  pulsed 
field  along  the  boundary  is  1/p2,  which  is  charactenstic  of 
the  surface  wave. 
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A  wave  packet  a  pulse  comprised  of  a  distribution  of  single-frequency  lateral  waves  due  to  a  vertical 
monopole  is  analyzed.  The  Fresnel-integral  terms  in  the  Fourier  transform  of  a  general  formula  for 
£;.(p.  r.  o;),  the  vertical  electnc-field  component  in  air.  are  represented  using  confluent  hypergtometnc 
functions  A  wave  packet  of  lateral  waves  is  calculated  for  a  pulsed  short  bare  monopole  at  the 
boundary  between  a  pair  of  Earth's  material  regions  and  compared  with  experimental  measurements 


I  INTRODUCTION 

Electromagnetic  surface  waves  (lateral  waves)  due 
to  a  dipole  source  operating  at  a  single  frequency 
|CW  operation)  have  unusual  and  important  proper¬ 
ties  [King  and  Brown.  1984],  In  addition  to  the  CW 
mode,  a  dipole  driven  by  a  pulse  of  wide  bandwidth 
may  be  used  to  generate  lateral  waves. 

The  signal  due  to  a  pulsed  dipole  near  the  interface 
between  two  regions  of  matter  forms  a  wave  packet 
of  lateral  waves  Such  a  wave  packet  or  puise  com¬ 
prised  of  a  distribution  of  single-frequency  lateral 
waves  is  analyzed  in  sections  2  and  3  to  follow.  The 
wave  packet  is  calculated  for  an  indoor  model  of  a 
pair  of  Earth's  material  regions  and  compared  with 
experimental  measurements 

For  source  S  and  receiver  R  both  vertical  mono¬ 
poles.  a  qualitative  picture  of  the  involvement  of  a 
pulsed  lateral  wave  in  geoelectromagnetic  sounding 
of  the  earth's  crust  is  indicated  m  Figure  1.  In  order 
to  resolve  the  complicated  effects  of  the  superim¬ 
posed  single-frequency  surface  waves  at  various 
radial  distances,  the  transient  radiated  waveform 
may  be  visualized  in  terms  of  the  three  distinct  paths 
indicated  in  the  figure,  Paths  1  and  2  involve  the 
surface  waves  and  will  be  addressed  first. 

Paih  !  describes  a  signal  which  proceeds  from  the 
source  S's  driving  point  along  the  interface  which 
separates  region  1  (e.g.,  moist  earth,  conductivity 
a,  >  0)  from  region  2  (e.g.,  air,  or,  =  0).  While  propa¬ 
gating  along  the  interface,  some  of  the  field  energy  in 
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the  signal  travels  downward.  Although  path  1  is 
drawn  parallel  to  the  boundary  between  the  two  ma¬ 
terial  regions,  the  individual  wavefronts  which  may 
be  resolved  from  the  signal  have  a  slight  tilt  relative 
to  this  boundary  since  the  surface  waves  are  ellip- 
ticaliy  polarized.  Part  of  the  energy  which  propagates 
along  path  1  may  proceed  to  a  local  region  at  some 
distance  from  the  interface  in  region  1.  This  local 
region  may  consist  of  any  object  or  layer  havrng  con¬ 
stitutive  parameters  ct,  ,  c,  which  differ  significantly 
from  <7,,  c,  associated  with  region  I.  After  interacting 
with  the  local  region  of  (<7,,  e,),  the  energy  is  typically 
scattered  in  many  directions;  some  of  it  may  return 
to  the  interface  where  it  proceeds  as  a  surface-wave 
signal  to  the  receiver  R. 

Path  2  represents  a  class  of  j.  aths  which  originate 
at  the  end  point  of  S  and  proceed  to  various  radial 
distances  between  S  and  R  along  the  interface.  The 
signals  associated  with  these  paths  give  to  rise  to 
surface  waves,  some  of  the  energy  of  which  may 
travel  downward  to  a  local  region.  Part  of  this 
energy  may,  in  turn,  be  reflected  back  to  the  interface 
where  it  proceeds  as  a  surface-wave  signal  to  R. 

The  signal  associated  with  path  3  does  not  involve 
a  surface  wave;  it  proceeds  directly  from  S  to  R  in 
region  2  Nonetheless,  its  relation  to  the  signals  in 
path  1  and  path  2  points  up  an  important  dis¬ 
tinguishing  factor  between  CW  and  transient  surface- 
wave  sources,  the  notion  of  a  delay  lime  At. 

A  set  of  distinct  delay  times  At,,  At3  and  Ar3  is 
associated  with  the  signals  radiated  from  S  to  R 
along  paths  1,  2  and  3  of  Figure  1,  respectively.  An 
initial  delay  between  the  signal  radiated  along  path  I 
and  that  radiated  along  path  2  or  3  is  due  to  the  time 
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Fig.  1.  Simp'ificcJ  piciuie  of  paths  of  wave  fronts  for  surface  waves  and  waves  incident  upon  sod  reflected  from  local  region  or  obits., 
remotely  tens'd.  S  and  R  denote  vertical  monopole  source  and  vertical  monopole  receiver  respectively. 


required  for  the  pulse  :o  travel  from  the  driving  point 
to  the  end  point  of  the  linear  antenna  of  finite  length. 
In  addition,  the  lengths  of  the  paths  differ,  the  veloci¬ 
ties  of  the  wavefront:,  differ  in  the  two  material  re¬ 
gions.  In  the  limit  of  high  frequencies,  one  may  use 
optical  terms  the  d.fference  in  index  of  refraction 
between  the  regions  results  m  different  optical  path 
lengths. 

The  delay  times  are  of  critical  importance  in  yield¬ 
ing  information  not  available  in  the  CW  case  to  be 
used  m  remote  sensing  of  a  local  region  at  various 
depths.  For  example,  the  remotely  sensed  region  may 
be  a  layer  of  Earth’s  crust  at  a  distinct  depth  d, 
having  a  characteristic  conductivity  a,.  Each  such 
layer  a,  may  be  characterized  by  a  time  delay  At, 
required  for  a  signal  to  proceed  along  a  path  of  the 
type  denot  ,d  by  path  1  in  Figure  1.  Each  layer  is  also 
characterized  by  a  time  delay  Atj  >  At,  *~ —ired  for  a 
signal  to  proceed  along  a  path  2,  etc.  Replacing  a 
continuous  train  of  waves  in  the  CW  case  is  a  wave 
packet  localized  in  time  which  undergoes  defor¬ 
mation  and  attenuation  as  it  propagates:  replacing  a 
measurement  of  the  total  field  (incident  plus  scattered 
fields)  at  some  distance  from  a  local  region  illumi¬ 
nated  by  a  surface  wave  is  the  measurement  of  a 
distinct  incident  reference  pulse  which  may  be  com¬ 
pared  to  a  distinct  scattered  pulse.  Thus  there  is 
much  fine  structure  in  the  signal  in  terms  of  its  tem¬ 
poral  information. 

The  type  of  sutface-wave  signals  depicted  in  Figure 
1  may  be  studied  using  either  a  vertical  or  horizontal 
dipole  for  various  pairs  of  regions  1  and  2  satisfying 
|/c,|  >  3!*2|-  where  k  -  [co2jr0(£  +  i<r/aj)]1/2  specifics 
a  complex  wave  number.  Thus  the  regions  may  con¬ 
sist  of  the  earth’s  lithosphere  at  its  interface  with 
seawater.  The  details  of  seafloor  sounding  including 
specific  antenna  effective  lengths,  field  strengths,  and 
receiver  sensitivities,  have  been  analyzed  [Brown  and 
King,  1986]  for  distinct  frequencies  f0  =  1  Hz,  100 
Hz,  and  10  kHz. 


A  useful  and  versatile  pair  of  materials  which  ac¬ 
commodates  a  diverse  range  of  studies  indoors  is  salt 
water  at  ocean  conductivity  and  permittivity  (<?,  ~ 
3.5  S/m,  elr  =  £,/£0  -  80)  for  region  1,  and  air  (<r2  = 
0,  s2,  =  1)  for  region  2.  A  region  of  salt  water  having 
a  plane  interface  with  air  may  be  formed  for  the 
indoor  modeling  of  pulsed  surface  waves  using  a 
semicircular  waamg  pool.  Such  a  pool  is  pictured  in 
Figure  2.  The  surface  wave  associated  with  a  CW 
source  driven  at  /„  =  600  MHz  has  been  formerly 
observed  m  detail  using  such  a  model  [ Bronn  et  ai. 
1982].  The  reflections  of  lateral  waves  at  dis¬ 
continuities  and  boundaries  have  been  measured  at 
644  MHz  and  1.5  GHz,  bounding  the  perimeter  of 
the  model  in  seven  distinct  ways  [ Brown  et  ah,  1984], 


Fig  2,  Sketch  of  semicircular  wading  pool  S  denotes  vertical 
source  monopole,  R  denotes  configuration  of  vertical  receiving 
monopoles  at  »■  0  Coaxial  input  and  output  lines  to  S  and  R, 
respectively,  not  shown 
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A  vertical  monopole  source  S  and  receiver  R 
having  lengths  short  compared  to  the  width  of  the 
driving  pulse  have  been  used  just  above  the  surface 
of  the  aforementioned  pool.  In  this  way  essentially  all 
signals  received  at  R  are  associated  with  path  1  of 
Figure  1.  The  scope  of  the  present  paper  is  focused 
upon  the  pulsed  signals  associated  with  path  1  at  or 
near  the  interface  of  Figure  1 ;  treatment  of  the  scat¬ 
tered  fields  due  to  a  local  region  or  object  submerged 
in  region  i  is  not  addressed.  The  use  of  a  vertical 
source  in  air  versus  a  horizontal  one  in  salt  water  is 
more  fundamental  in  an  initial  study  of  wave  pack¬ 
ets.  The  transient  response  of  a  linear  source  antenna 
m  air  is  less  complicated,  since  the  insulating 
sncath(s)  and  terminating  resistor  needed  for  the  ef¬ 
ficient  operation  of  a  source  in  salt  water  are  absent. 
Siudies  of  the  former  provide  a  sound  basis  for  stud¬ 
ies  of  the  latter. 

A  single-frequency  component  of  the  electro¬ 
magnetic  surface-wave  pulse  which  travels  along  the 
paths  of  Figure  1  may  be  described  theoretically  in 
cylindrical  coordinates.  Regions  1  and  2  of  Figure  1 
may  be  termed  "half-spaces."  The  fields  in  each  of 
these  half-spaces  have  been  expressed  m  many  ways 
over  7  decades  since  the  original  Sommerfeld  solu¬ 
tion  [ Sommerfeld ,  1909.  1926],  see  bibliography  in 
the  important  monograph  due  to  Banos  [1966].  A  set 
of  18  newly  derived  equations  for  the  field  compo¬ 
nents  due  to  infinitesimal  (Hertzian)  horizontal  and 
vertical  electric  unit  dipoles  (CW  case)  has  been  ob¬ 
tained  as  original  Wu  formulas  extended  by  King 
[1985a]  These  relations  are  highly  accurate  over  an 
entire  spectrum  of  distinct  /0  values  and  unified  m 
their  ranges  of  applicability,  i.e.,  the  formulas  main¬ 
tain  accuracy  over  a  broad  continuous  range  m  kp, 
where  k  is  the  wave  number  and  p  the  radial  distance 
from  the  source.  The  formulas  are  important  in  sub¬ 
surface  communications  [King  and  Brown,  1984]  as 
well  as  exploration  geophysics  [King,  19856]. 

The  Wu.  King  formula  relevant  to  the  present 
paper  is  that  for  a  CW  field  component  E2.(p,  z)  due 
to  an  infinitesimal  vertical  diolc  in  the  upper  half¬ 
space  (region  2,  air)  of  Figure  1.  This  E2z(p,  z)  field 
excites  a  current  on  a  vertical  monopole  probe  also 
in  the  upper  half-space,  the  subscript  2  denotes  a 
field  radiated  into  region  2  and  z  locates  the  radiated 
field  along  the  vertical  cylindrical  coordinate.  At  the 
interface  (z  =  0)  the  field  is 


E2.(p.  0) 


1 

P 2 


i 


k2p3 


k_l 

*. 


■  (£)”  «> 

where  zF  is  defined  in  terms  of  Fresnel  integrals  C2 
and  S2  as 

?{k\p,1k\)  =  jfl  +  0  -  C2(k\p!2k\)  -  iS2{klp,1k\)  (2) 

A  harmonic  time  dependence  e~'u*/o *  for  operating 
frequency  f0  -  co/2n  is  assumed  in  (1).  In  (2)  the  argu¬ 
ment  of  C2  and  S2  which  involves  the  wave  numbers 
k ,  and  k2,  when  multiplied  by  t,  may  be  referred  to 
as  a  Sommerfeld  numerical  distance. 

Some  observations,  of  which  the  author  is  aware, 
that  pertain  to  sounding  using  transient  fields  include 
the  works  of  Azad  [1977],  Antonov  and  Manshtem 
[1979],  and  Morozova  [1979].  Important  related  the¬ 
oretical  work  includes  the  comparison  of  flat-Earth 
and  spherical-Earth  models  using  a  ramp  current  as 
a  standard  source  (Wait  [1986];  see  bibliography 
therein). 


2.  EXPERIMENT 

The  semicircular  wading  pool  cited  in  the  intro¬ 
duction  and  sketched  in  Figure  2  constitutes  a  salt¬ 
water  basin  used  for  experimental  observations.  The 
radius  of  the  pool  is  185.4  cm  (6  ft.  1  in.),  w'hile  its 
depth  is  30.5  cm.  Thv  vertical  metal  ground  plane 
extends  to  1.1  m. 

A  Gaussian-shaped  pulse  of  amplitude  120  V  and 
width  at  half-amplitude  of  2  ns  is  used  as  a  source  of 
wave  packets  to  be  propagated  over  the  saltwater 
basin  A  trace  of  the  actual  waveform  is  shown  m 
Figure  3.  The  Fourier  transform  of  the  waveform  is  a 
Gaussian  distribution  in  frequency  having  a  band¬ 
width  with  appreciable  amplitudes  to  500  MHz.  The 
tail  of  the  distribution  extends  to  - 1  GHz.  Thus 
although  large  radial  distances  are  needed  to  be  in 
the  far  field  of  the  very  low  frequency  components  of 
the  radiated  pulse,  the  intermediate  and  far  fields  of 
many  of  the  frequencies  are  contained  v  :'hin  the 
radius  of  the  semicircular  region  of  Figure  2. 

The  source  S  of  Figure  2  (fed  by  a  coaxial  line  not 
indicated  in  the  figure)  is  a  short  (h  -  4.0  cm)  vertical 
monopole.  The  monopole  is  a  1/4  in.  diameter 
stainless-steel  rod.  A  small  circular  disk  (4.0  cm  in 
diameter)  is  used  as  a  conducting  plate  in  contact 
with  the  outer  conductor  of  the  coaxial  feedhne  at 
the  base  of  the  antenna  where  it  contacts  the  salt 
water.  The  support  of  the  conducting  plate  is  by  ver¬ 
tical  rods  extending  to  the  floor  of  the  wading  pool; 
these  rods  produce  a  negligible  effect  upon  the  field 
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Fig.  3  Experimental  configuration  for  measurenejv.  of  transient 
waveforms  above  sail  water 


measured  in  the  air  by  the  vertical  monopole  receiv¬ 
er  All  submerged  paru  are  of  316  steel  impervious  to 
corrosion  in  salt  water.  The  origin  cf  the  radial  coor¬ 
dinate  (p  =  0)  is  centered  upon  the  axis  of  the  source 
S 

The  receiving  system  denoted  by  R  consists  of  two 
short  t h  =  2.5  cm)  monopoles,  orient ed  such  that  one 
points  toward  the  saltwater  region  and  one  points 
away  from  it.  This  rotatable  configuration  of  probes 
involves  two  separately  wired  brass  rods,  each  1  4  m. 
in  diameter,  it  is  designed  to  utilize  a  special  dua'- 
measunng  procedure  formerly  developed  for  EMP 
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Fig.  4  Measured  relative  amplitudes  of  £, ,(p,  0.  i)  versus  i  to  15 
ns  for  eight  successive  p  values. 
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Fig  5  Measured  relative  amptiiudas  of  £.,(/>-  0.  n  versus  r  to  50 
ns  for  eight  succevsi-e  p  values 


simulation  studies  at  Harvard  [S/ien  ei  al..  1984] 
The  procedure  subtracts  out  the  induced-noise  cur¬ 
rents  which  arise  in  the  cabling  of  the  receiving 
system.  The  system  is  suspended  by  nylon  thread 
with  the  lower  tip  of  the  bottom  monopole  just 
above  the  level  of  the  salt  watei. 

The  dual  inputs  from  the  receiver  R  mat  be  con¬ 
nected  to  a  data  acquisition  system  (Tektronix 
WP2110  with  7912AD  programmable  digitizer) 
which  displays  the  input  voltage  in  the  time  domain, 
digitizes  it,  and  utilizes  a  computer  program  to 
Founer-transform,  plot,  introduce  scale  factors.  etc. 
A  schematic  diagram  of  the  interconnections  in¬ 
volved  in  the  processing  of  signals  associated  wi'h 
the  experiment  is  drawn  in  Figure  3.  A  high-power 
attenuator  of  very  good  quality  must  be  used  for  the 
reference  pulse  input  to  the  digitizer;  the  peak  power 
of  the  2  ns  pulse  may  be  quite  high  (kilowatt  range), 
since  the  time  intervals  for  transient  peaks  are  so 
narrow. 

The  measured  £,.(p,  0,  ?)  field  for  radial  distances 
p  =  0.2  m  to  p  ~  1.6  m  is  shown  m  Figure  4.  Note 
that  a  slanted  line  may  be  drawn  with  a  straight  edge 
from  the  lower  left  to  upper  right  through  the  crest  of 
the  first  peak  in  amplitude  for  seven  of  the  curves 
(P  =  0.4  m  to  p  =  1.2  m)  and  Ap/Ar  - 
(1.6  -  0.4)/(6.6— 2.6)  m/ns  =  3.0  x  10*  rn/s.  The 
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p  =  0.2  tt.  curve  is  offset  from  the  rest;  however,  S 
and  R  are  so  close  at  this  pom-  that  some  coupling 
between  them  is  expected. 

In  Figure  5,  the  waveforms  of  Figure  4  are  shown 
for  longer  times  in  altered  scale.  The  nailing  peaks 
associated  with  each  waveform  have  two  main 
sources,  both  of  which  are  intrinsic  to  the  transmis¬ 
sion  system.  Let  the  two  maxima  of  highest  ampli¬ 
tude  jp.  each  curve  he  defined  as  the  primary  wave¬ 
form  (the  causes  of  these  peaks  will  be  addressed  in 
section  3  to  follow).  There  are  three  significant 
smaller  maxima  to  the  right  of  the  primary  waveform 
which  may  be  resolved  in  the  p  =  0.4  m  to  o  —  1.6  m 
curves.  (The  p  =  0.2  m  EI:{p.  0.  rj  field  is,  as  formerly 
mentioned,  offset  from  the  progression  in  time  of  the 
other  seven  fields  and  is  associated  with  a  very  short 
tnterantenna  spacing  between  S  and  R.)  The  first  two 
small  maxima  may  be  clearly  seen  at  the  right  of  the 
pnmars  waveform  in  the  p  -  1.6  m  curve.  This  pair 
mas  be  similarly  identified  in  the  curves  for  earlier 
times  (albeit  in  the  1.2  m  curve  the  pair  seems  to 
hase  coalesced).  The  source  of  these  first  trailing 
peaks  cannot  be  reflections  from  the  edge  of  the 
semicircular  water  region  since  they  always  maintain 
the  same  spacing  (~2  as  downfield)  relative  to  the 
second  major  peak  of  the  primary  waveform.  These 
firsi  two  trailing  peaks  have  been  found  to  be  due  to 
a  small  degree  of  impedance  mismatch  between  the 
50-Q  output  iine  of  the  pulse  generator  and  the  verti¬ 
cal  source  monopole  A  small  bump  is  always  associ¬ 
ated  with  the  older  (ic„  right)  edge  of  the  output 
Gaussian  pulse  (see  the  trace  of  the  actual  waveform 
in  Figure  3i,  impedance  mismatches  notwithstanding. 
Similarly.  the  third  small  maximum  to  the  right  of 
the  primary  waveform  of  the  p  =  1.6  m  curve,  like  its 
appearance  ir  the  earlier  curves  (starling  at  —  16.5  ns 
in  the  p  =  04  m  curve),  travels  along  with  the  pri¬ 
mary  waveform  and  cannot  be  due  to  a  reflection 
from  the  pool  wall  This  third  small  maximum  has 
been  found  to  be  a  reflection  from  the  vertical  mono¬ 
pole  back  to  the  pulse  generator.  The  cable  length 
along  this  path  is  160  cm  (each  way)  while  the  spac¬ 
ing  between  the  right  edge  of  the  primary  waveform 
and  the  third  small  maximum  is  - 10.7  ns  or  (10.7 
ns)  x  ;30cmns)  =  321  cm. 


£2ltp.  0.  ia)  = 


k3  '  -  x  i 

-t{  — .  1 


(3) 


where 

+ /)  -  rCj<e>  ■*  *Sj(ff)]  <4i 

with 


Equation  (5)  specifies  the  Fresnel  integrals  C.  and  S, 
in  the  notation  of  Abramonntz  and  Sugun  [19721 
The  quantity  if?  is  the  Sommerield  numerical  distance 
ik\plk\.  Hereafter,  the  shortened  notation  (4.  i) 
—  (C2(£\  S :{S))  will  be  used  for  ^(8)  in  (4). 

Let  the  purely  free-space  terms  in  (3),  which  in¬ 
volve  region  2  (and  hence  k2)  only,  be  regarded  as  a 
source  of  wave  packets.  A  Founer  integral  may  be 
written  for  these  terms.  That  is. 


£.,(p.  0.  r) 


?r 

J-. 


*“G 


(6) 


where  / (a>)  is  the  inverse  transform  of  a  source  pulse 
in  time,  which  will  fcc  taker,  to  be  of  Gaussian  shape 
Thus 


/(«) 


i 

2k 


dt  f(t\e 


<■> 


where 

f{t)  -  Ae"1'*’  (8) 

with  A  the  amplitude  of  the  Gaussian  function  and  A 
the  half-width  (full  width  is  defined  as  the  distance 
between  inflection  points).  Therefore 

/(«)--  (9) 

2 


and 


3  THEORY 

Infinuesmai  dipole  in  free  space.  The  formula  in¬ 
troduced  in  (1)  for  the  £2l(p,  0)  component  ir.  air  due 
to  an  infinitesimal  dipole  in  air  above  salt  water  may 
be  written 


£2,(p.  0,  r( 


- — dm 

k\p>r 


(10) 
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The  integral  in  (!0)  may  be  written 

'-G>- . 

where 


(12) 

+  1 

/.  oj 

J-  * 

(13) 

Jm  n 

(14) 

The  k2  value  co  c  for  free  space  has  been  written 
explicitly  in  (12m  14)  Note  that  the  first  and  third 
integrands  differ  from  the  second  by  factors  of  >x>  and 

1  tj.  respectively 

The  integrals  in  (12M14)  are  evaluated  m  the  ap¬ 
pendix  The  evaluations  yield 

•4-’  3 

/,  - - —  Te  ■,a‘1 

AJ 

» 1 5* 

A 

06) 

/j  **  -inerftT  Ai  '.principal  vaiuei 

il’i 

where  T  s  u  -  p  *)  is  a  retarded  time  erf  denotes 
the  error  function  of  a  real  argument 

Equation  (10i  is  thus 

i  . v a  .  r .( 

'I,',)  4  “'(jl) 

<  1 8i 

The  first  term  m  (18)  contains  the  derivative  of  a 
Gaussian  function,  the  second  contains  a  Gaussian 
function,  and  the  third  contains  a  stepiike  function. 
The  coefficients  of  the  terms  involve  p.  A.  and  con¬ 
stants.  Plainly,  very  close  to  the  source  (small  p),  the 
1  pi  term  (steplike  function)  will  predominate,  at  dis¬ 
tances  much  further  from  the  source  (large  p).  the  1  p 
term  (derivative  of  a  Gaussian)  will  predominate  The 
1  pJ  term  (Gaussian)  will  be  important  in  the  transi¬ 
tion  between  these  two  regimes. 

The  infinitesimal  dipole  with  its  triangular  CW 
current  ''stnbution  [King,  1956,  section  11.311  is  pri¬ 
marily  useful  as  an  elementary  source  which  forms 
the  basis  for  more  complicated  situations  which 
occur  m  practice.  In  the  CW  case,  one  such  situation 


a  the  definition  of  an  effective  moment  which 
includes  a  specific  current  distribution  along  a  partic¬ 
ular  effective  length  associated  with  a  finite  an¬ 
tenna. 

The  infinitesimal  dipole  whose  pulsed  field  in  time 
is  given  by  (18)  above  has  been  treated  as  the  most 
elementary  source  of  wave  packets  in  that  no  differ¬ 
entiations  of  the  Gaussian  moment  pulse  arc  present 
This  «  somewhat  unphysical,  as  evidenced  by  the 
singularity  to  (14)  evaluated  tn  the  appendix.  In  the 
laboratory,  a  short  finite  dipole  is  used  Such  a  dipole 
has  a  more  complicated  train  of  radiated  wave  pack 

CIS. 

Ftmte  dipole  in  free  space  A  theory  for  the  mea¬ 
sured  fields  of  the  foregoing  section  2  must  include 
the  effects  of  the  finite  length  of  the  short  monopole 
denoted  by  S  A  second-derivative  operator  with  a 
proportionality  constant  may  be  used  to  link  the 
input  to  S  (voltage)  to  the  output  from  S  (radiated 
fieldl  The  validity  conditions  for  the  differentiation 
effect  are  il»  k2h  «  !  for  the  frequencies  in  the  input 
pulse  having  appreciable  amplitudes,  where  h  is  the 
length  of  the  antenna.  (2)  iZ^/H  *  Z0t/h.  where 
Z0  and  Zt  are  the  antenna  input  impedance  and  in¬ 
ternal  driving  system  impedance,  respectively  The 
driving  system  consists  of  the  pulse  generator  and  its 
coaxial  line  The  aforementioned  proportionality 
constant  is  {h  e)1  These  conditions  are  stated  m 
terms  of  the  notation  used  tn  a  systematic  analysis  of 
pulsed  cylindrical  antennas  above  a  metal  ground 
plane  carried  out  by  Schmn  et  al  [1966] 

The  condition  k2h  «  l  is  well  satisfied  by  a  signifi¬ 
cant  bandwidth  of  frequencies  within  the  distribution 
which  resuits  from  the  Fourier  transform  of  the  2  m 
source  pulse  This  distribution  is  itself  a  Gaussian 
(peak  amplitudes  -  500  MHz  —  k2h  «  0  4)  The 
condition  (Z^/M  «  |Z0(/)|  «  iZ0(/)(  is  satisfied  for 
S  of  section  2.  since  Z0(/)  x  (fc5  fi)  ’.  and  2,1/1  is 
not  strongly  capacitive 

The  following  relation  between  such  a  derivative 
and  its  inverse  Fourier  transform  is  useful 

<r/tn  , 

- •—(lujl'/tr-'l  ll9i 

ill* 

Using  this  relation  with  (9). 

ill!}.  —  3Aw3v  -  4,“'  4  a  .  o:  A  u'Oi 

dr  2 

The  evaluation  of  the  umc  transtorm  of  (3)  to  corrc 
spond  to  the  experimental  configuration  of  section  2 
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consul*  of  two  parts.  Let  these  be  denoted  by  &£(p, 
0,  t)  and  £j*!(pt  0,  (}  The  first  part  is  associated  with 
the  free-space  terms  (those  involving  k2  only)  in  (3), 
using  the  time  transform  to  the  right  of  the  arrow  in 
(20).  Tliis  is  evaluated  in  this  subsection  in  the  equa¬ 
tions  immediately  following  The  second  part  in  (3) 
involving  the  Fresnel-integral  terns  will  be  calculated 
m  the  next  subsection,  whose  subject  is  the  finite 
monopole  over  an  imperfectly  conducting  salt  water. 

Replacing  (9)  with  (20)  and  using  the  free-space 
terms  in  (3),  one  obtains 


associated  with  the  first,  second,  and  third  deriva¬ 
tives,  respectively,  of  the  Gaussian  function  e',T,‘1)J. 
The  error  function  in  (18)  associated  with  the  (1/p3) 
term  is  no  longer  present. 

Finite  dipole  at  air-water  interface.  The  evalu¬ 
ation  for  a  finite  dipole  of  the  second  part  of  the  time 
transform  of  (3)  follows.  This  part  is  denoted  by 
0,  t).  Unlike  £iy {p,  0,  t),  it  contains  ky  — 
[co:p0{«,  +  ial/co)']l'i  and  hence  the  electrical 
properties  of  region  1.  In  particular, 


fVw'-i  '  •) 

4"  V  P  k\p ) 


ui'e  ‘'-'V-  da 

The  integral  in  (2 1)  may  be  written 


(21! 


-(C2(0),  S2(0))}J  x  af(t)e~ 
By  using  (20), 


da 


(30) 


/m-(; 

ip}1’ *(?}'"• 

(22) 

AV(p.  o.  o  -  ~~~  | 

where 

*<x 

-  (C j(0).  S2(0)) }  j  x  ‘ *‘““Aw3e da  (31) 

7- 

(23) 

t 

-i 

■ 

-  * 

•  * 

The  Fresnel  integrals  C2  and  S2  have  an  equivalent 

*  J 

,1  -  Ml *1^1  iu) 

(24) 

representation  in  terms  of  C  and  S: 

v 

'  X 

f  « 

[C2(0),  Sj(0)]  -  [C(v/20/ir),  S(N/207O]  (32) 

(25) 

where  C  and  S  may  be  written  in  terms  of  a  confluent 

/-SC 

hypergeometnc  function  M  as 

The  miegrais  (23)  and  (24)  are  evaluated  in  the  ap¬ 
pendix.  It  is  the  same  as  /,  Therefore  the  above 

[C(v  20^).  S(v/20^))  -  N/20/^M($,  j.  i0)  (33) 

three  equations  lead  to 

The  function  M  is  represented  by  the  Kummer  series 

1*  m  - 

i,  a  /  167"!\  ,  , 

ir(:4r--p-> . 

(26) 

a:  (a)2r2  (a),:" 

M(d.  b,  z)  -  1  +  —  +  — —  +  •  •  +  — - —  +  (34) 

b  (6)j  2!  {b)sN\ 

'•-VHiiY- 


»4n 1 


7V 


where  [a)N  =  a(a  +  IXa  +  2)  •  •  •  (a  +  N  -  1),  a0  s  1. 
(27)  The  notation  of  (32)— (34)  is  that  of  Abramownz  and 
Stegun  [1972,  sections  7.3  and  13.1];  M  may  be  cal¬ 
culated  over  a  wide  range  in  j  c  | .  Hence 

(28>  (C2<0).  Sjm  »  .fm  { 1  +  jit>  -  W2  +  ■  ■  }  (35) 


Equation  (2!)  then  becomes 


That  is, 


The  field  in  (29)  plainly  involves  more  differentiations 
than  that  of  (18).  The  7,  T2,  and  TJ  terms  in  (29)  are 


r'"(C:(d),  S2(0)) 

-(1  -i0-0V2'+  •Xv/2/k0  1,1 
+  is//2/9rs  -  v/l/5Off05  2  +  •  •  •) 

-  y/2/nd1'1  -  lyfl/nd3,2  +  iv/2/9ir03'2 
+  0(f)  +  0(})  +  0<f)  +  •■■ 


(36) 

(37) 
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TABLE!.  Frequency/and  Parameter  8 


/.Hz 

£,,  ns*' 

j<?| » lfcjP/2*]! 

I 

(3.7  +  i3.7)  x  10* 1 

27  x  10*19 

10 

(1.2  + (1.2)  x  JO*1 

27  x  10* 

ICO 

(3.7  +  (3.7)  x  1C*2 

27  x  10“ ,s 

10J 

(1.2  + (1.2)  x  10* 1 

27  x  10*,s 

104 

(3.7  +  (3.7)  x  10* 1 

27  x  tO"1 

105 

12  +  IU 

27  x  SO*9 

10* 

3.7  -r  (3.7 

27  x  10*’ 

to’ 

(2.2  +  (12)  x  10‘ 

27  x  10*’ 

10* 

(4.0  +  (3.5)  x  10' 

26  x  10* 1 

10’ 

(20  +  (0.7)  x  !0J 

1.6  x  10*  ’ 

p  «*  ..6  m;  £,,  80,  tr ,  -  3.5  S,ra.  «*  J.  a3  «  0. 


where  0  indicates  the  order  of  the  exponent  in  6. 

For  the  0  magnitudes  associated  with  the  experi¬ 
ment  of  section  2  (0  <  0.1.  see  Table  1),  one  is  inter¬ 
ested  in  the  terms  of  lowest  order  in  (37).  Also,  noting 
that 

,  I  i  1 9  6 

e  '*(  j,  j)  ~ -  +  -  —  —  +  -  + 0(2)  +  •  (38) 

2  2  ±  2 

(31)  may  be  written 

E'fXp.  0.  0  -  f  e'k'\  (id  +  i)  - 

4np  1 J-*  L  ki  J 

.  da  (39) 

to  leading  order  in  8. 

The  first  term  in  (39)  is 


[£'2>,0.  ()]'"  = 


p0Ac'y2A 


Snp'  2 

1  (1  +  t)e**ll,-"l<“”4J"!  4|w9  2 


+  !CT,/W) 


1 

_  (.  1  \  Fade'2'2  A  f *  Hm 

\pvl)  8tt  J.x  yTT  wjiot i 


where 

F(cu)  =  (1  +  iKcos  Tw  —  i  sin  T(o)e~A>ai  *ca~'2 


(40) 

(41) 

(42) 


T  3  (t  -  p/c) 

An  upper  bound  on  {E^P,  0,  r)]'u  may  be  specified 
in  terms  of  a  band  of  constant  field  amplitude  since 

F(w) 


:  y/l  +  K7,/W£, 


i 


dw  5  |F(w)|4w  (43) 


Within  this  band,  [££’(/>,  0,  f)](,,lo,»0  yields  an  upper 
bound  on  the  amplitude  of  each  of  the  oscillations  of 


[££’{£.  0,  f)3a>.  It  is  useful  to  note  that 

/•cc  <•<£ 

F*(o))  dot  «  |  F(  —  ip)d(o 
since  l^ip,  0,  t)j:u  is  real,  so  that 


r 


r- 

F(w)  daj  =  2  Re  f(w)  dw 

o  Jc 


=  2  Re  j  (1  +  i'Xcos  Taj  —  i  sin  Tco) 

Jo 


=  2  J  cos  Twe-*al‘Awvl  dw 
+  2  I  sin  Twe~A*u'  4e>’ 2  dw 


•oc 

si 

Jo 


(44) 


(45) 


(46) 


(47) 


The  integrals  in  (47)  are,  using  Gradshieyn  and 
Ryzhik  [1980,  equations  3.952.7  and  3.952.8], 

7(9/4) 


f 

and 

f 


2(AJ/4)9 


-.«(?,  A  -T2  AJ) 
(48) 


Te',r^T(AA) 

■Ur"-!-*™1  "*91 

where  F  is  the  gamma  function  and  M  is  another 
instance  of  the  confluent  hypergeometric  function  de¬ 
fined  in  (34)  and  denoted  as  ,F,  by  Gradshieyn  and 
Ryzhik  [1980].  The  right  sides  of  (48)  and  (49)  are. 
respectively, 

12.82  r 

1  -  4.50(T/A)2  +  4.87(7'/ A) 


2.76(7/A)6  + 


and 

36.397e*(m“ 


[" 


A"12 

+  00030<7/A)6  +  •••  + 


(9/4M— r2/A*)» 
(1/21*  N! 


0.833(T/A)2  4-  0.042(7/ A)4 


(50) 


6  (  — 5/4)*(7J/A2r 


(3/2), M 


(51) 


where  (a),  is  as  in  (34). 

For  small  T/ A,  the  series  in  brackets  in  (50)  and 
(51)  converge  after  very  few  terms.  For  example. 
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TABLE  2  Properties  of  Series  in  Equations  {JO}  and  (51) 


Sene:  in  Brackett  in  (SO) 

Scrict  in  Brackett  in  (51) 

s 

(aM-T/A)3* 

(6)«N! 

s. 

N 

<aM77 A)3" 
lb)MN< 

s* 

1 

-0.112  50  x  10' 

-0.125  00 

1 

—0.208  33 

0.791  67 

2 

0.304  69 

0.179  69 

2 

0260  42  x  10* 3 

0.794  27 

3 

-0.431  64  x  10' 1 

0.136  52 

3 

0.465  03  x  10'* 

0.794  32 

4 

0.404  66  x  10- 3 

0.140  57 

4 

0.113  03  x  10* 1 

0.794  32 

J 

-0.281  02  x  !0‘ 3 

0.140  29 

5 

0282  57  x  lO*  7 

0.794  32 

6 

0.154  35  x  10'* 

0.140  30 

6 

0.679  26  x  lO’* 

7 

-0.699  64  x  10'* 

0.140  30 

7 

0.153  64  x  10*10 

8 

0.269  65  x  10-’ 

0.140  30 

8 

0224  79  x  10' 13 

9 

-0.903  26  x  10'4 

9 

0.641  04  x  10'“ 

10 

0.267  41  x  10" 10 

10 

0.1:8  25  x  !0‘1S 

11 

-0.709  04  x  10" 13 

11 

0204  5S  x  10* 17 

12 

0.170  20  x  10‘,J 

12 

0232  39  x  10-“ 

13 

-0  373  12  x  lO-1* 

13 

0.509  00  x  lO’ 31 

14 

0  732  66  x  10'  •' 

14 

0.736  55  x  lO" 31 

15 

-0.140  58  x  10- “ 

15 

0.100  98  x  10'“ 

16 

0.244  46  x  lO'30 

16 

0.131  48  x  lO'36 

17 

-0  397  63  x  10‘ 33 

17 

0.162  97  x  10'3’ 

18 

0.607  49  x  {O' 34 

18 

0.192  70  x  lO’ 30 

19 

-0  874  95  x  lO’36 

19 

0.217  80  x  10- 33 

20 

0.119  18  x  KT3’ 

0.140  30 

20 

0235  73  x  10' 34 

0.794  32 

N  »  number  of  terms,  S*  «  partial  sum,  (a)„  and  (6)„  in  recurring  terms  arc  defined  as  in  (34)  77 A  •* 
±0.5 


using  77 A  =  ±0.5,  the  partial  suras  S*  to  5  decimal 
places  for  increasing  numbers  of  terms  are  shown  in 
Table  2.  For  intermediate  and  large  77 A,  the  series 
converges  nicely  when  more  of  its  terms  are  included. 
The  relevant  range  in  T  t  -  c/c  for  the  measured 
pulses  of  section  2  is  -  3.7  ns  <,  T  <,  3.7  ns.  The 
negative  retarded  time  occurs,  since  for  p  =  0  the 
Gaussian  waveform  f(t)  is  centered  on  the  origin  at 
r  =  0  ns.  The  half-width  A  of  the  pulse  is  1  ns;  there¬ 
fore  (T/A)J  <,  (±3.7)J.  For  T/A  =  ±3.7,  the  greatest 
number  of  terms  in  (50)  and  (51)  need  to  be  included. 
Foi  T/A-  ±3.7,  the  partial  sums  to  5  decimal 
places  for  selected  increasing  terms  in  the  two  series 
arc  shown  in  Table  3. 

Coalescing  (45)— (51), 

r  25.63  r 

j  FIoj)  da>  »  —  ll  -  4.50<77A)J 

+  4.87(T/A)‘  -  2.76(77A)6  +  -  •  • 

(9/4W-r*/AY  . 


72.78  Te-'™”  ' 

+ - — - |  1  -  0.833(77A)3  +  0.042(7  A)4 

A  )  1  /  J 


l-i 


+  0.0030(r/A)6  ■(-  •  •  •  + 


and  therefore 


l-5/*MT*IAsf 

(3/2), 


(52) 


9.10 Te~{Tli)i  ^  1 
^7- 


3.20 
a Til  Ai 


(53) 


where  the  series  terms  in  the  first  pair  of  brackets  in 
(52)  are  denoted  by  £,,  and  those  in  the  second  are 
d-noted  by  ]T2.  The  inequality  sign  in  (53)  refers 
specifically  to  amplitudes  of  oscillation,  comparing 
successively  each  local  maximum  of  the  function  on 
its  left  with  the  corresponding  local  maximum  of  the 
function  on  its  right. 


<l/2)*JV! 
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TABLE  3.  Properties  of  Series  in  Equations  (JO)  and  (51) 


Series  in  Brackets  in  (SO)  Scries  in  Brackets  in  (SI) 


(aU-T/Ap  {aUT/d.)la 


N 

(b),S\ 

s. 

s 

(b),N\ 

s„ 

1 

-0.616  05  x  IO2 

-O.60C  05  x 

!02 

! 

-0.114  08 

X 

102 

-0.104  08  X  102 

5 

— 0.S3S  3?  x  10* 

-G.103  22  x 

10* 

5 

0.139  14 

X 

102 

0/291  14  x  102 

10 

0.648  36  x  10’ 

0.393  95  x 

10’ 

10 

0086  79 

X 

to2 

0.153  44  x  102 

15 

-0.167  84  x  104 

-0.832  99  x 

10’ 

15 

0.120  55 

X 

102 

0.253  14  x  102 

20 

0.700  62  x  10’ 

0329  3  97  x 

10’ 

20 

V# 

00 

r*T 

O 

X 

10* 

0275  07  x  102 

25 

-0.769  53  x  104 

-0-279  71  x 

10‘ 

21 

0.787  82 

0275  86  x  102 

30 

0.294  80  x  10’ 

0.945  32  x 

104 

22 

0.430  32 

0.276  29  x  102 

35 

-0.473  22  x  105 

-0.135  77  x 

10* 

23 

0026  16 

0.276  52  x  102 

40 

0.362  12  x  10* 

0.943  54 

24 

0.114  53 

C.276  63  x  102 

42 

0.428  48 

0.3 10  65 

25 

0.559  51 

X 

10-' 

0.276  69  x  102 

44 

0.459  70  x  10* 1 

0.145  91  x 

10- 1 

26 

0.264  03 

X 

10" 1 

0.276  71  x  102 

46 

0449  21  x  IO'2 

0  454  80  x 

10_! 

27 

0.120  49 

X 

10- 1 

0.276  72  x  102 

48 

0.401  49  x  10’ 1 

0.359  18  x 

I0‘2 

28 

0.532  25 

X 

10‘2 

0.276  73  x  102 

50 

0.329  46  x  10-4 

0.350  85  x 

10‘J 

29 

0.227  84 

X 

io- 2 

0276  73  x  !02 

52 

0.249  08  x  10"2 

0.350  19  x 

10"J 

30 

0.945  95 

X 

10- 

0.276  73  x  102 

54 

0.174  06  x  10— 

0.350  14  x 

IO*2 

31 

0.381  27 

X 

IO' 2 

56 

0.112  76  x  10“ 4 

0350  14  x 

I0‘2 

32 

0 149  31 

X 

IO’2 

58 

0.679  10  x  10*’ 

0.350  14  x 

10— 

33 

0.568  57 

X 

IO’4 

60 

0.381  18  x  10- 10 

34 

0.210  68 

X 

10— 

62 

0119  89  x  10-*' 

X 

n 

8 

O 

10‘2 

35 

0.760  24 

X 

10'5 

0276  73  x  102 

N  -  number  of  terms  ;5„  -  partial  sum, (a),  and  (i>)„  in  rtcurnng  terms  are  defined  as  in  (34).  T/ A  » 
±37 


The  second  term  in  (39)  is 

[£■>,».  ,.r 


ex  ei- ni-ficia-ai<ji  *l(0* 

- dm 

Mo(cl  + 

_  A  f  1  F(m) 

4n3i  J-*  1  +  iff, /tor, 


</w 


(54) 

(55) 


where 


f(w)  —  (cos  Tm  —  i  sin  To>)e~AJa‘'e'(o4  (56) 


with  T  as  in  (42).  An  upper  bound  on  [E'/Jfj),  0,  f)]<2) 
may  be  specified  in  terms  of  a  band  of  constant  field 
amplitude,  since 


Aw)  . 

- dco 

1  +  iff  ,/tue, 


(57) 


Within  this  band,  [E£’(p,  0,  f)](2,|.1-0  yields  an 
upper  bound  on  the  amplitude  of  each  of  the  oscil¬ 
lations  of  [££’(/>,  0,  r)]U).  Using  symmetry  and  asym¬ 
metry  properties  of  the  integrand  about  the  origin, 
the  integral  of  (56)  over  all  as  is  [Gradshteyn  and 
Ryzhik,  1980,  equation  3.952.8]: 


du)  “  2 


cos  Tco  dm 


r<5  n  i  ~  t2  ^ 


(A2/4) 


(58) 


42.54  r 

=  1  -  5 00(7, A)*  +  5.83(7  A)4  -  3.50(7  A)6  + 

(5/2W-72A2)" 


(1/2  )WN! 


1 59) 


so  that 


[££’(p.  0.  r)],J>  <;  -  (60) 

;r  icJ£,A 

which  leads  to 

££V.  0.  t)  =  {[£'/>.  0.  !)]«•»  +  [£«/>.  0.  f)]<2>} 

A  </Hoh\'a[l-20_  9.lOTe~tT,A,t  "1 

10.63  _.  ) 

n>l2c2&*  ^Jj  (61) 


where  the  series  terms  in  square  brackets  in  (59)  are 
denoted  by  ,  and  the  inequality  sign  applies  as  in 
(53).  Note  that  the  magnitude  of  (61)  is  proportional 
to  significant  inverse  powers  of  A.  the  pulse  half- 
widtlj.  Thus  for  a  very  narrow  Gaussian  pulse  the 
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TABLE  4  Companion  of  0.  0  -  0.  »  +  £}3,V.  °> '! 

Field  Magnitudes 


1  -pc. 

FjVip.  o.  a 

Pi \\p.  0.  a 

o.  a 

ns 

V  m 

V‘m 

Y/m 

P  1 

•  040  m 

-27 

64  x  10" 

-SO  X 

I0'4 

5.5  x  10' 3 

-1.7 

1.1  x  10" 

—  5.6  x 

I0'3 

1.0  x  10‘ 1 

-07 

-1.3  x  10-' 

2.8  x 

10" 

-1.0  x  10' 1 

0.7 

1.2  x  S0*! 

-1.1  x 

10" 

1.1  x  10" 

1  7 

■ 

© 

X 

1 

8  1  x 

10" 

-2.5  x  lO* 3 

2  7 

-3.6  x  10' 3 

-  i  !  x 

10" 

-47  x  10" 

P 

**  1.0  m 

_  2  7 

9.6  x  10" 

-2.5  x 

!0'4 

7.1  x  10" 

-17 

14  x  I0'! 

-1.5  x 

10" 

1.3  x  lO-3 

-07 

-3.2  x  !0'J 

76  x 

10" 

-2.4  x  10" 

0 1 

32  x  10" 

-3  I  x 

10" 

29  x  10" 

1  * 

-78  x  10'3 

22  x 

lO'1 

-5  6  x  10" 

** 

-7  5  x  1C'4 

-3  I  x 

10" 

-1  1  X  10" 

0 

**  /  6  m 

■>  ~> 

3 '  x  10- 4 

- 1 :  x 

!0" 

2  5  x  10" 

-  1  * 

5  0  x  10-' 

-78  X 

10" 

42  x  10" 

- 

-1  3  x  10--’ 

38  x 

10" 

-92  x  10" 

O' 

1  3  x  10- •’ 

-  1  6  x 

10" 

1  1  x  lO*-’ 

1  ' 

-35  «  10" 

1  1  » 

10" 

-24  x  10" 

A  " 

-3  1  x  IG" 

-1  5  x 

10" 

-46  x  10" 

O.i i  maximum  amplitude  scaled  to  I  V  m 


Fresnel  term  becomes  quite  large.  This  result  is  con¬ 
sistent  with  the  analysis  of  a  delta  function  (or  infi¬ 
nitely  narrow  Gaussian)  pulse  using  the  general  Som- 
merfeld  integrals  (T.  T.  Wu  and  R.  W.  p.  King,  un¬ 
published  manuscript,  1987),  wherein  it  is  demon¬ 
strated  that  for  such  a  pulse  the  Fresnel  term  is  the 
only  term 


4  DISCUSSION 

The  fields  £2'.'(p.  0.  t)  given  by  (29).  £2l'(p,  0,  t) 
given  by  (61)  (upper  bound),  and  their  sum  E2l(p,  0, 
t)  =  £2;'(p.  0,  r)  +  f/.V.  0,  f)  (upper  bound)  are 
shovn  for  three  values  of  radial  distance  p  in  Tabic 
4.  The  effect  of  the  image  source  opposite  S  due  to 
the  ground  plane  of  Figure  2  is  included  in  this  cal¬ 
culated  field.  The  range  of  retarded  times,  -  2.7  ns  s 
f  -  p/c  £  2.7  ns,  is  one  for  which  the  total  field 
£j.(p,  0,  f)  is  of  appreciable  magnitude;  outside  this 
range  the  total  field  falls  to  less  than  (l/1000)Ao, 
where  A0  is  its  maximum  amplitude  a:  p  =  0.20  m.  It 
is  seen  that  quite  close  to  the  source  (p  =  0.40  m  in 


84? 

Table  4),  0,  t)  has  the  smallest  relative  correc¬ 

tion  to  £jV(p.  0,  t),  i.c.,  the  smallest  fraction  or  pro¬ 
portion  of  0.  tf  This  correction  becomes  more 
significant,  i.e„  a  greater  fraction  or  proportion  of 
EItil\p,  0,  r),  with  increasing  p  in  Table  4. 

An  alternative  v/ay  of  viewing  the  smallness  of 
£■£( p,  0,  f)  mentioned  above  is  to  note  that  the  Fres¬ 
nel  integrals,  and  hence  the  wave  number  k,  associ¬ 
ated  with  the  salt-water  half-space,  are  barely  felt  by 
the  total  £lt(p,  0,  t)  field  for  small  p.  Hence  for  the  p 
values  of  Table  4,  the  salt  water  may  be  interpreted 
as  highly  but  not  perfectly  reflective,  so  much  so  as 
to  function  essentially  as  a  inetai  ground  plane. 

A  more  complete  indication  of  the  theoretical 
£yj(p.  0.  f>.  Ejl’lp*  0.  t)  and  £2.(p,  0,  r)  fields  given  by 
(29).  (41),  and  (55)  (numerically  calculated)  for  a  0.20- 
m-mcremented  range  in  p  is  shown  in  Figures  6  and 
7.  It  is  seen  that  each  of  the  waveforms  for  p  =  0.20 
m  has  great  relative  height;  for  the  p  values  increas¬ 
ing  from  p  =  0.40  m.  the  waveforms  undergo  spread¬ 
ing  and  deformation  with  a  gradual  decrease  m  am¬ 
plitude.  The  fc;  correction  term  (shown  m  broken  line 
in  Figure  6)  undergoes  a  decrement  with  increasing  p 
although  its  relative  contnbution  to  the  total  field 
amplitude  increases  with  increasing  p. 

In  Figure  7  the  total  theoretical  field  £2l(p.  0.  f)  is 
plotted  in  solid  line  and  compared  therein  to  experi¬ 
mental  data  (broken  line).  Except  in  the  immediate 


v 


0  20  <0  60  8C  K)0  '20 

t  *n  fti 

Fig.  6.  Theoretical  relative  amplitudes  of  EV.tp,  0.  (I  and  F/.'lp. 
0.  t)  versus  t  to  J2  ns  for  eighl  successive  o  values 
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i  ,i  .....  --  i..— ,_.i 

0  20  6C  80  :00  >2C 

l  r  r* 


Fig  7  Relative  amplitudes  of  Elt{p.  0.  !l  versus  t  to  12  ns  for 
eight  successive  p  values 

radial  vicinity  of  the  source  monopole,  the  agreement 
between  calculated  and  observed  fields  is  quite  good 
(p  =  0.40-1.6  m  curves  in  Figure  7).  As  the  receiving 
system  R  closely  approaches  the  source  monopole  5 
so  that,  for  most  of  the  single  frequencies  having  sig¬ 
nificant  amplitudes  in  the  pulse,  R  is  in  the  very  near 
field  of  S.  complicated  effects  occur  These  effects 
result  tn  the  deviation  of  calculated  and  observed 
fields  for  p  <  0.25  m.  The  curves  for  p  =  0.20  m  have 
been  included  to  show  this  deviation. 

It  is  important  to  note  that  the  theory  developed 
in  the  foregoing  section  3  is  quite  general.  Although 
it  has  been  shown  to  coincide  closely  with  observed 
fields  at  radial  distances  attainable  in  an  indoor  ex¬ 
periment,  its  applicability  extends  to  much  greater  p 
values.  Such  values  are  associated  with  greater  Som- 
merfeld  numerical  distances  id,  which  in  turn  may  be 
used  to  compute  the  £2,(p,  0,  r)  field  when  higher- 
order  terms  tn  (36)  and  (37)  are  included 


correction  for  replacement  of  the  ground  plane  by  a 
region  of  salt  water  involves  Fresnel-integral  terms 
which  may  be  represented  using  a  confluent  hyper- 
geometric  function  M.  The  influence  of  imperfectiy 
conducting  salt  water  with  its  associated  complex 
wave  numbers  kl  for  the  range  of  frequencies  in  a 
broadband  Gaussian  pulse  provides  a  resolvable  cor¬ 
rection  to  the  monopoie  field  over  metal  even  at  dis¬ 
tances  p  <,  1.0  m  from  the  source  (see  Table  4).  This 
correction  becomes  more  significant  with  increasing 
radial  distance. 

Except  for  a  narrow  region  in  the  very  close  vicin¬ 
ity  of  the  vertical  source  monopoie,  the  theoretical 
prediction  of  monopoie  fields  to  p  =  1.6  m  is  fol¬ 
lowed  closely  by  the  experimental  observations  of  the 
fields  (section  2). 

APPENDIX  EVALUATION  OF  INTEGRALS 

The  integral  /s  in  (12)  is 

f* 

/,-j  (Al) 

=  j"  (cos  T  a;  —  i  sin  Taile-41"*  *a>  dta  (A2) 

with  7  h  (r  -  p  c)  defined  as  a  retarded  time  Using 
symmetry  and  asymmetry  properties  of  the  integrand 
about  the  origin,  (A2)  is  given  by 

r* 

/,  =  -2j  j  (sin  rw)e ~ 4u>  du>  (A3) 

Jo 

Integrating  by  parts, 

4i  r  ,  I* 

/,  - - -  (sin  railf'1 

4'  L  lo 

+  rj*  (cos  Tcyle"4'"'4 

t  A4) 

or 

)4it'  : 

/,  - - —  7V,r4,i  (A5) 

A3 


J  CONCLUSIONS 

The  theory  of  wave  packets  proposed  in  section  3 
yields  a  precise  quantitative  correction  to  the  effect  of 
a  metal  ground  plane  underlying  a  pulsed  short  verti¬ 
cal  monopoie  (i.e.,  pulsed  short  vertical  dipole  in  free 
space  in  the  absence  of  a  metal  image  plane).  This 


The  integral  l2  in  (13)  is  elementary: 


V 


4  “  HI  -  p  flu  -  A  *  w*  4) 


da) 


(A6) 


This  is  given  by  the  same  integral  as  that  on  the  right 
side  of  (A4),  so  that  [Gradshte in  and  R):hik,  1980, 
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equation  3.896.4] 

2s‘,J 

/j  «  2  (cos  Tote-*1”’1*  dm  - «',574M  (A7) 

Jo  A 

The  integral  I3  in  (14)  is  given  by 

/,  =  j  dm  (A8) 

J-  cc 

3y  using  the  principal  value  of  (A8),  the  singularity  at 
co  -  0  does  not  interfere  with  the  asymmetry  of  the 
integrand,  so  that 

1 3  -  —  2i  |  (sin  dco  (A9) 

Defining  the  variables  u  =  coA/2  and  <j  =  277A,  (A9) 
becomes 


while 


C1 


sin  <ju 

- du 

u 


dh 

dq 


cos  du 


-I  v'ltf 


It  follows  that 


f3  = 


(A10) 


(All) 


<  A 1 2) 


(principal  value) 


(A13) 

In  (A13).  erf  denotes  the  error  function  of  a  real  argu¬ 
ment.  erf  Iq)  has  the  senes  expansion  [ Abramowit: 
and  Stegun ,  1972]. 


erf  ( q)  =>  —  (q  -  j<?J  +  -  •) 


(A  14) 


so  that  the  leading  term  in  /3  is  /3U  •■=  -i2n‘  2q 
The  integrals  /4  m  (23)  and  /}  in  (24)  arc 


/*  = 


(A  15) 


and 


l, 


x 


(A  16) 


respectively.  These  may  be  evaluated  using  integra¬ 
tion  by  parts  and  symmetry  and  asymmetry  proper¬ 
ties  of  integrands  about  the  origin  as  in  the  foregoing 


three  integrations  is,  12  and  13.  In  this  way  the  col 
cos  Tco  term  is  eliminated  in  /4,  the  c o*  sin  Tco  term 
in  !s .  Thus 


and 


f  » 

/4  *  —2 i  J  (sin  Tw)e'4,0,!,4toJ  dm 


U 


AJ  f 


(A  17) 

(A  18) 


Is  =  2  |  (cos  Ttole-^  W  dm  (A  19) 


(A20) 
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LATERAL  ELECTROMAGNETIC  SURFACE  WAVES  AND  PULSES 


Ronold  W.  P.  King 

Gordon  McKay  Laboratory,  Harvard  University,  Cambridge,  Massachusetts  02138,  U.S.A. 


Abstract — The  electromagnetic  field  generated  by  a  vertical  electric  dipole  on  or  near  the 
surface  of  the  earth  or  in  the  earth  is  studied  for  both  continuous-wave  and  pulse  excitation. 
The  analytical  foundation  established  by  Sommerfeld  and  developed  by  many  others  is 
reviewed  and  simple  explicit  new  formulas  are  derived  for  the  three  components  of  the 
electromagnetic  field.  Some  of  the  interesting  properties  of  the  lateral  waves  and  pulses — 
which  constitute  the  entire  field  along  the  surface — are  shown  in  conjunction  with  important 
applications  to  communications  and  geophysical  exploration. 

1.  Introduction 

Less  than  a  decade  after  Heinrich  Hertz,  in  a  brilliant  series  of  experiments,  demonstrated 
the  existence  and  many  of  the  properties  of  electromagnetic  waves,  Marconi  introduced  the 
world  to  their  most  important  application:  long  range  wireless  communication.  But  the 
waves  that  propagate  along  the  surface  of  the  earth  are  not  the  same  as  those  that  travel  in 
free  space.  The  boundary  between  two  electrically  quite  different  media  like  air  and  earth 
(fresh  water,  salt  water,  rock,  sand,  ice)  greatly  alters  the  nature  of  the  electromagnetic 
waves  traveling  outward  from  an  electric  dipole  located  near  the  surface.  This  was  shown 
analytically  by  Sommerfeld  in  a  series  of  papers  and  articles  [l]-[3]  that  has  served  as  the 
foundation  for  related  investigations  by  many  otners  up  to  the  present  time.  The  solution 
obtained  by  Sommerfeld  was  for  the  Hertz  potential  for  the  two-half-space  model  of  the 
earth  with  an  oscillating  vertical  electric  dipole  on  the  boundary  as  the  source.  The  effects 
of  the  earth’s  curvature  and  reflection  from  the  ionosphere — which  further  complicate  the 
actual  propagation  over  the  surface  of  the  earth — are  not  included.  The  associated  compo¬ 
nents  of  the  electric  and  magnetic  field  are  determined  by  differentiation.  A  disadvantage 
with  this  form  of  solution  is  the  fact  that  the  Hertz  potential  is  represented  by  complex 
integral  transforms  that  are  difficult  both  to  interpret  physically  and  to  apply  meaningfully. 
Attempts  to  eliminate  this  important  obstacle  have  been  numerous  and  include  especially 
the  work  of  Norton  [4],  [5]  in  representing  the  surface-wave  term,  and  of  Banos  [6]  and  Wait 
and  Campbell  [7]  in  developing  explicit  approximate  formulas  for  the  components  of  the 
electromagnetic  field.  These  are  quite  simple  but  are  limited  to  restricted,  nonoverlapping 
near-,  intermediate-,  and  far-field  ranges.  This  limitation  was  removed  by  King  [8]  who 
derived  a  single  set  of  simple  formulas  valid  everywhere  in  the  earth  and  on  the  boundary 
when  the  dipole  is  also  on  the  boundary  in  either  region  or  at  depth  d  in  the  earth,  subject 
only  to  the  conditions: 


l*li  >  1*1 1  or 
where 

kl  =  /?!  +*ox  = 


l*il  —  3|*2|; 


w[/*o(«i  + 


and  p 2  >  |a|2;  p2  >  d2, 

(i.i) 

/w)]1/2;  k2  =  w(/i0e0)1/2  =w/c 

(1.2) 
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are  the  wave  numbers  of  the  two  half-spaces,  earth  (Region  1,  z  >  0)  and  air  (Region  2, 
z  <  0).  In  (1.1),  p  is  the  radial  distance  from  the  source  at  (0,  d)  to  the  point  of  observation  at 
( p ,  z),  as  '.hown  in  Fig.  1  for  a  dipole  at  depth  d  in  the  earth  and  with  the  point  of  observation 
at  the  depth  z  in  the  earth.  When  d  =  z  —  0,  the  dipole  and  point  of  observation  are  both 
on  the  boundary. 

The  final  generalization — to  be  carried  out  in  this  paper — is  the  derival  ion  of  simple  formulas 
for  the  components  of  the  electromagnetic  field  at  any  point  z'  —  —z  in  the  air  when  the 
dipole  is  at  (0 ,— d)  also  in  the  air. 


Fig.  1. 


Vertical  electric  dipole  at  depth  d  in  Region  1.  Electromagnetic  field  calculated  at 

(P,2). 


2.  Electromagnetic  Field  in  Air  Due  to  a  Vertical  Electric  Dipole  at  Height  d  in  Air 

The  integrals  of  the  three  components  B2<i>,(p,z,)i  E2p{p,z')y  and  E2z,(p,z')  of  the  electro¬ 
magnetic  field  at  (p,  z')  in  the  air  ( z '  >  0)  when  the  vertical  dipole  is  at  (0,  —  d)  in  the  air 
are  readily  obtained  from  analogous  formulas  in  [8].  With  z'  =  —  z  and  <f>'  —  -<f>,  they  are: 


E2^>(p 


’  2*  Jo  [ 


00  c*-r3(*'+<0  r3(*'+<i) 


E^p' }  2**2  j0  r 


27a 

00  f  e»73!*'-«i|  2n3(*'+rf) 


N 


+ 


Jj(  Ap)A2  dA; 


Jj( Ap)A2  dA, 


f z’>d 
\  0<z'  <  d' 


(2.1) 


N 


(2.2) 
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^2x'{p->z 


) 


uno  ]ill 

2nk2  Jq  _  2"7j 


c»73(«'+<i)  f.2cni(x'+d) 


(2.3) 


where 


N  =  *fr2  +  k\m\  7;  =  (**  -  A2)1/2,  y  =  1,  2.  (2.4) 

The  first  two  terms  in  (2.l)-(2.3)  are,  respectively,  the  direct  field  and  the  image  field.  Thus, 
with 


E2(p,z  )  —  £2(0,2')  4-  Ej(0,2')  4-  E %{p,z')  +  E2 {p,z'), 
B2(p,z')  =  32(p, z1)  4*  Bj(/*  *')  +Bf{/»,*0  4-B^,z'), 

the  direct-field  components  are 


(2.o) 

(2.6) 


£2v(**')  -  ^  r  a(ap)aj  * = -&  ««*.  (i^  - 1)  (i) 

**  J*  1j  11  ;  4»  V  r,  4/  Vl/ 

(/>.*')  =  ±t'T, ji(A())Aj£,A;  j 


r<* 


4vk% 


-  ±^fO.  .,-fc.r, 

I  »>  C 


<  z'>d 
0<z'<d 
J-d\ 


1 


I  /  »*2  *2 


4nkl 


!  — 2  _  ^2  — L  1  _ 
’  2  ,3  1 


1  ri  ri 


zl  —  d\  ( ikl  3 *,  3: 


r  r2 

ri  ri  r 


?yj’ 


where  fj  —  [/)s  +  (2'  -  d)1^2 .  The  image  fields  are 


(2.7) 


(2.8) 


(2.9) 


r  ,'v.  ( di  _  4 

4*  do  72  '  4n  {  r 2  ri 

_  ik^r,  ( *$1  3^2  3i\/ 

4^1  \  r2  r2  rg/V/aA  r2  J’ 

^71 /wj  /Q  72 

_  ggo.  «y3  [ ^2  fz'  +  d\2  f  ik\  3*2  3iV 

4ir*2  L  \  r3  4  r»J  V  r,  J  V  r,  r|  rfjj’ 


(2.10) 


(2.11) 


(2.12) 


where  r2  =  [ p 2  4-  (*'  4-  d)2]1/2.  The  rest  of  the  field  consists  of  the  lateral-wave  part  and  a 
correction  to  the  image  field,  viz., 
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in'k}  f0*  , 

}L  (.  ‘  T>e  tn  /  * _  r  /\„\\2 


J1{Ap)A2  dA, 


£,>.*')  +  ^(^'i  -  if  jf  W* «. 

*&•(<>.*')  +  ■EL-fo*')  =  r  ‘^jr~  w!  " 


(2.13) 


(2.14) 


(2.15) 


These  integrals  can  be  evaluated  if  use  ir  made  of  the  inequality  Jhjj2  I2>  jl2p.  With  this 
condition,  the  first  term  in  N  =  k\^  +  Lfo r,  is  the  ‘larger  one.  Let 


N  N, 


(2.16) 


The  first  part  of  the  integrals  is  the  correction  for  the  reflected  field.  It  is  given  by  (2.13)- 
(2.15}  with  N0  substituted  for  N.  The  integrals  so  obtained  are  the  same  as  (2.10)-(2.12). 
Thus, 

g-*-e •*)(*>  w» 

%>(**')  «~S  AsdA 

*'■*2  72 


<^0  rt,ra  f  f  »*!  _  *2  _  V**2  Zk2  3» 


a2  o<\.j  04 

’  7s 

2  r2  r2 


-ssrr*l^- \x~-n 

In  the  second  part  of  each  integral,  the  factor  1/7V  is  replaced  by 

JL _ 1_  =  1  _ 2_ 

-W  jVo  *iTa  +  *a7i  *fr2’ 

Specifically,  the  lateral-wave  terms  are 


(2.19) 


(2.20) 


ldXi 


(2.21) 


*«-&>.*')  =  —*■  /o°°(i  -  i)«4*<*'+4>.fx(A,)A>  A  (2.21) 

*&**■>  -  if#  W 

jT(i  -  f  W  <*■»> 

These  integrals  are  readily  evaluated  with  some  manipulation  and  standard  formulas.  The 
results  are 


(2.22) 


(2-23) 
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=  gM  (-L-'j  7{PX 

Ei  f0  _  iffjo  ifej^iM^+OVapfife  _  J_  _  hA(  JL'j  7  c-‘p«  J(pS\ , 

£^s*  i  -  c  [  p  p»  Jbx  V  w'J’ 


2?rfct 


PL  _  jWa 

^Ap^)~  2#k 

where 


*  2  /  -  \  */2 

ifSfi  e^Pe«a(*'-5-*0,/2p  (  _1_  }  rip-« J(P^). 

\*3*/ 


(2.24) 


(2.25) 


(2.26) 


P^iR-rZ'  ^rD)7lR\  R  =  kl(,/2kl,  2*  -  klrJ  j'ik^  D  =  k\di7ku 

and 

?(Bi) = /”  j  * = la + o  -  <?,(/«  -  <s,m, 


(2.27) 

(2.23) 


where  C2(P0-)  -*■  iS7(Pd)  is  the  Fresnel  integral.  The  complete  fieid  in  Region  2  is  the  sum 
of  the  direct,  reflected,  correction  and  lateral-wave  parts  as  defined  in  (^-5n  Note  that  the 
sum  of  the  reflected  and  correction  terms  is  simply  the  reflected  fieid  with  reversed  sign. 
This  corresponds  to  a  codirectiona'i  instead  of  oppositely  directed  image.  The  complete  field 

IB  l 


where  rx  =  \p 2  +  ( z‘  -  d)2}1/2,  r7  =  [ p 2  +  [z'  -f  df\xl2.  Note  that  when  Region  1  is  a 
perfect  conductor,  <7!  — »  oc  and  kx  — »  co,  so  that  the  surface-wave  terms  with  kx  in  the 
denominator  vanish  and  the  entire  field  is  given  by  the  direct  and  image  terms. 
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The  field  on  the  boundary  v<here  z'  =  0  is: 


A<>‘  (p>  0) 


=  _e»fA'^£ 


teXf-i) 


_  M  (*)  =„)] , 

*i  \V/  ’  J 


(2.32) 


£=>'0)  “  -  j*-  ?  p-33! 

Ew{f>,0)  =  £yr{‘iV"  Y— -4- A)  -  4  -  4  -  AV 

2"M  L\Pa  Vrf/  ro*\rd  rd  Vd/J 

_  M  ( J_)  I/2S-^ ?(Po) } ,  (2.34) 

where  rd  -  (P2  -f  d2)3/ 2  and  P0  -  (P  -r  l/)2/#. 

Of  particular  interest  is  the  field  at  any  point  in  Region  2  (air)  when  the  dipole  is  on  the 
surface  of  Region  i  (earth  or  sea).  The  determination  of  this  field  was  the  original  purpose  of 
the  many  investigations  in  the  period  from  Sommerfcld  to  Norton.  This  field  is  completely 
and  accurately  given  by  (2.29)-(2.31)  with  d  =  0.  It  is  usually  convenient  in  the  spherical 
coordinates  rQ,  ©,  $.  With  the  formmas  E2r{r0,Q )  =  E2p{p,zl)  sin  0  +  E2x,(p,zi)  cos  9, 
•E2e(ro»©)  =  E2fi{ptz’)cosQ  -  E2z,{p,z')s in©,  and  £2*(ro,0)  -  B2^{p,z')t  together 
with  sin  G  =  p/r0  and  cos  ©  =  aVro>  components  of  the  field  are: 


>  (ro.  ®)  =  -f2  lsl»  ®  f  —  -  4) 

2~L  V»o  r\) 


£*('».  ®)  =  l^-jcosoL’V.  (4  +  A 
27r42  l  L  \r0  Vo 


4.  sin  ©  tik**tik* *,3/2p  --  ^2.  -  —  -  M  ( JL] 1/2 

*i  L  P  P2  kl  \k2P/ 


cik3pciks3,3/2p  f2 


fc?  /  ? r\  1/2 


mA 

i  W/ 


—  cos  ©  e,*s/V*3*,3/2p 


M*** -l-SfjLV 

*1  p  P2  V  k2Pj 


(2.35) 


t-x^7{Pg)  ,  (2.36) 


e-^J(P,)  ,  (2.37) 
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where  Pt  —  (it  +  Z')~ /R.  At  the  boundary  where  Z'  =  0  and  ©  —  tt/2,  these  formulas 
reduce  to: 


-~524,{r0,5r/2)  =  £2r(r0,?r/2)  =  tik* f{k2ptkx), 
^3o(ro  »*/2)  = 


where 


i _ MfjLV/2 

jp3  v*2p/ 


«-***(*), 


and  R  =  k2p(2k\.  Note  that  at  sufficient  distance  where 


k2p  >  8{^i J/^2  or  i-R!  >  4, 
the  Fresnel-integral  term  becomes 

kU  *  \i/\-iRrlv\  *fc2  *1 


(5) 


so  that 


~  ■  -Ml + *)  ~ 


(2.38) 


(2.39) 


(2.40) 


(2.41) 


(2.42) 


(2.43) 


Evidently,  the  Fresnel-integral  term  cancels  the  ik2/p  term  and  leaves  the  term  — k\jk\p 2 . 
The  entire  far  field  along  the  boundary  is  given  by  (2.38)  and  (2.39)  with  g{k2p,kl)  and 
/(/cjP,/^)  replaced  by  - k\jk2p 2.  That  is, 


l  52$(r0,ff/2)  —  —  -■ -  E2t(t0,-x  j2)  —  P2e(ro>  jr/2)  —  -~- ^  — r- 


27rArf  p2 


(2.44) 


The  large-argument  approximation  of  the  Fresnel-integral  terms  in  (2.35)-(2.37)  can  also 
be  used.  This  is 


i  -  sfe)i,2(^  gh- 

when  |PJ  >  4.  With  P,  =  (P  +  Z')2/P,  this  becomes 


if  \>/2 


(2.45) 


r_iLf_ 2L_+_i_l_ 

2*5  [2(JZ  +  2')3  -R  +  Z'. 


‘2V(1+v)3^(1+^) 


(2.46) 
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In  spherical  coordinates  with  p  —  rosin0  and  s'  ~  r0cos©, 


T(r o,®!  = 


sin© 


iki 


<•2 

'0 


sin  0  +  cos  © 


rD  (  —•  sin  0  -f-  cos 


e) 


Also, 


(2.47) 


eik3(p+*'s/2fi)  „  g»*3r0tf(©^ 

where  ^(0)  —  j(sin  0  +  esc  0).  Note  that  when  0  =  tt/2, 


iAr2 

^(rOi7r/2)  —  .2  2  "h  “  i  r0  —  Pi 
k2'0  r0 

^(jr/2)  =  1;  jWW)  =  Tq  = 


(2.49) 

(2.50) 


With  these  formulas  the  far-fieid  expressions  for  the  electromagnetic  field  of  a  unit  vertical 
dipole  on  the  surface  of  Region  2  are 


a2»(ro,0)  =  “ 


ikr 


L  r0 


c'Vo  sin©-r(ro,0)e‘'VoV>(©) 


£j,(<-o.0)  =  (cos  ©r(r0, 6)^*0) 


-  sin  0  e’Vo'K©)  -2- 

ki 

Jk9r 


ik2 


rn  sin  0 


-r(r0,©) 


£2e(r0,e)  *  -^lsin0|~t,Vo-T(rOl0KVo^) 


-  cos  ©  e’Vo^e)  £2 


t* 


-r(ro,0) 


1  I'o 


rnsin© 


These  expressions  give  the  complete  fax  field  of  the  unit  vertical  dipole. 


(2.51) 


(2.52) 


(2.53) 


Graphs  of  the  magnitude  of  E2e(r0,®)  for  a  unit  vertical  dipole  as  calculated  from  (2.37) 
are  shown  in  Fig.  2  for  four  different  Regions  1.  These  are  (a)  salt  water  with  c1  —  4  S/m, 
«lr  =  80;  (b)  wet  earth  with  ax  =  0.4  S/m,  clr  ~  12;  (c)  dry  earth  with  ax  —  0.04  S/m, 
elr  =  8;  and  (d)  lake  water  with  ax  —  0,004  S/m,  £lr  =  80.  The  frequency  is  /  =  10 
MHz  and  the  radial  distance  is  r0  =  500  km.  The  oscillations  in  the  field  patterns  are  due 
to  interference  between  the  direct  field  and  that  reflected  from  the  imperfectly  conducting 
Region  1.  The  oscillations  decrease  in  amplitude  with  increasing  ax\  they  disappear  when 
Region  1  is  a  perfect  conductor  with  <rx  =  00.  The  magnitude  of  E2e{r0,n/2)  is  due  entirely 
to  the  lateral  wave.  The  numerical  values  of  the  first  maximum  and  of  the  field  with  0  =  7r/2 
are  given  on  the  diagrams.  The  loci  of  the  minima  are  shown  together  in  Fig.  3.  These 
constitute  the  effective  fax-field  patterns. 


I 


d  )  cr,  -  0.004  S/m,  e 


Fig.  2.  Field  pattern  of  |i^2©(ro>®)l  f°r  vertical  dipole  on  boundary  between  air  and  (a) 
sea  water,  (b)  wet  earth,  (c)  dry  earth,  and  (d)  lake  water.  Frequency  /  =  10  MHz, 
radial  distance  r0  =  500  km. 
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Fig.  3.  Far-field  pattern  of  vertical  dipole  on  boundary  between  air  and  (a)  sea  water 
(a.  =  4  5/m,  £lr  —  80),  (b)  wet  earth  (a1  =  0.4  S/m,  £lr  =  12),  and  (c)  dry  earth 
(ax  —  0.04  S/m,  £lr  =  8).  {Loci  of  minima  of  oscillations  in  Fig.  2a-c.) 


i 


©  =  0 


©-7T/2 


©  -  ir/2 


©  --TT/Z 


©=  v/2 


Fig.  4.  Field  pattern  of  |^2r(ro»®)l  for  vertical  dipole  on  boundary  between  air  and  (a) 
sea  water,  (b)  wet  earth,  (c),  dry  earth,  and  (d)  lake  water.  Frequency  /  =  10 
MHz,  radial  distance  r0  =  500  km. 
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Graphs  of  the  magnitude  of  £2r(r0s®)  ^  shown  in  Fig.  4  for  the  same  four  different 
Regions  1.  The  scales  for  the  four  regions  are  adjusted  so  that  the  lateral-wave  values  at 
©  =  n/2  are  equal.  The  actual  numerical  values  are  given  on  the  graphs.  For  convenient 
comparison,  the  magnitudes  of  ^-2©(ro  ,©)  maximum,  E2e(rQ,n/2)t  and  -£'2r(ro>7r/2)  are 
listed  in  Table  i. 

Table  1.  Relative  Magnitudes  of  j£2e{r0, 0)  and  E2r(r0,  ©) 


1 7X  S/m 

«lr 

£2e(ro>©)m«  v/m 

JW'O.*/*)  V/m 

E2r(r0,*/2)  V/m 

4.0 

80 

2.70  x  10“5 

1.73  x  10“6 

2.04  x  10“8 

0.4 

12 

3.08  x  10”5 

1.73  x  10“7 

6.44  x  10~s 

0.04 

8 

3.78  x  10"5 

1.74  x  10~8 

2.05  x  1O-0 

0.004 

80 

3.68  x  10“s 

1.95  x  10~8 

2.18  x  10“8 

3.  Communication  with  Submarines 

The  field  at  radial  distances  p  and  depth  z  in  the  ocean  (Region  1,  z  >  0)  due  to  a  vertical 
dipole  in  the  air  on  the  surface  ->f  the  earth  or  sea  is  of  importance  in  communicating  with 
submerged  submarines.  For  this  purpose  the  radial  component  of  the  electric  field  is  most 
useful.  It  is  given  by  (2.30)  with  z'  =  d  =  0  multiplied  by  expfifcjz),  viz., 


Ei ,(/>.*)  =  - 


27r*i 


(3.1) 


where  f{k2p,kl)  is  defined  in  (2.40).  Since  the  far-field  form  of  the  Fresnel  integral  given  by 
(2.42)  applies  when  R  >  4  and  since  with  it  Elp[p,z)  decreases  as  1/p2,  it  is  advantageous 
to  select  a  frequency  for  which  the  desired  range  of  p  is  in  the  intermediate  zone  in  which 
the  Fresnel-integral  term  is  small  and  the  1/p  term  in  /(fejp,^)  dominates.  This  occurs 
when 


l<k2p<\kl/kl\.  (3.2) 

The  quantity  20iog10  {JE7lp(p,  z)\  in  this  range  with  p  =  5,000  km  is  shown  in  Fig.  5.  For 
each  depth  in  the  ocean  there  is  an  optimum  frequency  for  a  maximum  received  signal.  This 
decreases  as  the  depth  increases.  In  the  frequency  range  from  20  to  30  kHz — used  by  the 
U.S.  Navy  transmitter  at  Cutler,  Maine — the  optimum  depth  is  seen  to  be  m  the  range  from 
z  =  ’0  m  to  z  =  20  m.  As  the  depth  increases  further,  the  magnitude  of  the  electric  field 
decreases  very  rapidly.  In  order  to  communicate  with  submarines  at  greater  depths,  lower 
frequencies  must  be  used.  This  is  not  practical  using  vertical  dipoles. 

4.  Vertical  Dipole  in  the  Sea;  Conductivity  of  the  Earth’s  Crust 

An  interesting  application  of  the  vertical  dipole  near  a  boundary  and  the  lateral  waves  it 
generates  is  to  the  measurement  of  the  conductivity  of  the  oceanic  crust  (Region  2,  z  <  0). 
For  this  purpose  the  dipole  is  located  in  the  sea  (Region  1,  z  >  0)  at  a  small  height  d  above 
the  sea  floor  or  it  is  extended  from  this  all  the  way  to  the  surface  of  the  sea  [9j.  Measurements 
are  made  on  or  at  a  small  height  z  above  the  sea  floor.  The  preferred  quantity  to  be  measured 


-sff 

P  =5,000 km ,cr,=  3.5  S/m,  £lr  =  80 


Z(m)-1Q0 \80\  60" 

—I _ '  l  1  I  I  I  \ _ \l 

10 


Frequency  in  kH2 


Fig.  5.  Radial  electric  field  at  depth  z  and  p  —  5,000  km  due  to  vertical  electric  dipole  in 
air  on  surface  of  sea  water  as  function  of  frequency  with  z  as  parameter. 

is  the  magnetic  field  at  very  low  frequencies.  This  is  given  by  an  integral  similar  to  (2.1). 
It  has  the  following  integrated  form: 

B1<p[p,z)  -  B^{p,z)  +  B^ip.z)  +B^{p,z),  (4.1) 

with 
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r2  —  [p2  +  [z  +  d)2]1/2,  and  f(k2p,  fcj)  is  defined  in  (2.40) 

BUM 

B\${p,z) 

B\ 


direct  field  of  the  dipole  is  given  by  (4.2),  the  field  of  the  image  dipole  is  given  by  (4.3),  and 
the  lateral  wave  by  (4.4).  Note  that  when  the  source  dipole  is  in  the  denser  Region  1  and 
the  point  of  observation  is  on  the  boundary  surface  z  =  0,  the  image  field  is  the  negative  of 
the  direct  field,  so  that  the  lateral-wave  field  is  the  entire  field. 

In  practice,  measurements  are  made  at  extremely  low  frequencies  and  within  relatively 
small  radial  distances  where  the  Fresnel-integral  term  is  negligibly  small  and  the  significant 
magnetic  field  is 
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The  application  of  this  formula  (10]  to  actual  measurements  made  on  the  sea  floor  [9]  is 
illustrated  in  Fig.  6.  The  dipole  extended  from  the  surface  to  the  floor  of  the  sea — a 
distance  of  640  m.  The  sea  floor  consisted  of  a  layer  of  sediment  600  m  thick  over  rock.  The 
conductivity  of  the  sea  water  was  known  to  be  2.85  S/m;  the  conductivities  of  the  sediment, 
a 2  —  0.4  S/m,  and  the  rock,  o3  =  0.01  S/m,  were  determined  by  fitting  the  theory  to  the 
measured  points. 


p  in  km 


Fig.  6.  Magnetic  field  measured  by  Edwards  et  ad.  [9j  and  field  calculated  from  lateral- 
wave  formula  [10];  dashed  curve  includes  correction  for  reflection  from  rock  layer 
below.  /  =  0.125  Hz;  =  2.85  S/m,  a2  =  0.4  S/m,  o3  =  0.01  S/m;  Dx  =  640  m. 
D7  -  600  m. 
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5.  Lateral  Electromagnetic  Pulses— Delta  Function 

The  theory  and  applications  described  up  to  this  point  apply  to  the  electromagnetic  held 
generated  by  a  vertical  electric  dipole  near  or  on  the  air-earth  boundary  when  excited  by  a 
periodic  oscillation  of  current  at  any  single  frequency.  Specifically,  J{t)he  =  Re  J(0)he5-twJ 
with  l{0)hc  =  1  Am.  It  is  of  interest  and  of  practical  importance  to  examine  the  electromag¬ 
netic  field  especially  along  the  air-earth  boundary  under  transient  instead  of  continuous- wa\e 
conditions.  This  is  conveniently  carried  out  by  exciting  the  dipole  with  a  single  current  pulse. 
Useful  and  analytically  tractable  pulses  are  the  delta-function  and  the  Gaussian  defined  with 
l(t)ht  ~  l(0)htf(t),  l[0)he  —  1  Am  where,  for  the  delta-function, 

(s.i) 

and,  for  the  Gaussian  normalized  to  reduce  to  the  delta- function  when  its  width  2 — ►  0, 


/(<!  =  s"‘S/,'/!iVSr-  (5.2) 

The  Fourier  transforms  of  the  two  functions  are 


m  =  f 

J  — C 


6{t)e~'ut  dt  =  1; 


/»  =  /_' 


00  e-t3/tU~iut 


-  dt  =  e“w  ‘»/4. 


(5.3) 


The  spectrum  of  the  delta  function  includes  all  frequencies  to  the  very  highest,  the  spectrum 
of  the  Gaussian  cuts  off  frequencies  above  w  ~  2  /tl. 

The  essential  characteristics  of  the  field  along  the  boundary  z  ~  0  are  studied  here  with 
the  vertical  dipole  source  on  the  boundary  in  the  earth  and  only  for  those  parts  of  the 
earth’s  surface  which  are  good  dielectrics,  e.g.,  lake  water  and  dry  rock.  With  a l  ~  0, 

*i  =  w(/i0fi)1/2  =  ejf2  w/c.  Let  the  relative  permittivity  of  the  earth  be  elr  =  *.  Under 
these  conditions  the  frequency-dependent  components  of  the  field  arc: 


a o 


E,p[p\u) 


Mo 

27T£3/2r 


c^'f(p') 
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E2x{p',u) 


c»wpf 
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where  p'  =  p/c  and 


with 


Jt 


d.; 


(5.4) 

(5.5) 

(5.6) 


(5.7) 


p  —  ujp' /2e. 


(5.3) 
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The  real  time-dependent  field  with  delta-function  exeitation  is 

E2z{p\t)  *  -  Re  f°°  t~iu,tE2x(p\io)  du>.  (5.9) 

*  Jo 

The  expressions  for  .B2^(p',w)  and  E2j){pl,u)  are  similar.  With  (5.6),  this  becomes 


_  ^0 


2?T£C 


p'  p'2  p'3 


h  h 

-■*-  -I-  -  4 


'X  to’ 


The  four  integrals  with  their  integrated  values  are: 

L  =  Re  -  /  iu  e”‘w(<-p')  ^  =  _£'(f  „  p')i 

n  Jo 

I2  =  Re  -  [  du  —  6  (t  —  p'), 

x  Jo 

•j  roo  • 

73  =  Re  -•  /  -  e-‘w(t“p')  dualf(f-  p'), 

?r  y0  w 

r°o  I •up'/2t  xr 

/4  =  —Re  /  w3/ae-f«(*-^+p72€)  .1(1  +  ,•)-/  4=  dr 

Vo  Jo  v2tt  r 

-A,  -  1  -  A,  <«  -  / + (» -  a 

yVep'  p'  P  4  V2fp' 


dw, 


(5.10) 


(5.11) 

(5.12) 

(5.13) 

(5.14) 
(5  15) 


In  (5.13)-(5.15),  U( i)  =0  for  x  <  0;  17(x)  =  1  for  x  >  0  is  the  Heaviside  or  step  function. 
When  (5.1l)-(5.15)  are  substituted  in  (5.10)  with  p'  —  p/c ,  the  result  is 


£*#(/>.  0  =  - 


c  +  1 
2nc0tcp: 


6[t-  p/c) 


2?T£0£p3 


(5.16) 


(The  corresponding  formula  for  the  Hertz  potential  was  obtained  by  van  der  Pol  [ll].)  The 
associated  expressions  for  the  other  components  are: 
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)  3£ 

( 

[  \P  J  1 

1-5/2 


t  <  pjc 

;  i  >  p/c  f  ’ 


^2 p(P»0  ~  ^(P>0* 


(5.17) 

(5.18) 


(Note  that,  the  second  exponential  term  in  (5.5)  contributes  nothing  to  E2p(p,t)  because 
the  real  part  of  the  associated  integral  is  zero.)  It  is  interesting  to  note  that  the  Fresnel- 
integral  term  in  IA  contributes  the  term  8'(t  —  p,)/p,»  which  exactly  cancels  the  I1  term, 
and  the  term  e6[t-p')/pn  which  combines  with  the  I2  term.  This  corresponds  exactly  to  the 


steady-state  behavior  in  the  i'a*  neld  where  the  Fresnel-integral  term  cancels  the  1  j  p  term 
and  adds  the  dominant  part  of  the  l/p2  term — which  thus  becomes  the  far  field.  Evidently, 
the  high-frequency  content  of  the  delta-function  spectrum  dominates  so  that  the  field  at  all 
distances  has  the  properties  of  the  far  field. 

Since  the  expressions  (5.16)-(5.18)  are  Fourier  transforms  of  approximate  steady-state  for¬ 
mulas  which  are  derived  subject  to  the  inequalities  (1.1),  they  are  necessarily  also  approx¬ 
imate.  Fortunately,  (5.16)  and  (5.17)  can  be  compared  with  exact  expressions  obtained 
from  the  Fourier  transforms  of  the  integrals  [12].  This  shows  that  the  omission  of  terms 
smaller  than  k\jk\  —  e~ 1  is  responsible  for  the  nonappearance  in  (5.16)  and  (5.17)  of  a  sec¬ 
ond  delta-function  term,  6{t  —  pel-/2je).  which  has  an  amplitude  factor  that  is  significantly 
smaller  even  than  e-1  times  the  amplitude  factor  of  £(t  —  p/e).  Except  for  a  delta  function 
with  its  infinite  amplitude,  the  omission  of  a  second  very’  much  smaller  pulse  that  arrives  at 
t  =  pil^jc  would  usually  be  of  negligible  importance.  The  exact  solution  also  shows  that 
the  condition  pjc  <  ti  which  appears  in  (5.16)  and  (5.17),  should  be  p/c  <t<  pel^2/c  and 
that,  for  pcl/2/c  <  t ,  E2x(p,t)  —  — l/27re0ep3  and  B2^(p,  t)  =  0 — the  static  values  due  to 
the  charges  left  on  the  ends  of  the  dipole  by  the  current  pulse. 

6.  Lateral  Electromagnetic  Pulses — Gaussian  Function 

When  a  Gaussian  pulse  (Fig.  7)  excites  the  vertical  dipole,  E2i[p',t)  is  again  given  by  (5.10) 
but  the  four  integrals  now  have  the  forms: 
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Fig.  7.  Gaussian  pulse  with  unit  amplitude  and  half-width  tx  =  1  nanosecond. 
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where  t}  =  (t  —  p*)Ai*  With  the  parabolic  cylinder  functions  V(0,:c),  V{— l,x)  and  D"(0,2). 
6r(~l,x)  in  Abramowitz  and  Stegun  (l3j,  the  following  aDnroxiroate  result  for  J4  is  obtained 
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(6-5) 


where  T  =  t—p'+p'/2e-  With  these  four  integrals  and  the  introduction  of  the  dimensionless 
parameters  T1  =  T/tx  and  px  —  p'/*i  —  p/eij> 
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[l.05f/(0,-V2r)  +  2.90r/J/(-l,-v/2T/);  T'  <  Oj  j 

The  associated  time-dependent  formulas  for  the  other  two  components  of  the  field  are: 
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A  graphical  representation  of  the  expression  in  braces  in  (6.6)  is  shown  in  Fig.  8  when 
the  exciting  Gaussian  pulse  has  a  half-width  tx  =  1  nanosecond  and  e  =  80.  Note  that 
ctx  —  0.3  m,  so  that  the  actual  radial  distance  is  p  —  P\Ctx  =  0.3 px.  The  several  curves 
in  Fig.  8  show  the  vertical  electric  field  as  a  function  of  the  time  at  five  radial  distances 
ranging  from  p  —  0.45  m  to  p  =  1.5  m.  Similar  graphs  with  a  different  amplitude  scale  are  in 
Fig.  9  at  p  =  4.8  m  and  p  =  7.5  m.  The  shape  of  the  pulse  at  any  given  radial  distance  p  is 
determined  by  the  relative  contributions  by  the  four  terms  in  (6.6)  with  their  very  different 
dependences  on  both  the  radial  distance  and  the  time. 

The  thi-d  term  represents  the  rapid  increase  in  the  vertical  electric  field  as  the  pulse  passes 
to  leave  the  final  electrostatic  field  of  the  charged  infinitesimal  dipole.  This  field  decreases 
rapidly  as  1/p3  with  distance.  The  second  term  is  a  true  Gaussian  pulse  like  that  in  Fig.  7. 
It  travels  with  the  velocity  of  light  and  its  amplitude  decreases  with  distance  as  1/p2.  The 
first  term,  the  derivative  of  the  Gaussian  pulse,  travels  with  the  Gaussian.  It  decreases  as 


( p,  t)|  in  V/m 
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t  in  nanoseconds  or  t/t1 


Fig,  8.  Vertical  electric  field  on  the  boundary  in  air  due  to  a  vertical  electric  dipole  on  the 
boundary  in  a  perfect  dielectric  with  relative  permittivity  e  =  80.  The  dipole  is 
excited  by  a  unit  Gaussian  pulse  with  tt  —  1  nanosecond. 
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{  ifi  nanoseconds  or  t/t  j 


Fig.  9.  Like  Fig.  8  but  for  larger  values  of  radial  distance  p. 

1/p  so  that  it  persists  for  much  greater  distances  than  the  l/p2  term.  Unlike  the  field  with 
the  delta-function  pulse  or  the  steady-state  field,  the  fourth  term  due  to  the  Fresnel  integral 
does  not  completely  cancel  the  1  jp  term.  Its  behavior  is  similar  to  a  negative  derivative  of 
the  Gaussian  pulse.  It  cancels  only  a  part  of  the  first  integral.  The  amplitudes  of  the  first 
and  fourth  terms  are  approximately  equal  when  p  ~  4.8  m;  the  fourth  term  dominates  when 
p  is  as  large  as  7.5  m,  as  shown  in  Fig.  9, 

Just  as  for  the  delta-function  pulse,  it  is  to  be  expected  that  the  omission  of  terms  smaller 
than  kj/kl  =  e-1  in  the  steady-stare  formulas  has  caused  the  nonappearance  of  a  second 
Gaussian  pulse  at  time  t  =  pe1,/2/c  which  has  a  very  small  amplitude  factor  compared  to 
the  pulse  at  t  —  p/c  and  is,  therefore,  generally  unimportant.  It  may  also  be  presum  id  that 
the  transient  terms  for  V  >  0  arc  in  some  manner  limited  by 

p1/2e<r,<p1[£1/!-l  +  (2e)'1], 

so  that,  as  r'  =  (f  —  p')jtl  —►  oo  and  with  px  ~  pjctx  and  erf  oo  =  1, 


E2x{p,t) 


I  11 
27r£0e  cH\  2 p\ 


(erf  t'  -f  l) 


1 

2  7T£0£p3  ’ 


B2 ^(p,0  0, 


which  is  the  static  field  maintained  by  the  charges  left  at  the  ends  of  the  dipole  by  the  current 
pulse.  Because  the  Gaussian  pulse  has  no  sharp  cutoff,  the  accurate  formulation  must  await 
the  evaluation  of  exact  time-dependent  formulas  for  the  Gaussian  pulse  corresponding  to 
those  determined  for  the  delta- function  pulse  (12].  Note,  however,  that  the  ranges  shown  in 
Figs.  8  and  9  are  for  times  before  the  possible  arrival  of  the  second  pulse  at  t  ~  pcl^/c. 


Since  with  the  Gaussian  pulse  the  1/p  term  is  not  completely  cancelled  by  the  Fresnel- 
integral  term  (as  it  is  with  the  delta-function  pulse  and  in  the  far  field  for  the  steady 
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state),  it  may  be  presumed  that  the  Gaussian  pulse  decreases  more  slowly  in  amplitude 
with  increasing  radial  distances  than  the  steady-state  field.  The  degree  of  cancellation  of 
the  1/p  term  must  increase  as  the  pulse  width  2 is  made  smaller,  decrease  as  *t  is  made 
larger.  That  is,  the  greater  the  low-frequency  content  of  the  Gaussian  pulse,  th  -  slower  is 
its  decrease  in  amplitude  at  large  radial  distances. 

7.  Conclusion 

Beginning  rith  the  predictions  of  Maxwell’s  theory,  Hertz  demonstrated  many  of  the  proper¬ 
ties  of  electromagnetic  'waves  in  free  space.  These  were  then  applied  by  Marconi  to  practical 
wireless  communication.  In  the  same  spirit  this  paper  begins  with  formulas  derived  from 
Maxwell’s  equations,  determines  many  of  the  properties  of  lateral  electromagnetic  waves 
and  pulses,  and  makes  specific  applications  to  subsurface  communication  and  geophysical 
exploration.  As  with  the  pioneer  work  of  Hertz,  it  leaves  many  questions  unanswered  as 
continuing  challenges  for  new  and  imaginative  research. 
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ABSTRACT 

Approximate,  quite  simple  formulas  are  derived  for  the  transient  field  generated  by 
a  vertical  electric  dipole  on  the  boundary  between  two  dielectric  half-spaces  when  the 
permittivity  of  one  of  these  is  much  greater  than  that  of  the  other.  The  three  components 
of  the  field  are  determined  for  both  delta-function  and  Gaussian-pulse  excitation.  The 
field  of  the  former  is  compared  with  the  corresponding  exact  expressions  with  generally 
good  agreement  and  some  interesting,  readily  explained  differences. 


Keywords:  Vertical  electric  dipole,  Dielectric  half-spaces,  Transient  excitation, 

Delta-function  pulse,  Gaussian  pulse,  Approximate  formulas, 
Electromagnetic  field. 
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1.  Introduction 

Lateral  electromagnetic  waves  generated  by  a  vertical  electric  dipole  near  the  plane 
boundary  between  two  electrically  different  media  like  air  and  earth  have  been  the  subject 
of  investigation  for  many  years  beginning  with  the  work  of  Sommerfeld.  This  is  summarized 
in  a  new  approach  which  provides  quite  accurate  approximate  formulas  in  simple  form.1 
The  related  subject  of  lateral  electromagnetic  pulses  has  been  summarized  and  treated 
rigorously  by  Wu  and  King7  for  delta-function  excitation  when  the  two  half-spaces  are 
perfect  dielectrics  and  both  the  dipole  and  the  point  of  observation  are  on  the  boundary. 
In  this  paper  the  investigation  of  lateral  pulses  is  extended  to  Gaussian  pulse  excitation. 

The  steady-state  properties  of  lateral  electromagnetic  waves  that  travel  along  the 
boundary  between  electrically  different  half-spaces  when  generated  by  a  vertical  electric 
iipole  have  been  determined  in  quite  simple  and  accurate  form.1  The  two  half-spaces  are 
Region  1  (z  >  0,  wave  number  kx  =  (3x+iax  =  u[n0(cx-{-icrx/u)}1/2  )  and  Region  2  (z  <  0. 
wave  number  k2  =  02  +  ia2  =  u/j'/Zota  +  t c2/uj)}1^2  ).  When  the  inequalities 

N2>9N2;  IM>3|M>3,  (1) 

are  satisfied,  the  exact  integral  representations  of  the  field  on  the  boundary,  z  —  0,  are 
well  approximated  by  the  following  formulas.  The  unit  vertical  electric  dipole  is  on  the 
boundary  in  Region  1,  as  shown  in  Fig.  1  when  d  —  0.  The  unit  electric  dipole  moment  is 
/(0)he  =  1  Am,  where  1(0)  is  the  current  at  the  center  of  the  dipole  and  ht  is  its  effective 
length. 


(2a) 

(2b) 

Elr(f,0)  =  £„(/>, 0)  =  d\, 

(3a) 

(3b) 
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| 0)=£.,M)  =  -^  jf  N-'JcMXUX, 

~  ^r«(  V. 


where 


(4a) 

(4b) 


N  =  kl72  + klh;  nry  =  (*y  —  A2)1/2,  j  =  1, 


(5) 


and 


ff(*2P,* i)  =  /(*2P,*i)  “ 


*2P3  p  p2  &2p3  fcj  V*2P/ 


(6) 


Here 


p«*fp/2*J;  /(p)  =  U1+i)~J  ~Jfradt” 


rV  eit 
i  o  -v/27ri 

At  values  of  the  argument  that  satisfy  the  inequality 


(7) 


b!  >4  or  |fc2p|  >  8|A;f/A;||t  (8) 

the  Fresnel  integral  J  (p)  effectively  cancels  both  the  exponential  factor  and  the  square  root 
preceding  it  in  (6)  and  the  remaining  expression  includes  the  term  -ik2/p  which  exactly 
cancels  the  term  ik2/p  in  (6).  The  result  is 

f{k2Pyky)  ^  g{k2p,kl)  ~  (^|  +  X)  ~  ^ 

In  the  steady  state,  the  fair  field  decreases  along  the  boundary  as  1/p2  instead  of  as  1/r  as 
in  directions  away  from  the  boundary  or  in  free  space. 

When  the  unit  dipole  is  moved  across  the  boundary  from  d  =  0  in  Region  1  to  d  =  0 
in  Region  2,  the  field  is  given  by  (2a, b)  through  (4a, b)  multiplied  by  k\/k2. 

When  the  two  regions  are  dielectrics  with  negligible  conductivity  (e.g.,  air  and  lake 
water,  or  air  and  dry  rock),  ox  ~  cr2  —  0  so  that 

kj  =  u{p0€j)1/2  =  (u/c)el/r2,  j  =  1,  2.  (10) 


4 
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Without  loss  in  generality,  let  e2r  —  cir  =  £»  80  that 


ki.-k2e1/2;  k2~u/c ,  (11) 

where  c  =  (^o£o)~1//3  —  3  x  108  m/sec. 

With  p'  =  p/e  and  A'  =  Ac,  (2a),  (3a)  and  (4a)  become: 


rfO^jO)  — 

*>0"2  r 

J1(Vp,)A,2dA' 

(12) 

2  7TC2  J0 

w2£(w2  -  A'2)V2  +  -  A'2)1/2  * 

£2>'«°)  = 

iuv-o  f°° 

(w*-A/2)1'2J1(AV)A#3  dA' 

(13) 

2a  c  J0 

w2c(w2  -  A'2)1/2  +  w2(w2e  -  A'*2)V2  ’ 

and 

&2z(p  i0)  — 

Wo  /°° 

J0(Ay)A;3dA' 

(14) 

2ac  /o 

W2s(w2  -  A'2)J/2  -j-  w2(w2e  _  A'2)l/2  • 

Since  the  field  components  defined  in  (12)— (14)  are  the  Fourier  transforms  of  the  real 

time-dependent  components, 

t),  £,2P(p',0;t),  and  £2*(pf»0;Os  it  follows  that 

^2<t>{p'i  0)i 

£»,(/>', 0)  =  £}>',0);  £„(/>',<))  =  0), 

(15) 

where  the  asterisk  denptes  the  complex  conjugate. 

Let  the  dipole  be  excited  by  a  time-dependent  voltage  that  maintains  the  current 
7(0,  t)  =  J(0)/(i)  at  its  center.  The  Fourier  transform  of  f(t)  is 

/m  =  f°°  m^ut.  (i6) 

J  —  OO 

The  time-dependent  components  of  the  field  are: 


Bw(p',0;t)  =  ~Re^ 

[  BH{p\Q)f{u)c  'ut  dw, 

'  —  OO 

(17) 

1 

/•oo 

^2p{p  »0>0  =  2r  J 

)  £!p(P',0)/(u,)e-"‘  <Jw, 

—  OO 

(18) 

j 

poo 

■®2x(p,)°’)t)  ^  27T  j 

1  E2s(p',0)f(u)e-iutdu, 

— OO 

(19) 
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where  B2lf){p\ 0),  £2p(p',0),  and  ^(m'.O)  116  8iven  by  (12M14)- 

2.  The  Exact  Transient  Field  When  the  Dipole  is  Excited  by  a 
Delta-Function  Current 
When  f(t)  is  the  delta  function,  i.e., 


/(O -*(<)  =  £/_"■ (2°) 

/GO 

6(t)eiuidt  =  1,  (21) 

-OO 


the  integral  formulas  (17)  and  (19)  can  be  evaluated  exactly.  The  details  are  given  by  Wu 
and  King.2  The  related  formula  for  the  Hertz  potential  was  evaluated  by  Van  der  Pol  3 
The  results  from  Wu  and  King2  are: 


Mo 


27r(e  -  l)p2 


Mo  e  e 


[e<5(t  -  p/c)  —  e"l6(t  —  pt1^2 /c)\ 


(  0 


27r p3  c  -  1 


3cf 
P  L 


(c  +  1) 


c2t2 


—  f 


-5/2 


; 


'  ct/p  <  1 

<  I  <  ct/p  <  t1/2  , 
.  e1/2  <  ct/p 


eEu{p,0\t)  =  E2z[p,Q\t) 


1 

27T60(e  -  l)cp2 


\i6{t-  p/c)-€  i/2$(t  -  pe1/2/c)j 


(22) 
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(  0 


_ 1 _  < 

2ff£0(£  +  l)p3  ] 


£-  1 


£  (2cH7  £  ' 

(£+l)3/2  \  p2  +£  +  i> 

(CH 2  €  V6/2i 

x  V  />2  «  +  iJ  j 


^  1 


'  ct/p  <  1 

<  1  <ct/p<  f}!2  . 

,  £1/2  <  Ctjp 


(23) 


Significant  features  of  these  formulas  are: 

(1)  The  transient  field  at  any  radial  distance  p  consists  of  two  delta-function  pulses 
that  t-avel  with  the  velocities  c  and  ce~1^2  and  arrive  at  the  times  t  =  p/c  and  t  =  pe1/2 /c. 
The  field  varies  in  a  complicated  manner  in  the  interval  between  the  pulses  with  a  radial 
dependence  of  p~ 1  '2.  After  the  second  pulse  has  passed,  the  magnetic  field  drops  abruptly 
to  zero,  the  electric  field  to  the  static  value  due  to  the  oppositely  charged  ends  of  the 
dipole. 

(2)  Both  pulses  have  the  amplitude  factor  p~2.  The  transient  field  at  all  radial  dis¬ 
tances  has  the  same  radial  dependence  as  the  far  field  along  the  boundary  in  the  steady 
state. 

(3)  Since  the  amplitude  of  the  first  pulse  includes  the  factor  e,  that  of  the  second  pulse 
the  factor  t~1,  it  follows  that  when  the  condition  (1)  for  perfect  dielectrics  obtains,  i.e., 


£  >  9  or  £2  >  81,  (24) 

the  amplitude  factor  of  the  second  pulse  is  very  small  compared  to  that  of  the  first  pulse. 
For  example  with  fresh  water,  £  =  81  so  that  £~2  =  1.5  x  10-4.  Since  the  delta-function 
pulses  have  infinite  amplitude  and  zero  width,  this  is  of  no  consequence  for  them.  However, 
it  is  an  indication  of  what  to  expect  with  finite  pulses. 
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3.  The  Approximate  Transient  Field  When  the  Dipole  is  Excited  by  a 

Delta-Function  Current 

The  exact  evaluation  of  the  transient  field  by  the  Fourier  transformation  of  the  general 
integrals  has  been  achieved  only  for  the  components  and  Es  generated  by  a  delta- 
function  current  in  a  vertical  dipole  on  the  boundary  between  two  dielectrics.  It  is  of 
interest  to  reevaluate  these  components  from  the  approximate,  relatively  simple  forms  in 
(2b)  and  (4b)  for  comparison  with  (22)  and  (23).  If  the  approximate  formulas  are  adequate 
for  B ^  and  Ez ,  they  can  also  be  used  to  evaluate  Ep  for  the  vertical  dipole  and  all  six  of 
the  more  complicated  components  of  the  horizontal  electric  dipole.  They  can  also  be  used 
to  evaluate  the  fields  with  transients  other  than  the  delta  function. 

For  dielectrics  with  the  wave  numbers  expressed  in  terms  of  w,  (2b),  (3b)  and  (4b) 
become: 


Mo 


27TCC2 


uu 

p' 


u 


3/2 


1/2 

c-ip7(P) 


1 


E2  p{p'i°) 


Mo 

27T£3/2C 


,iwi1,7p'  'i 

P'2  /’ 


E2  z(M,»°) 


Mo  f  _  J_ 

27 rec  [  P1  P'2 


J/2 

e-”>J(p) 


where 


(25) 


(26) 

(27) 


p  =  up'/ 2e;  ?(p)  =  f(l  + 1)  -  f  -7==dT.  (28) 

Jo  v27rr 

When  these  formulas  are  substituted  in  (17)-(19)  with  /(w)  =  1  for  the  delta  function, 
they  yield  the  following  formulas: 


^(p\0;f)  =  - 


27TCC2  L P1 


h  1 

y/i rep*  ’ 


E2  p(p'»o;0  =  -• 


Mo 

2  7T£3/2C 


h 

P' 


h_  ,  _  hi. 

p'2  y/nep1  p12  ’ 


(29) 

(30) 
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£*,(/>',  0;t) 


Mo  A 
2tt£c  [  p' 


h _ _ 

p'2  p ,3  yjT.tp' 


Since  the  time  functions  on  the  left  are  real,  the  integrals  are: 


(31) 


/.=  Rei 

ft  Jo 

I,  -  Re  i  [~  .-*■<-'■>  /„  =  Re  i  r  .-M*-1"''' 

2  TT  J 0  7T  ;0 

1  r  * 

7o  =  Re  -  /  — 

n  Jo  w 


0 

OO 


I*  CO 

—  —Re  /  w 

Jo 


e-iu{t-p')  ^ 


3/2  -iw(t-/>'  +  p'/2e) 


i(!  +  0-  / 
./  0 


wp  /2c  gir 


J 


dr  dw. 


The  first  three  integrals  are  elementary  and  give: 


>00 


1 

.*■  Jo 

J2  =  <5(£-p/);  /2t=0, 

73  =  C/(t  -  p')* 


at 


$(t-p')  =  -5'(i-p')> 


(32) 

(33) 

(34) 

(35) 


(36) 

(37) 

(38) 


where  t/(x)  is  the  Heaviside  or  step  function  defined  by  £/(x)  —  0,  x  <  0;  E/(x)  —  1,  z  >  0. 
The  fourth  integral  is  complicated.  It  is  evaluated  in  the  Appendix  with  the  result. 


J<  =  -  f££  ~ £ll  +  -  — L=  (t  -  p'  +  p'f2e)~5/2U{t  -p').  (39) 

v/frep7  p'  P 12  4  n/^P7 

When  the  four  integrals  are  substituted  in  (29)-(31)  and  p  is  replaced  by  p/c,  the 
final  approximate  formulas  are: 


<j>{P'  0 


Mo(£  +  I) 
27t  ep2 


6{t  -  p/c) 


MqC 

27rp3 


t  <  p/c 
i  >  p/c 


(4Q) 


9 


-272- 


E2p{p,0\i)  = 


£  +  1  F.  .  .  1 
8{t~  pjc)  - 


2ireQe3-/2cp2 


2™o P3  3£i/2 

i  <  p/c 

t  >  p  jc 
0 


2c 


\P  /  J 


-6/2 


£  +  1  .  .  .  1 
6{t  --  p/c)  -  - 


(41) 


'l 


27re0€cp2 


2»WS  i  i-3c2 


/  ct  \ 

2e - 1 )  +  1 

\P  J 


-8/2  1  ; 

J 


t  <  pjc 
t  >  pjc 


(42) 


It  is  interesting  to  note  that  in  the  time-domain  components  derived  from  the  approximate 
frequency-domain  formulas,  the  Fresnel-integral  terms  exactly  cancel  the  6'(t  —  p/c)  pulse 
with  its  p~l  amplitude  factor,  so  that  only  lateral  pulses  with  the  radial  dependence  o~2 
remain. 


4.  Comparison  ol  Exact  and  Approximate  Formulas 

The  components  (40) -(42)  are  derived  from  formulas  obtained  from  the  exact  integrals 
subject  to  the  inequalities  (l)  which,  for  dielec  tries,  include  (24).  The  significance  of  this 
condition  in  the  time  domain  is  of  interest.  Note  that  e  >  9  meane  that,  in  the  derivation  of 
•,he  steady-state  formulas,  terms  that  are  of  the  order  £~2  have  been  neglected  by  omission 
where  convenient.  The  consequences  of  this  approximation  are: 

(1)  The  coefficients  of  the  pulse  6(l  —  pjc )  are  essentially  the  same  since,  with  e  >  9, 
it  follows  that  (e  +  l)/e  =  (e2  -  l)/e(e  -- 1)  ~  c/(c  —  1). 

(2)  The  second  pulse  6(t  —  p£*/2/c)  is  absent  in  the  approximate  formulas.  The  ratio 
of  its  amplitude  coefficient  to  that  of  the  first  pulse  6(t  —  pjc)  is  e-2  or  e~3/2,  both  of 
which  are  very  small  when  e  >  9.  The  terms  from  which  this  pulse  was  derived  are  cleaily 
negligible  in  the  steady-state  formulas  but  their  omission  leads  to  the  nonappearar  ce  of 
the  second  pulse. 
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(3)  The  third  range,  t  >  pe1/2 /c,  which  follows  the  arrival  of  the  second  pulse  is 
not  specified  in  the  approximate  formulas,  so  that  the  static  limits — B2^(p,Q,t)  =  0  and 
£2x(p,0,t)  -  -l/2tre0{e  +  l)p3 — which  apply  when  i  >  pei(/2 /c  in  the  exact  formulas  are 
reached  only  i  — »  oo  in  the  approximate  formulas.  These  latter  are  quite  accurate  up 
to  time  t  =  pe^/'e,  but  of  questionable  significance  after  that  time. 

(4)  The  exact  and  the  approximate  formulas  are  not  readily  compared  in  a  quantitative 
sense  in  the  range  pjc  <t<  pe1/2  fc  between  the  successive  arrival  of  the  two  pulses  except 
by  direct  numerical  evaluation  for  specific  values  of  e.  Such  a  calculation  has  been  made 
for  c  —  80  and  e  =  10.  The  results  are  listed  in  Table  1  where  r  —  cf/p.  The  quite 
remarkable  agreement  between  the  two  superficially  quite  different  formulas  is  best  seen 
from  a  comparison  of  the  corresponding  numerical  values  over  their  very  wide  range  of 
magnitudes.  A  graph  of  E2x(p,0]t)  with  e  =  80  is  shown  in  Fig.  2  Clearly  the  approximate 
formulas  are  excellent  approximations  even  to  the  point  of  closely  approximating  the  exact 
static  values  at  t  >  pc^/c.  The  only  property  that  is  missing  is  the  delta-function  pulse 
at  f  =  pe1/2/ c.  For  a  pulse  with  finite  width  and  extremely  small  amplitude,  this  would 
be  of  little  consequence  in  most  cases. 


5.  The  Approximate  Transient  Field  When  the  Dipole  is  Excited  by  a 

Gaussian  Pulse 

An  important  alternative  to  the  delta  function  is  the  Gaussian  pulse  with  its  finite 
amplitude  and  adjustable  width.  Except  for  its  infinite  tail. ,  its  shape  is  readily  adapted 
to  approximate  physically  realizable  pulses.  In  a  normalized  form,  it  is 


m  = 


hV*  ’ 


(43) 


where  is  the  half-width  or  time  in  which  the  pulse  is  reduced  to  e  1  =  0.367  of  its 
maximum  at  t  ~  0.  The  Fourier  transform  of  (43)  is 


/oo 

/(t)e*'wfdt  =  C-w3‘?/4.  (44) 

-OO 

The  normalized  form  (43)  is  chosen  for  the  Gaussian  pulse  so  that,  when  t1  — ♦  0,  /(f)  — » 
(5(f),  the  delta  function,  and  /(w)  — ►  1,  the  transform  of  the  delta  function. 
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Wken  (44)  is  used  with  (25)-(27)  to  obtain  the  time-dependent  formulas,  these  have 


forms  (29)~(31)  with  the  integrals  I  given  by: 

L  -  Re  — 

3  2jt  j 

f°° 

—  CO 

(45) 

Ja  =  Re  ~  . 
1  2n  J 

f°°  dw, 

— oo 

(48) 

r °°  -  d^, 

-00  u 

(47) 

4  = 

r  w3/2e-w5t^e-iu(t-P')e-«>J(p)  ^ 

?  —  CO 

(48) 

The  first  three  integrals  (45)-(47)  can  be  evaluated  together  since 


_  dl2  3I3  _ 

~dT'  at2' 

With  the  notation 

r  =  t  -  p  -  t  -  pjc, 


and  with  formula  3.896-4  on  pg.  480  of  Gradshteyn  and  Ryzhik,4 


h  = 


—  t 


Since  djdt  =  d/dr.,  it  follows  that 


T  _  ^4  __  2r  _r3/,a 

1  ^  / — .  o  ^ 


<?r 


Also,  with  (49), 


_  j  _  3  ^-r3/^ 


dr  4 

4  «  ~7=7”  f  *-r3/t!  dr  =  -1-  f  [r/tl  +  r  e-a 

V^l  4-00  V*  [io  7o 


du 


(49) 


(50) 


(51) 


(52) 


(53) 

(54) 
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where  u  =  Tjtx.  The  definition  of  the  error  function  is: 

,  2  fe  _ua  2  /*°°  _u*  1 

erf  z  —  —7=  i  e  au;  -7=  /  e  du  =  1, 

yft  Jo  V*  Jo 


(55) 


so  that 


4=  ||l  +  erf(r/(,)]. 


(56) 


The  evaluation  of  the  fourth  integral  (48)  is  carried  out  in  the  Appendix.  The  result  is: 


,  ,  i'  1.877(0, \^r/J,)-2.64fF(-l,v?r/i1)  } 

e-T3/2i?  ti  1 


\fl\  Tpt\ 


7,5/2 


} : 


1.05  17(0, -^2 r/tx)  +  2.90  -  £7( — 1,  ~  v2 T/tx) 

r/ti  >  0 


(57) 


r/tx  <  0 

where  7(0, x),  7(— l,x)  and  17(0, x),  U{— l,x)  are  parabolic  cylinder  functions6  and 


T  =  t  -  p'  +  p'/2e;  p'  =  p/c. 


(58) 


When  (51),  (52),  (56)  and  (57)  are  substituted  in  (29)— (33 }  with  the  following  new 
notation  introducing  dimensionless  variables, 


Pi  =  =  p/c*iJ  t'  =T/tl=tl  -  Pi, 


(59) 

(60) 


the  results  are: 


7T-1/2  f 

C3tf  1 


Jfo_ 

2?f€C 

c-r'a/2 


2r'  1 

- 4 — ? 


+ 


.  Pi  PiJ 
‘  1.87  7  (0,  V2  T')  -  2.64T'  7  (- 1,  v/2  T') 

.  1.05 1/(0, -%/2T')  +2.90T'U{-1,-V2T') 
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T  >0 

r'<o 


(61) 


E2p(p,Q\t) 

Eu(p,0\t) 


el/2  >0* 

i  x-1/2  rr  2r' 

25T£0C  C3f?  \  [  Pi 


Pi  J 


r  1/2 


c"r  3  +  5-[erf  r'  +  1] 


2pf 


j-r'3/ 2 

V^T 


1.87  7(0,  V2 r')  -  2.64T' 7(-l,  V2 T') 

1.05 17(0, -v^T')  +2.90T,£7(-l,~v/2  2’')  J 

T'  >0 

r'  <  o 


(62) 


> ; 


(63) 


As  with  the  delta-function  pulse,  the  omission  of  small  terms  with  magnitudes  smaller 
than  £— 1  in  the  frequency-domain  formulas  must  lead  to  the  nonappearance  of  a  second 
pulse  o?  the  form  ex  '  ~'2)lp\  where  r'  =  V  —  px(.1!2.  Its  amplitude  is  very  much  smaller 
than  that  of  the  pulse  exp(— t'2)/  p\  because  it  is  multiplied  by  a  factor  of  the  order  £~2; 
it  travels  with  the  phase  velocity  c/t1?2  instead  of  c  =  3  x  108  m/sec;  and  it  arrives  at  any 
radial  distance  p  ~  P\Ctx  at  a  time  A t  =  (p/c) (e1/2  -  1)  after  the  first  pulse.  The  formulas 
(61)-(63)  can  be  expected  to  be  quite  accurate  before  the  second  pulse  arrives,  i.e.,  when 
t'  <  p1£1/'2  or  T'  <  Pjfc1/2  —  1  -f-  (2e) —  1  ] ;  they  also  give  the  correct  static  values  as  r'  ~+  oo, 
viz.,  B2<fl(p,0-,t)  =  0  and,  since  erfco  =  1  and  ctxpx  —  p ,  E2z(p,0;t)  =  — l/27re0ep3 
However,  there  is  no  assurance  that  the  form  of  (6l)-(83)  is  correct  when  t  >  pc1/2  fc  or 
T  >  (e1/2  —  1  +  (2e)~1]p/c.  Indeed,  if  the  corresponding  formulas  for  ihe  delta-function 
pulse — for  which  exact  formulas  are  available — are  a  guide,  there  is  no  p~1^2  dependence 
when  t  >  pf}!2  j c. 

A  graphical  representation  of  the  expression  in  braces  in  (63)  is  shown  in  Fig.  3  when 
the  .exciting  Gaussian  pulse  has  a  half-width  tx  —  1  nanosecond  and  £  =  80.  The  several 
curves  show  the  vertical  electric  field  as  a  function  of  the  time  at  five  radial  distances  from 
p  =  0.45  m  to  p  =  1.5  m.  Similar  graphs  with  a  different  amplitude  scale  are  in  Fig.  4  for 
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p  -  4.8  m  and  p  —  7.5  m.  The  shape  of  the  pulse  as  a  function  of  the  time  at  any  given 
radial  distance  p  is  determined  by  the  relative  contributions  from  the  four  terms  in  (63) 
with  their  yery  different  dependences  on  the  radial  distance  and  the  time. 

The  third  term  represents  the  rapid  increase  in  the  vertical  electric  field  as  the  pulse 
passes  and  leaves  the  final  electrostatic  Seid  of  the  charged  infinitesimal  dipole.  This  part 
of  the  field  decreases  as  1/p3  with  distance.  The  second  term  is  a  Gaussian  electric-field 
pulse  that  travels  with  the  phase  velocity  c  and  with  a  decrease  in  amplitude  1/p2.  The 
first  term  is  the  time  derivative  of  the  Gaussian  pulse.  It  travels  with  the  Gaussian  pulse 
but  decreases  with  distance  only  as  1/p  so  that  it  persists  for  much  greater  distances  than 
does  the  l/p2  term.  The  fourth  term  is  due  to  the  Fresnel  integral.  With  the  delta-function 
pulse  and  the  steady-state  far  field,  it  contributed  a  term  which  exactly  cancelled  the  1/p 
term  and  added  a  dominant  contribution  to  the  1/p2  terra.  With  the  Gaussian  pulse,  the 
cancellation  of  the  l/p  term  is  only  partial.  Furthermore,  the  terms  which  tend  to  reduce 
the  l/p  term  and  increase  the  l/p2  term  decrease  only  as  p-1/2.  It  must  be  remembered 
that  these  formulas  cannot  be  expected  to  be  good  approximations  for  t  >  pt^/c  where 
the  field  presumably  is  not  characterized  by  p"1/2. 

The  graphs  in  Figs.  3  and  4  indicate  that  the  time-derivative  terms  dominate  both 
near  and  far,  so  that  there  is  little  change  in  the  shape  of  the  outward-traveling  pulses 
m  the  range  t  <  pc1/2/c.  This  is  evident  especially  from  Fig.  4.  The  amplitudes  of  the 
first  and  fourth  terms  in  (63)  are  approximately  equai  when  p  =  4.8  m;  the  fourth  term 
dominates  when  p  =  7.5  m. 

In  Figs.  3  and  4,  the  second  pulse  should  arrive  at  t2  —  pe1/2  jc  =  9p/( 3  x  108)  =  30o 
nanoseconds  when  p  is  in  meters.  At  p  =  0.45  m,  t2  =  13.5  nanoseconds;  at  p  —  7.5  m, 
t2  —  225  nanoseconds.  These  times  are  off  the  scales  in  Figs.  3  and  4, 

8.  Conclusion 

The  electromagnetic  field  generated  by  a  verti'.al  electric  dipole  on  the  boundary 
between  electrically  different  dielectric  half-spaces  is  derived  for  transient  excitation  by 
delta-function  and  Gaussian  pulses.  The  validity  of  determining  the  fields  in  the  time 
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domain  from  Fourier  transformations  of  the  approximate  formulas  for  the  frequency  domain 
is  established  together  with  its  limitations  from  direct  comparisons  with  exact  formulas 
where  these  are  available.  Similar  limitations  and  comparable  accuracy  can  be  assumed  for 
the  approximate  formulas  of  the  components  for  which  exact  formulas  are  not  available. 
An  extension  of  the  approximate  formulas  to  z  ^  0  can  be  carried  out.  An  analysis  when 
one  region  Is  an  imperfect  dielectric  is  in  ref.  8. 
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APPENDIX:  EVALUATION  OF  TEE  INTEGRALS 


Al.  Delta-Function  Excitation 
The  integral  I4  with  delta-function  excitation  is: 

I4  =  -Re  f°°  w3/2e-<«(«-p'+P72*j  fwx  + 1)  _  fP  _£L  dT]  fa, 

Jo  L  Jo  V27rr  . 

This  is  equivalent  to 

where  a  —  p'[l  -  (2e) — 1  j  =  p7  -  /3  with  /?  =  p7/2e,  P  -  up' /2t  —  u/3.  Let 


t  -  a 

a  =  — - — ;  u  =  p/(5. 


P  ’ 


Then 


f  1  +  * 

re-*p*±. 

1 

l2v^  , 

Jo  VP 

Jo  Vp  Jo 

dr  >. 


With  i  =  ap,  the  first  integral  is 


1  cosx  i  sin  x  (  n  \^2,  .. 

‘rv^/o  VS  75 Jo  U  W  (1~‘)' 
With  p  =  £2/o:  and  r  =  f2,  the  second  integral  is 


4  f00  .,a  fVv'Z 

->*  =  —/  «-< if  /  ««-  * 

v  a  y  o 


3  .  4  r°° 


r,^Pdp  i 

/o  y0 


tanh"1  (l/y'a ) 


where  the  cylindrical  coordinates  p,  0  have  been  introduced  with  £  •=  psinh0>  f 
and  with 


kP»#  . 


’  cosh  0  sinh  $  ' 

.  p  sinh  0  p  cosh  0  . 
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dpdB  —  p  dp  d6. 


(Al) 

(A2) 

(A3) 

(A4) 

(A5) 

dO ,  (A6) 

=  p  cosh 

(A7) 
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This  integrates  into 


a  4  ,  _j  1  _i0>  2 •  4  1 

y2  =  —7=  tann  —7=  /  e  *  pdp  — — 7=  tanh  —7=. 

Va  Va  J o  Vft  Va 

When  (A5)  and  (AS)  are  substituted  in  (A4),  the  result  is 


(AS) 


2s 


\/2ttc:8 


tanh 


-1 


(A9) 


Here  the  second  term  is  a  pure  imaginary  so  that  it  contributes  nothing  to  I4.  With 
a.0  =  t  —  &  =  t  —  p'  +  p' /2c,  and  since  J4  must  be  real  and  the  pulse  cannot  arrive  at  p' 
before  t  —  p'  =  p/c, 


*4 -(5)  +  (A10) 

where  U{x)  —  0,  x  <  0;  U(x)  =  1,  x  >  0  is  the  Heaviside  or  step  function.  The  differenti¬ 
ation  leads  to: 


h 


1/2 


3/2 


+  -U-p'  +  p'/2()-^U(t~p‘) 
4 


(All) 


A2.  Gaussian-Pulse  Excitation 
The  integral  /4  with  Gaussian-pulse  excitation  is 


h 


_  1  r°° 

—Re  -I  oj 
2  J -00 


3/2.-w3t?/4p-«w(t-/+p'/2£) 


iU  +  *) 


f 


V2 


dr 


nr 


du.  (A12) 


This  integral  differs  from  (Al)  only  in  the  additional  factor  c-‘*'3ti/4.  Hence  the  double 
integral  is  like  the  corresponding  integral  in  (A4)  but  with  the  added  factor  e-w3*3/4  = 
e-p3*?/4^3 ,  With  it,  the  integral  in  (A6)  becomes: 


a  f°°  />tanh-1  (l/v/a) 

=  -7=/  e~,p3  pdp  [  ™tfedQ' 

V«  Jo  Jo 


(A13) 
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This  is  not  readily  integrated.  However,  the  range  of  $  is  small  since  a  =  2i\(ct/p)  -  1]  - 1 
and  t  >  9.  With  tanh-1^/^)  ~  i/v^>  0  <  6  <  1/v/ce ;  also  with  coth45  -  1  +  2$2, 
the  condition  26 2  <  1  is  adequately  satisfied  when  6  <  0.3.  Hence,  a-1  <  0.09  or  a  >  11. 
This  is  true  when  2e[(c£/p)  —  1]  —  I  >  11  or  ctjp  >  1  +  (8/e)  >  1.66.  Since  ctjp  —  1  is 
the  center  of  the  pulse,  this  is  not  a  severe  restriction  on  the  useful  range.  With  it,  the 
integral  t?2  is  the  same  as  (A6)  and  yields  a  pure  imaginary  that  contributes  nothing  to  J4 
in  (A12).  Hence,  with  T  =  £  —  p'  +  p’/2e, 


h  =  Re  |(1  +  0  J_ 

Let  u>  =  \/2Tjtl  and  z  =  \/2T  jt ..  Then 


2V/2f7  dt2 


where 


(A14) 


(A15) 


=/: 


r-l/2e-ra/2-**r  rfj. 


oo 

CO 


-\/2c-T*/2-izT  dr 


r  oo 

-i  7- 

JO 


l/2s-Ta/2+izT  dr 


(A16) 


The  two  integrals  on  the  right  are  related  to  the  parabolic  cylinder  functions  £7(0, 2)  = 
D_1y2(i)  which  have  the  following  integral  representation  and  relation  to  the  Bessel  func¬ 
tions  (see  formula  3  on  pg.  19  of  Erdelyi7  and  formul?  19.15.9  on  pg.  692  of  Abramowitz 
and  Stegun5): 


D_1/2(z)  =  17(0, x)  =  jt  l,2{\x)l/2Kl/<{\x1) 

rOO 

=  ’PrWdt.  (A17) 

Jo 

[The  notation  17(0, 2) —-which  is  not  related  to  the  step  function  U(x) — is  that  used  by 
Abramowitz  and  Stegun.]  With  y  -  £7(0, 2),  this  function  satisfies  the  fc;'owing  equation 
(see  formula  19  1.2  on  pg.  686  of  Abramowitz  and  Stegun5): 


fy 

dx 2 


-  Wy  =  0. 


(Ai8) 
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With  x  —  ±iz  =  ze ±J,r/2,  the  two  integrals  in  (A16)  become: 


J°°  T-'1*'-’’12*"  ir  =  (Ut±i’l2)ll2t-‘’,iK1/i(\z2c±"'). 


(A19) 


With  formula  45  on  pg.  80  of  Erdelyi,7  the  two  Bessel  functions  with  imaginary  argument 
can  be  expanded  as  follows: 

*,/,( «*")  =  '*iT,'Kl/t[x)  T  M1/t(x).  (A20) 

With  (A20)  and  x  =  ~z 2,  (A19)  becomes: 

t°°  r-Wt-,'IW,T  ir  =  ($*»)  T  ,>,«'/Vl/4(JzJ)|.  (A21) 

./o 

These  expressions  can  now  be  substituted  in  (A16)  to  give: 

->0  =  /(s^2)  =  +  2W1/4(i2J).  (A22) 


The  next  step  is  to  evaluate 


a2d0  d2tf0  2  d2i?c 


at2  «9T2  t2  dz 2  ' 


It  is  readily  verified  v/ith  (A18)  that 


(A23) 


d2r)0  _  2e-‘>/4 

'at2 


«-*v\ 


(A24) 


With  the  tabulated  parabolic  cylinder  functions  U(a,z)  and  V(a,  z)  defined  on  page  687 
and  with  formulas  19.15.1,  19.15.2,  19.15.13  and  19.15.19  in  Abramowitz  and  Stegun,5 


Kx,<{\z2)  =  *1/2&)-l/2U(0,z), 

Ji/4(i*2)  =  -  M~1/2U(0,r), 


(A25) 

(A26) 


and 
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=  (A27) 

fz=l |  no,  -)  =  ^  li*V(0,*)  -  JV(-1,*)1,  '  (A28) 

where  V'(Q,z)  is  obtained  with  formula  19.6.5  on  page  68S  of  Abramowitz  and  Stegun5 
with  o  =  0.  When  y  and  dy/dz  are  substituted  in  (A24),  the  result  is: 


d2#c  2tt 


[7(0,2)  -  z7(-l,z)j;  2  >  0. 


(A29) 


at 2  V2  t\ 

For  negative  values  of  2,  it  is  convenient  to  use  formula  19.4.2  on  page  687  of  Abramowitz 
and  Stegun5  with  a  =  0  and  a  =  —  1.  This  gives: 


rL2_)mn  t//  ^  _  r(  i!y(_lr^ 


7(0,2)  =  — ±UU(0,-s);  7(— 1,2)  = 


7T 


7 r 


(A30) 


where  U( G,z)  is  given  by  (A17)  and  F(|)  =  v/tF,  T(-|)  =  -3.449.  With  these  values, 


d3tf0  2tt  e-,,r/4e“*3/4  ,  r-  , 

~q^T  ~  - ^2 - [\^U(0,-z)  +  1.0982  Z7(— 1,  —2)]:  2  <  0. 

With  (A29)  and  (A31)  substituted  in  (A15), 


4 


V(0,z)-*V(-l,z); 


2  >  0 


2  t\/2  (  7T"1/2  17(0, -2)  +  1.0982  1/  (-1,-2);  2<0 

With  2  =  y/2T/ti,  where  T  =  t  —  p'  ■+■  p' / 2e,  this  becomes: 


(A31) 


(A32) 


h  = 


-T2/2t , 

+  5/2 


1.87  7(0,  V^r/tj)  -  2.64  -  7(-l,  y/2T/tx) 

h 

1.05 17(0, -V2  T/t,)  +  2.90  ^  U(-l, -V2T/tx) 

M 

r/tj  >  0 
r/ij  <  0 


(A33) 
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TABLE  1 

Comparison  of  Exact  and  Approximate  Formulas  for  J32^(p,r)  and  E2z(p,?) 
with  Delta-Function  Excitation;  r  =  cf/p  >  1 


(—2 np3/}iQc)  B24>{p,t) 

: 

Approximate 

Exact 

3e 

3c2r 

(2e(r  -  1)  +  l]5/'2 

(e-l)[(e  +  l)r 

2  -  e]5/2 

r 

ii 

CO 

o 

o 

li 

vy 

o 

00 

II 

VJ 

£  =  10 

1.0 

240 

30.0 

243 

33.3 

1.01 

22.0 

19.0 

21.9 

20.4 

1.05 

0.987 

5.30 

0.967 

5.30 

1.1 

0.201 

1.92 

0.194 

1.84 

1.2 

0.0384 

0.536 

0.0359 

0,485 

1.5 

0.406  x  10~2 

0.0748 

0.345  x  1C~2 

0.0598 

2.0 

0.73  x  10~3 

0.0148 

0.52  x  10“3 

0.0099 

3.0 

0.13  x  10~3 

0.00279 

0.068  x  10~3 

0.00134 

cl/2 

0.416  x  10“5 

0.00230 

0.066  x  10~5 
- 1 

0.00105 

-27re0ep 

3E2z{p,r) 

|  Approximate 

Exact 

i  ^ 

2 

£2  f  £[2(C  +  l)r2  +  £j) 

‘  (2e(r-l)  +  J]*/2 

£2-ll  [(£  +  l)r2  -  £]6/2  j 

r 

e  =  80 

o 

r-4 

II 

W 

£  =  10 

1.0 

-19,200 

-299 

-19,400 

-322 

1.01 

-1,760 

-189 

-1,750 

-198 

1.05 

-78.0 

-52.0 

-77.4 

-51.4 

1.1 

-15.1 

-18.2 

-15.0 

-17.5 

1.2 

-2.07 

-4.37 

-2.08 

-4.10 

1.3 

-0J42 

-1.31 

-0.159 

-1.19 

1.32 

0.025 

-1.01 

0.008 

-0.91 

2.0 

0.942 

0.85 

0.937 

0.86 

3.0 

0.9896 

0.97 

0.9887 

0.98 

£l/2 

0.99967 

0.977 

0.99984 

0,987 

Image  dipoie 
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Vertical  electric  dipole  at  depth  d  in  Region  1.  Electromagnetic  SeJd  calculated 
at  (p,  z). 


t  in  nanoseconds  or  t/t. 


Fig.  3.  Approximate  vertical  electric  field  on  the  boundary  in  air  due  to  a  vertical 
electric  dipole  on  the  boundary  in  a  perfect  dielectric  with  relative  permittivity 
e  =  80.  The  dipole  is  excited  by  a  Gaussian  pulse  with  tx  =  1  nanosecond. 
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Fig.  4. 


t  in  nanoseconds  or  t/tj 


Like  Fig.  3  but  for  lar  ger  values  of  radial  distance  p. 


